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Overview of the lectures
• 24/02/22 - Lecture 1: Symmetry, Invariance & Groups (3h30) 

• 03/03/22 - Lecture 2: Scattering Transform & Non-Euclidean data. (2h30) + 1h lab 

• 10/03/22 - Lecture 3: Approximation of Shallow NNs and Lazy training (2h30) + 1h lab 

• 17/03/22 - Lecture 4: Generalisation properties of DNNs. 

• 24/03/22 - Lecture 5: TBD 

• 31/03/22 - Poster presentation of the Projects
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Groups of 2: homework and projects have to done by groups of 2! 
Projects: Pick a research article from a list or an academic paper of your choice (please 
validate it with me) 
Project grading procedure: via a poster (as in academic conferences), 5-10 min of 
presentations + 5 min of questions. The quality of the poster will be graded. 
 
A poster is about A1 format (and can simply be a collection of 6-8 A4 pages) 
 
Homework is out and due in 2 weeks (March 10th), as well as project choices.

Grade= 50%(1 homework+1 lab) + 50% project



Generic statements

• Announcements will be held on the website, and sometimes 
by email. 

• For each lecture, you’ll find some reference papers, lecture 
notes, slides. 

• A google spreadsheet will be dedicated to the projects. 

• No correction for the lab will be sent.
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Signal Processing meets 
Deep Learning

• Signal processing goal: analysing, generating or 
altering the digitalisation of observations obtained 
from a sensor. 
 
 

• Deep Learning goal: solving signal processing 
tasks with neural networks.
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Relies a lot on Fourier Analysis!

Traditionally understood through the lens of Machine Learning
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Symmetry, Invariance & 

Groups



Objective of the current 
lecture

• Understanding the challenges in high-dimensional 
classification 

• Understanding the concepts of covariance, 
invariance and linearisation 

• Linking Machine Learning and Signal Processing 

• Introducing the Scattering Transform
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We will discuss widely the 
Scattering Transform.

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• We will see that the design of the scattering transform is guided by 
the euclidean group. 

• Goal of a Scattering Transform: removing undesirable (group) 
variabilities
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Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known



General comments about 
Deep Learning
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High-dimensional 
classification
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An example of supervised task: classification 
Why is this picture bad?
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Which color should be this  
circle?



Supervised task

• Estimating a label y from a sample x, by training a 
model    on a training set. Validation of the model 
is done on a different test set. 

• Examples: prediction, regression, classification,… 

• Best setting: dimensions of x and y is small,    large 
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Input data Output data

Labels

Samples space

x 2 X

�

�(x) ⇡ y 2 Y

�

?

X

Y = { },
X = R2



High dimensional images 12

• PdFs are difficult to estimate in high dimension. 

• For a fixed number of points and bin size, as       
increases, the bins are likely to be empty.

p(x)
<latexit sha1_base64="9bk7nK0g8MwVhmAJxcooGsDk3Og="></latexit><latexit sha1_base64="WHXaP+eUdEjVkpZ0ve7HnJla/5Q="></latexit>

N = 1
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Curse of dimensionality:  
occurs in many machine learning problems



Very high-dimensional 
images

• Curse of dimensionality!
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Training set to 
 predict labels "Rhino"

�! ŷ(x)?

Estimation problem

(xi, yi) 2 R2242 ⇥ {1, ..., 1000}, i < 106



Large datasets…
• ImageNet 2012: (350GB) 

1 million training images, 1 000 classes 
400 000 test images 
Large coloured images of various sizes 

• Labels obtained via Amazon Turk (complex process 
that requires human labelling)
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Ref.: image-net.org 

http://image-net.org


Difficult problems due to 
Image variabilities
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Geometric variability
Groups acting on images:  

translation, rotation, scaling

Other sources : luminosity, occlusion,  
small deformations

High variance: hard to reduce!

Class variability

Intraclass variability

Extraclass variability

Not informative



Desirable properties of a 
representation
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• Invariance to group G of transformation (e.g. roto-
translation):  

• Stability to noise 

• Reconstruction properties 

• Linear separation of the different classes 

8x, 8g 2 G,�(g.x) = �(x)
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8x, y, k�(x)� �(y)k2  kx� yk2
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y = �(x) () x = ��1(y)
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8i,�(�(Xi)) ⌧ 1
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8i 6= j, kE(�(Xi))� E(�(Xj))k2 � 1
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Can be difficult to handcraft..



Typical Vision pipelines 
(prior 2010)
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Image  
Extractor

Image 
Descriptor

SVM

Descriptor Encoder Classifier

Not Learned Mostly Learned



Is ImageNet solvable? 18

Years of 
research…



Of course?

• Huge gap thanks to deep neural networks.
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Handcrafted DeepNet

top5 - ImageNet

VGG

AlexNet

ImageNet:
1 million training 
images, 1 000 classes 
400 000 test images 
Large coloured images 
of various sizes

Theory for good performances?

super-human



Spectacular results 
(let’s not spend too much time here, everybody is 

convinced by their supremacy.)
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A biased history of  
Deep Learning
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Neural winter

1980 1990 2000 2010 2020

LeCun designing 
CNNs

"it’s so slow" "kernels are  
provably better"

Hinton scaling 
CNNs to ImageNet

Neural winter

Transformers 
(text)

Bengio starting 
DL libraries

GANs 
(vision)

AlphaGo



Multi Layer Perceptron

• We’ll write a J-1-hidden layer neural network of 
depth J, with affine operators               : 

• Where,                is a non-linear function that we 
extend to a point-wise non-linear operator via:  

• An additional parameter is the maximal width "K" 
of each layer.
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⇢ : R ! R
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[⇢(x)]i = ⇢(xi)
<latexit sha1_base64="qRCdKLnT9GFc82UiKprMAb6dQew=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWod2URATdCEU3LivYC6QhTKaTduhkJsxMxBr6ED6CW30Ad+LWR3Dtizhts7CtPxz4+M85nMMfJowq7TjfVmFldW19o7hZ2tre2d2z9w9aSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHwZtJvPxCpqOD3epQQP0Z9TiOKkTZWYB95XTkQlceqH9CrGQa0Gthlp+ZMBZfBzaEMcjUC+6fbEziNCdeYIaU810m0nyGpKWZkXOqmiiQID1GfeAY5ionys+n7Y3hqnB6MhDTFNZy6fzcyFCs1ikMzGSM9UIu9iflfz0t1dOlnlCepJhzPDkUpg1rASRawRyXBmo0MICyp+RXiAZIIa5PY3BVNh09jk4q7mMEytM5qruG783L9Os+nCI7BCagAF1yAOrgFDdAEGGTgBbyCN+vZerc+rM/ZaMHKdw7BnKyvX6bknHM=</latexit><latexit sha1_base64="qRCdKLnT9GFc82UiKprMAb6dQew=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWod2URATdCEU3LivYC6QhTKaTduhkJsxMxBr6ED6CW30Ad+LWR3Dtizhts7CtPxz4+M85nMMfJowq7TjfVmFldW19o7hZ2tre2d2z9w9aSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHwZtJvPxCpqOD3epQQP0Z9TiOKkTZWYB95XTkQlceqH9CrGQa0Gthlp+ZMBZfBzaEMcjUC+6fbEziNCdeYIaU810m0nyGpKWZkXOqmiiQID1GfeAY5ionys+n7Y3hqnB6MhDTFNZy6fzcyFCs1ikMzGSM9UIu9iflfz0t1dOlnlCepJhzPDkUpg1rASRawRyXBmo0MICyp+RXiAZIIa5PY3BVNh09jk4q7mMEytM5qruG783L9Os+nCI7BCagAF1yAOrgFDdAEGGTgBbyCN+vZerc+rM/ZaMHKdw7BnKyvX6bknHM=</latexit><latexit sha1_base64="qRCdKLnT9GFc82UiKprMAb6dQew=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWod2URATdCEU3LivYC6QhTKaTduhkJsxMxBr6ED6CW30Ad+LWR3Dtizhts7CtPxz4+M85nMMfJowq7TjfVmFldW19o7hZ2tre2d2z9w9aSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHwZtJvPxCpqOD3epQQP0Z9TiOKkTZWYB95XTkQlceqH9CrGQa0Gthlp+ZMBZfBzaEMcjUC+6fbEziNCdeYIaU810m0nyGpKWZkXOqmiiQID1GfeAY5ionys+n7Y3hqnB6MhDTFNZy6fzcyFCs1ikMzGSM9UIu9iflfz0t1dOlnlCepJhzPDkUpg1rASRawRyXBmo0MICyp+RXiAZIIa5PY3BVNh09jk4q7mMEytM5qruG783L9Os+nCI7BCagAF1yAOrgFDdAEGGTgBbyCN+vZerc+rM/ZaMHKdw7BnKyvX6bknHM=</latexit><latexit sha1_base64="qRCdKLnT9GFc82UiKprMAb6dQew=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWod2URATdCEU3LivYC6QhTKaTduhkJsxMxBr6ED6CW30Ad+LWR3Dtizhts7CtPxz4+M85nMMfJowq7TjfVmFldW19o7hZ2tre2d2z9w9aSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHwZtJvPxCpqOD3epQQP0Z9TiOKkTZWYB95XTkQlceqH9CrGQa0Gthlp+ZMBZfBzaEMcjUC+6fbEziNCdeYIaU810m0nyGpKWZkXOqmiiQID1GfeAY5ionys+n7Y3hqnB6MhDTFNZy6fzcyFCs1ikMzGSM9UIu9iflfz0t1dOlnlCepJhzPDkUpg1rASRawRyXBmo0MICyp+RXiAZIIa5PY3BVNh09jk4q7mMEytM5qruG783L9Os+nCI7BCagAF1yAOrgFDdAEGGTgBbyCN+vZerc+rM/ZaMHKdw7BnKyvX6bknHM=</latexit>

<latexit sha1_base64="ZD6fG6+3GNdFn+Qv7pY8lyLZA8Q=">AAACHnicbVDLSsNAFJ34rPUVdelmsApuDIkouhGKbqSrCrYpNCVMptNm6OTBzERaQ37Ar/AT3OoHuBO3uvZHnKZZ2NYDF86ccy937vFiRoU0zW9tYXFpeWW1tFZe39jc2tZ3dpsiSjgmDRyxiLc8JAijIWlIKhlpxZygwGPE9gY3Y99+IFzQKLyXo5h0AtQPaY9iJJXk6odO3adweGW7NYf7EbTdtHZiZTB/GIahBGvo6hXTMHPAeWIVpAIK1F39x+lGOAlIKDFDQrQtM5adFHFJMSNZ2UkEiREeoD5pKxqigIhOml+TwSOldGEv4qpCCXP170SKAiFGgac6AyR9MeuNxf+8diJ7l52UhnEiSYgni3oJgzKC42hgl3KCJRspgjCn6q8Q+4gjLFWAU1skHTxmKhVrNoN50jw1rHPDvDurVK+LfEpgHxyAY2CBC1AFt6AOGgCDJ/ACXsGb9qy9ax/a56R1QStm9sAUtK9fp42hBw==</latexit>

�x = WJ⇢WJ�1⇢...W1x

<latexit sha1_base64="DI2dwRCRDoFlsFXUe4HEtZCbReI=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwUUIiii6LbsRVBdsU0hAm00k7dDITZiZCDV36CW71A9yJWz/EtT/itM3Cth64cDjnXu69J0oZVdpxvq3Syura+kZ5s7K1vbO7V90/aCuRSUxaWDAhOxFShFFOWppqRjqpJCiJGPGi4c3E9x6JVFTwBz1KSZCgPqcxxUgbyfdCt27bdt0L78JqzbGdKeAycQtSAwWaYfWn2xM4SwjXmCGlfNdJdZAjqSlmZFzpZoqkCA9Rn/iGcpQQFeTTk8fwxCg9GAtpims4Vf9O5ChRapREpjNBeqAWvYn4n+dnOr4KcsrTTBOOZ4vijEEt4OR/2KOSYM1GhiAsqbkV4gGSCGuT0twWTYdPY5OKu5jBMmmf2e6F7dyf1xrXRT5lcASOwSlwwSVogFvQBC2AgQAv4BW8Wc/Wu/Vhfc5aS1YxcwjmYH39Ajh+l0o=</latexit>

W1, ...,WJ
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

…
Schematic

Engineering

xj+1(u,�j+1) = ⇢

 
X

�j

⇣
xj(.,�j) ? w�j ,�j+1

⌘
(u)

!

<latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="N7A1msx2bmSIe/Z4eloM3jU2Mrc=">AAAB6nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gLSWTudOGZjJDckcYh76AWx/AnfhKrn0R05+FtR4IfJyTcG9OmClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP7Rd57RmNlqp+oyHCU8ImWsRScnNUeN5p+y1+KbUOwhiasNW58D6NU5AlqEopbOwj8jEYlNySFwnltmFvMuJjxCQ4cap6gHZXLNefs0jkRi1Pjjia2dH+/KHlibZGE7mbCaWr/Zgvzv2yQU3w7KqXOckItVoPiXDFK2eLPLJIGBanCARdGul2ZmHLDBblmNqaQnL3MXSnB3wq2oXvdChw/+lCFc7iAKwjgBu7gAdrQAQERvMKbV3jv3seqvIq3bvEMNuR9/gDwdpG8</latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="qQM3iVB5ydUJqDi/RIsI0KGzYHI="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit>

xj+1 = ⇢Wjxj
<latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit>

Each layer:

that leads to:

where: ⇢(x) = max(0, x)
<latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit>

|⇢(x)� ⇢(y)|  |x� y|
<latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit>

s.t.

learned kernel

u1
<latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit>

u2
<latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit>

�
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>



From AlexNet to VGG to 
ResNet

24

From 7x7 convolutions 
 to 3x3 convolutions.
+ Less down-sampling

For an image 
of size N

Complexity

# params

3x3Kernel size 7x7

Receptive field

3x3>3x3>3x3

3 7 7

9 49 27

9N 49N 27N



From VGG to ResNet
25

Bottlenecks as a cheap way to increase 
dimension >> only helpful for Deeper CNNs

Take home message: tricks to maximise the utility of a GPU to train 
bigger CNNs.

3x3x(4K)x(4K)

3x3x(4K)x(4K)

Complexity 

#params

VS

1x1x(4K)xK

3x3xKxK

1x1xKx(4K)

290K^2 17K^2

290K^2 17K^2



Today study:

26



We will discuss widely the 
Scattering Transform (2).

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• The design of the scattering transform is guided by the euclidean 
group 

• To which extent can we compete with other architectures on more 
complex problems (e.g. variabilities are more complex)?

27

Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known



Symmetries, linearisation

28



Empirical observation:  
Progressive separability

29

• Typical CNN exhibits a progressive contraction & 
separation, w.r.t. the depth: 
 
 
 
 
 
 
 
 
 
 
 
 
 

• How can we explain it?

RD
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SVM NN

Nearest Neighbor (NN)
Gaussian SVM

Localised classifiers

Best performance

In the following, representations are spatially averaged.

Ref.:  Building a Regular Decision Boundary with Deep Networks, EO



Symmetries
• Consider               .              

We say that                is a symmetry of f if it is 
invertible and: 

• We can consider the group of symmetries: 

• Without any constraints on G, the action is 
transitive and thus f is completely characterised by 
G, as:

30

<latexit sha1_base64="vihSQjF4agdJ6lyOQnadZxKuxzQ=">AAACKHicbZDLSsNAFIYnXmu9RV26GSyCq5CIorgqunHhooK9QBPKZDpph04uzJwoNeQtfAofwa0+gDvpVl/EpA3Siz8MfPznHM6Z340EV2CaI21peWV1bb20Ud7c2t7Z1ff2GyqMJWV1GopQtlyimOABqwMHwVqRZMR3BWu6g5u83nxkUvEweIBhxByf9ALucUogszq6YfsE+pSI5C69+uNWakve6wORMnzCU3ZHr5iGORZeBKuACipU6+g/djeksc8CoIIo1bbMCJyESOBUsLRsx4pFhA5Ij7UzDIjPlJOM/5Xi48zpYi+U2QsAj93piYT4Sg19N+vMT1Tztdz8r9aOwbt0Eh5EMbCAThZ5scAQ4jwk3OWSURDDDAiVPLsV0z6RhEIW5cwW4IPnPBVrPoNFaJwa1rlh3p9VqtdFPiV0iI7QCbLQBaqiW1RDdUTRC3pD7+hDe9U+tS9tNGld0oqZAzQj7fsXQcaolQ==</latexit>

L : X ! X

<latexit sha1_base64="HzbD/cyG8IvaPFGccm5vYlNIDwQ=">AAACHXicbVDLSsNAFJ34rPVVdelmsAiuSiKK4qroxmUV+4AmlMl00g6dPJi5UWrIB/gVfoJb/QB34lZc+yNO0ixs64GBwznncu8cNxJcgWl+GwuLS8srq6W18vrG5tZ2ZWe3pcJYUtakoQhlxyWKCR6wJnAQrBNJRnxXsLY7usr89j2TiofBHYwj5vhkEHCPUwJa6lWq3oXtExhSIpJOaks+GAKRMnzAuey6yW2qU2bNzIHniVWQKirQ6FV+7H5IY58FQAVRqmuZETgJkcCpYGnZjhWLCB2RAetqGhCfKSfJP5PiQ630sRdK/QLAufp3IiG+UmPf1cnsQjXrZeJ/XjcG79xJeBDFwAI6WeTFAkOIs2Zwn0tGQYw1IVRyfSumQyIJBd3f1Bbgo8esFWu2g3nSOq5ZpzXz5qRavyz6KaF9dICOkIXOUB1dowZqIoqe0At6RW/Gs/FufBifk+iCUczsoSkYX7/LNqOh</latexit>

f : X ! R

<latexit sha1_base64="1Eyd+Irf2rASci7zCZy631RByk0=">AAACDnicbVDLSsNAFJ3UV62v+Ni5GSxCuymJKLoRim5cuKhgH9CGMplO2qGTSZiZSNuQf/AT3OoHuBO3/oJrf8RJm4VtPXDhcM693MNxQ0alsqxvI7eyura+kd8sbG3v7O6Z+wcNGUQCkzoOWCBaLpKEUU7qiipGWqEgyHcZabrD29RvPhEhacAf1Tgkjo/6nHoUI6WlrnnklTo+UgOMWHyfjMrXXmlU7ppFq2JNAZeJnZEiyFDrmj+dXoAjn3CFGZKybVuhcmIkFMWMJIVOJEmI8BD1SVtTjnwinXiaPoGnWulBLxB6uIJT9e9FjHwpx76rN9OkctFLxf+8dqS8KyemPIwU4Xj2yIsYVAFMq4A9KghWbKwJwoLqrBAPkEBY6cLmvig6nCS6FXuxg2XSOKvYFxXr4bxYvcn6yYNjcAJKwAaXoAruQA3UAQYT8AJewZvxbLwbH8bnbDVnZDeHYA7G1y8Fypwh</latexit>

f(Lx) = f(x)

class 1

class 2

<latexit sha1_base64="BjpGNAoncW6gLkg4V29WL/0AQrQ="></latexit>

G = {L invertible, f(Lx) = f(x)}

<latexit sha1_base64="UN6Ehl7aDdUiRbwC5QgXA84MBRY=">AAAB/3icbVDLSsNAFL3xWeur6tLNYBFcSElE0WXRjcsK9gFNKJPppB0ymYSZSaGGLvwEt/oB7sStn+LaH3HSZmFbD1w4nHMv997jJ5wpbdvf1srq2vrGZmmrvL2zu7dfOThsqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsP73K/PaJSsVg86nFCvQgPBAsYwdpIbTdLz0fupFep2jV7CrRMnIJUoUCjV/lx+zFJIyo04ViprmMn2suw1IxwOim7qaIJJiEe0K6hAkdUedn03Ak6NUofBbE0JTSaqn8nMhwpNY580xlhPVSLXi7+53VTHdx4GRNJqqkgs0VBypGOUf476jNJieZjQzCRzNyKyBBLTLRJaG6LZuFTnoqzmMEyaV3UnKua/XBZrd8W+ZTgGE7gDBy4hjrcQwOaQCCEF3iFN+vZerc+rM9Z64pVzBzBHKyvX5uolyA=</latexit>

{u, v}

<latexit sha1_base64="ASTr8AbPm+FP7L9gyKv+XUXTX1Y="></latexit>

Lx =

8
><

>:

u, if x = v

v, if x = u

x, otherwise

<latexit sha1_base64="IAEQf/c8oB8vg7MlLy64M6FtZRs=">AAACKHicbVDLSsNAFJ3UV62vqks3g0VoQUMiim6EogtduKhgH9DEMplO2qGTSZiZSGvIX/gVfoJb/QB30q3+iEnbRR8eGDj3nHu5d44TMCqVYQy1zNLyyupadj23sbm1vZPf3atJPxSYVLHPfNFwkCSMclJVVDHSCARBnsNI3endpH79mQhJff6oBgGxPdTh1KUYqURq5XX3KTox46Jb7JdKV1ZkeUh1MWLRfdw/niosyuGtFbfyBUM3RoCLxJyQApig0sr/Wm0fhx7hCjMkZdM0AmVHSCiKGYlzVihJgHAPdUgzoRx5RNrR6F8xPEqUNnR9kTyu4EidnoiQJ+XAc5LO9FI576Xif14zVO6lHVEehIpwPF7khgwqH6YhwTYVBCs2SAjCgia3QtxFAmGVRDmzRdHeS5qKOZ/BIqmd6ua5bjycFcrXk3yy4AAcgiIwwQUogztQAVWAwSt4Bx/gU3vTvrRvbThuzWiTmX0wA+3nDzZppsk=</latexit>

f�1(f(x)) = {Lx,L 2 G}

As for any , one can get:



Examples of symmetries 

• In physics: 
 

• In machine learning: 

• With ODEs:
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cat

<latexit sha1_base64="3Ts0EXjjV87ljjsp6yaiXqhY2rI=">AAACHHicbVC7SgNBFJ31Gd9RS5vBIMTCsCuKlkEbCwsFE4VkWe5OJnHI7Ow6c1eMS3q/wk+w1Q+wE1vB2h9x8ihM4oGBc8+5l3vnhIkUBl3325manpmdm88tLC4tr6yu5dc3qiZONeMVFstY34RguBSKV1Cg5DeJ5hCFkl+H7dOef33PtRGxusJOwv0IWko0BQO0UpDfrkeAtwxkdt4N4KGY7tZRC1Atye+oLfdgN8gX3JLbB50k3pAUyBAXQf6n3ohZGnGFTIIxNc9N0M9Ao2CSdxfrqeEJsDa0eM1SBRE3ftb/S5fuWKVBm7G2TyHtq38nMoiM6USh7exdbsa9nvifV0uxeexnQiUpcsUGi5qppBjTXjC0ITRnKDuWANPC3krZLWhgaOMb2YKi/di1qXjjGUyS6n7JOyy5lweF8skwnxzZItukSDxyRMrkjFyQCmHkibyQV/LmPDvvzofzOWidcoYzm2QEztcvQQ6iHw==</latexit>

Lax(u) , x(u� a)

<latexit sha1_base64="jUgnlR36Drg4hQp8ObjealUk2mQ=">AAAB/3icbVDLSsNAFL2pr1pfVZduBotYNyURRTdCURCXFewD2lAm00k7dDIJMxMhhi78BLf6Ae7ErZ/i2h9x2mZhWw9cOJxzL/fe40WcKW3b31ZuaXlldS2/XtjY3NreKe7uNVQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDW/GfvORSsVC8aCTiLoB7gvmM4K1kZrJ8dVtOTnpFkt2xZ4ALRInIyXIUOsWfzq9kMQBFZpwrFTbsSPtplhqRjgdFTqxohEmQ9ynbUMFDqhy08m5I3RklB7yQ2lKaDRR/06kOFAqCTzTGWA9UPPeWPzPa8fav3RTJqJYU0Gmi/yYIx2i8e+oxyQlmieGYCKZuRWRAZaYaJPQzBbNhk8jk4ozn8EiaZxWnPOKfX9Wql5n+eThAA6hDA5cQBXuoAZ1IDCEF3iFN+vZerc+rM9pa87KZvZhBtbXL0CwlkY=</latexit>

y0 = F (y)

<latexit sha1_base64="B8Pd5Gqhob+LdugAJ/TZd6rlTJ0=">AAACHHicbVC7SgNBFJ31GeNr1dJmSBCSwrAripZBGwuLCOYB2RBmJ5NkyOzsOnNXWJf0foWfYKsfYCe2grU/4uRRmMQDA+eecy/3zvEjwTU4zre1tLyyurae2chubm3v7Np7+zUdxoqyKg1FqBo+0UxwyarAQbBGpBgJfMHq/uBq5NcfmNI8lHeQRKwVkJ7kXU4JGKlt57yAQJ8Skd4M25AU4qIHihPZE+wem/IYim0775ScMfAicackj6aotO0frxPSOGASqCBaN10nglZKFHAq2DDrxZpFhA5IjzUNlSRgupWO/zLER0bp4G6ozJOAx+rfiZQEWieBbzpHl+t5byT+5zVj6F60Ui6jGJikk0XdWGAI8SgY3OGKURCJIYQqbm7FtE8UoWDim9kCfPA4NKm48xksktpJyT0rOben+fLlNJ8MOkQ5VEAuOkdldI0qqIooekIv6BW9Wc/Wu/VhfU5al6zpzAGagfX1C4IRokc=</latexit>

Lty(u) , y(u� t)

<latexit sha1_base64="EquJ8+c5cFyXRWPFuawrpnkQNvE=">AAACInicbVDLSgNBEJz1/Tbq0ctgEOLBsCuKHoMieIxgEiG7hNlJJxkyO7vO9ApxyS/4FX6CV/0Ab+JJ8OaPOEn24KugoajqprsrTKQw6LrvztT0zOzc/MLi0vLK6tp6YWOzbuJUc6jxWMb6OmQGpFBQQ4ESrhMNLAolNML+2chv3II2IlZXOEggiFhXiY7gDK3UKpR0K/OxB8iG56V0z0ctmOpKuKHnI2s/99K9VqHolt0x6F/i5aRIclRbhU+/HfM0AoVcMmOanptgkDGNgksYLvmpgYTxPutC01LFIjBBNv5oSHet0qadWNtSSMfq94mMRcYMotB2Rgx75rc3Ev/zmil2ToJMqCRFUHyyqJNKijEdxUPbQgNHObCEcS3srZT3mGYcbYg/tqDo3w1tKt7vDP6S+kHZOyq7l4fFymmezwLZJjukRDxyTCrkglRJjXByTx7JE3l2HpwX59V5m7ROOfnMFvkB5+MLVF+k0A==</latexit>

r✓E(u) , E(r�✓u)
<latexit sha1_base64="6tQcd89T5tN9o0gihAz7axgX5bQ=">AAACJ3icbZBLSgNBEIZ7fMb4irp00xgEXRhmRNGNIIrgMoKJgUwIPZ0abdLzsLtaiENO4Sk8gls9gDvRpXgRO8ksjFrQ8PP/VVT1F6RSaHTdD2dicmp6ZrYwV5xfWFxaLq2s1nViFIcaT2SiGgHTIEUMNRQooZEqYFEg4Srong7yqztQWiTxJfZSaEXsOhah4Ayt1S7tnG2Z7SM/VIxnt/1sz0+FD6kW0oauXweF1OyYXPbbpbJbcYdF/wovF2WSV7Vd+vI7CTcRxMgl07rpuSm2MqZQcAn9om80pIx32TU0rYxZBLqVDb/Vp5vW6dAwUfbFSIfuz4mMRVr3osB2Rgxv9O9sYP6XNQ2Gh61MxKlBiPloUWgkxYQOGNGOUMBR9qxgXAl7K+U3zCJCS3JsC4ru/YCK95vBX1HfrXj7Ffdir3x8kvMpkHWyQbaIRw7IMTknVVIjnDyQJ/JMXpxH59V5c95HrRNOPrNGxsr5/Ab+7Ka1</latexit>

E(u) =
q

4⇡✏0ku� u0k
via



Linearization: 
Lipschitz gives differentiability
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• Weak differentiability property, via Rademacher theorem: 

• A linear projection (to kill   ) build an invariant

�
+ projection

sup
L

k�Lx� �xk
kLx� xk < 1 ) 9 ”weak” @x�

) �Lx ⇡ �x+ @x�L+ o(kLk)
A linear operatorDisplacement L

L



Flattening the level sets 
(= classification symmetries)
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class 1

class 2

…

9Cx, sup
T

k�x� �T xk
kT k < Cx

<latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit>

)
<latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit> 9@�x : �T x ⇡ �x+ @�x.T

<latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit>

Ref.: Understanding Deep Convolutional 
Networks, Mallat, 2016

⇢W1
<latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit>

⇢W2
<latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit>

• How to linearize? Ex.: Gâteaux differentiability 

• However, exhibiting     can be difficult. (curse of dimensionality)

Linear invariant can be computed!

T
<latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit>

Amenable for any supervised task!

Ex.: linear translations Ta
�
x
�
(u) , x(u+ a)

<latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit>

, yet non linear case?



Flattening the space: 
progressive manifold?

• Parametrize variability on synthetic data: 
   and observe it after PCA 

• Data tends to live on flattened space. Tangent space?
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L✓, ✓ 2 Rd

Difficult to find evidences of such phenomenon more formally

Ref.:  Understanding deep features with computer-generated imagery, M Aubry, B Russel



Mathematical 
Toolbox
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Reminders about 
Hilbert Space
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We will always work in a Hilbert Space…



Hilbert space
•                is a (real or complex) Hilbert space, if it 

is complete, for the norm: 

• A linear operator T is bounded, if: 

• If                           and T is bounded, then T’ is 
bounded. We write:  

• The spectrum of T is defined as:

37

<latexit sha1_base64="1aCVlBZtK/o4JNmaKi3IvO+8UBU=">AAACGnicbZDLSsNAFIYnXmu9RV26GSxChRISUXRZdNNlBXuBJpTJdNoOnUzCzESoIVufwkdwqw/gTty6ce2LOEmzsK0/DHz85xzOmd+PGJXKtr+NldW19Y3N0lZ5e2d3b988OGzLMBaYtHDIQtH1kSSMctJSVDHSjQRBgc9Ix5/cZvXOAxGShvxeTSPiBWjE6ZBipLTVN2HVDZAaY8SSRlpzGeIjRqBVs1yR41nfrNiWnQsug1NABRRq9s0fdxDiOCBcYYak7Dl2pLwECUUxI2nZjSWJEJ6gEelp5Cgg0kvyn6TwVDsDOAyFflzB3P07kaBAymng687sbLlYy8z/ar1YDa+9hPIoVoTj2aJhzKAKYRYLHFBBsGJTDQgLqm+FeIwEwkqHN7dF0cljqlNxFjNYhva55Vxa9t1FpX5T5FMCx+AEVIEDrkAdNEATtAAGT+AFvII349l4Nz6Mz1nrilHMHIE5GV+/yGSgww==</latexit>

(H, h., .i)

<latexit sha1_base64="XlDSIwVLLMcOd4CLVzjVenqA2Bo=">AAACIXicbVDLTgIxFO3gC/GFunTTSIwuDJkxGt2YEN24xEQeCTMhnVKgodMZ2zsGnPAJfoWf4FY/wJ1xZ1z6I5aBhYAnaXpyzn20x48E12DbX1ZmYXFpeSW7mltb39jcym/vVHUYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5veuRX3tgSvNQ3sEgYl5AOpK3OSVgpGb+0K0yBbg/vi5dfa8gcQWRHcFw/7jvqpQOm/mCXbRT4HniTEgBTVBu5n/cVkjjgEmggmjdcOwIvIQo4NTMy7mxZhGhPdJhDUMlCZj2kvRDQ3xglBZuh8ocCThV/3YkJNB6EPimMiDQ1bPeSPzPa8TQvvASLqMYmKTjRe1YYAjxKB3c4opREANDCFXcvBXTLlGEgslwagvw3uMoFWc2g3lSPSk6Z0X79rRQuprkk0V7aB8dIQedoxK6QWVUQRQ9oRf0it6sZ+vd+rA+x6UZa9Kzi6Zgff8CA5Sktw==</latexit>

kxk =
p

hx, xi

<latexit sha1_base64="n0xweXFOc7J5Q5vg2GXOaWAzAyU=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIQpkRRZdFNy4r9AVtKZn0tg3NPEzuiLX0I/wKP8GtfoA7EVy58EdMZ2ZhWw8k93DOvdzkuKEUGm37y8osLa+srmXXcxubW9s7+d29mg4ixaHKAxmohss0SOFDFQVKaIQKmOdKqLvD66lfvwelReBXcBRC22N9X/QEZ2ikTv6kVQOFtPIQ15aEO5oqSUnuxO3kC3bRjkEXiZOSAklR7uR/Wt2ARx74yCXTuunYIbbHTKHgEia5VqQhZHzI+tA01Gce6PY4/tSEHhmlS3uBMsdHGqt/J8bM03rkuabTYzjQ895U/M9rRti7bI+FH0YIPk8W9SJJMaDThGhXKOAoR4YwroR5K+UDphhHk+PMFhTDx4lJxZnPYJHUTovOedG+PSuUrtJ8suSAHJJj4pALUiI3pEyqhJMn8kJeyZv1bL1bH9Zn0pqx0pl9MgPr+xchm6W2</latexit>

kTxk  kTkkxk

<latexit sha1_base64="PnX6r4Yy6bPXY1AEtZMRzHU+Mlw="></latexit>

U(H) = {T, TT ⇤ = T ⇤T = I}

<latexit sha1_base64="2K0c9ulBBDrwOVWNU9ny/LFYtUs=">AAACDHicbVDLTsJAFJ3iC/FVcelmIjG4Iq3R6IaE6EZ3mBQkAUKmwxQmTB+ZuTViwy/4CW71A9wZt/6Da3/EKXQh4ElucnLOvbknx40EV2BZ30ZuZXVtfSO/Wdja3tndM/eLTRXGkrIGDUUoWy5RTPCANYCDYK1IMuK7gt27o+vUv39gUvEwcGAcsa5PBgH3OCWgpZ5ZdJxy1Sk71Y5PYOh6ye2kZ5asijUFXiZ2RkooQ71n/nT6IY19FgAVRKm2bUXQTYgETgWbFDqxYhGhIzJgbU0D4jPVTabZJ/hYK33shVJPAHiq/r1IiK/U2Hf1ZppQLXqp+J/XjsG77CY8iGJgAZ098mKBIcRpEbjPJaMgxpoQKrnOiumQSEJB1zX3BfjoKW3FXuxgmTRPK/Z5xbo7K9Wusn7y6BAdoRNkowtUQzeojhqIokf0gl7Rm/FsvBsfxudsNWdkNwdoDsbXLyr4mx8=</latexit>

TT 0 = T 0T = I

<latexit sha1_base64="UGFv0wSlJVJ6PJaLjPIwzOYV8kc="></latexit>

Sp(T ) = {�, T � �I has no inverse.}

<latexit sha1_base64="5HAyzWBoJjdzuHw4YUeIzhrxIck="></latexit>

8x, y 2 H, hTx, yi = hx, T ⇤yiIts adjoint is defined via:



Compact operator: spectral theorem
• T is compact if             is compact (note that it is 

automatically bounded). In this case, its spectrum is 
countable and: 
 
(i) 
 
(ii) 
 
(iii) 

• A simple characterisation: T is compact if and only 
if it is the limit of compact operators. In particular, 
if                      , then T is compact.
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<latexit sha1_base64="l1J5sR14Yi3i/AgOcWslk37XRpI=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahgpREFF2WunFZoS9oQplMJ+3QySTMTIQasvEr/AS3+gHuxK1b1/6IkzYL23pg4HDOPdw7x4sYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjjW8zv/NAhKQhb6pJRNwADTn1KUZKS33z2Am1naWTphMgNcKIJfW0Yp3bZ2nfLFtVawq4TOyclEGORt/8cQYhjgPCFWZIyp5tRcpNkFAUM5KWnFiSCOExGpKephwFRLrJ9BcpPNXKAPqh0I8rOFX/JhIUSDkJPD2ZHSoXvUz8z+vFyr9xE8qjWBGOZ4v8mEEVwqwSOKCCYMUmmiAsqL4V4hESCCtd3NwWRcePWSv2YgfLpH1Rta+q1v1luVbP+ymCI3ACKsAG16AG7kADtAAGT+AFvII349l4Nz6Mz9lowcgzh2AOxtcvrauftg==</latexit>

TB(0, 1)

<latexit sha1_base64="jK5apPYtL9D6sFR+lTa6Tb5+CD0="></latexit>

8� 6= 0, dimker(T � �I) < 1

<latexit sha1_base64="EOJQaIN9WfCgG2Z3g4WIdBS7jnU="></latexit>

H =
?M

n2N
ker(T � �nI)

<latexit sha1_base64="BJ9vO9DHBcIjLQP/O+SiJMouzIo=">AAACMXicbVDLSgMxFM34rPU16tJNsAiuyowodVl047KCfUBTSiZN29BMZkjuCHWYT/Er/AS3+gHdiS79CTNtF7b1QOBwzj3cmxPEUhjwvImztr6xubVd2Cnu7u0fHLpHxw0TJZrxOotkpFsBNVwKxesgQPJWrDkNA8mbwegu95tPXBsRqUcYx7wT0oESfcEoWKnrVkhk7TydkpRIG+zRriJZRkwSGA54QSUsia3ikazrlryyNwVeJf6clNActa77TXoRS0KugElqTNv3YuikVINgkmdFkhgeUzaiA962VNGQm046/WCGz63Sw/1I26cAT9W/iZSGxozDwE6GFIZm2cvF/7x2Av2bTipUnABXbLaon0gMEc7bwj2hOQM5toQyLeytmA2ppgxspwtbQIye81b85Q5WSeOy7F+XvYerUvV23k8BnaIzdIF8VEFVdI9qqI4YekFv6B19OK/OxPl0vmaja848c4IW4Pz8AqOurEw=</latexit>

{�n} ⇢ {�n} [ {0}

<latexit sha1_base64="pCEQdXNo/hQDlCjkjAZgBHlZVwQ=">AAACGnicbVC7SgNBFJ2NrxhfUUubwSDEJuyKooVF0CZlhLwgG8LsZDYZMju7zNwV47KtX+En2OoH2ImtjbU/4uRRmMQDFw7n3Mu993iR4Bps+9vKrKyurW9kN3Nb2zu7e/n9g4YOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3g79pv3TGkeyhqMItYJSF9yn1MCRurmsQvsAZIeD3BarLkBgQElIqmkp9culz6MuvmCXbInwMvEmZECmqHazf+4vZDGAZNABdG67dgRdBKigFPB0pwbaxYROiR91jZUkoDpTjL5JMUnRulhP1SmJOCJ+nciIYHWo8AzneNT9aI3Fv/z2jH4V52EyygGJul0kR8LDCEex4J7XDEKYmQIoYqbWzEdEEUomPDmtgAfPqYmFWcxg2XSOCs5FyX77rxQvpnlk0VH6BgVkYMuURlVUBXVEUVP6AW9ojfr2Xq3PqzPaWvGms0cojlYX7+FqKHU</latexit>

dim (TH) < 1



Reminders about 
integration
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Fourier Tools super useful to this class (sometimes tricky) 
and the notion of Integral Operators.



Integral Operator
• An example of operator  is given on         , with Integral 

Operators: 

• This is indeed an operator of          if for example: 

• Here, the adjoint is given by: 

• The kernel of            is given by
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<latexit sha1_base64="XwrfkGNu5737juYBUo59JxPahsk=">AAACCnicbVDLTsJAFL3FF+Kr6tJNIzHBDWmJRpdENy5cYCJIApVMhylMmE6bmSkJNv0DP8GtfoA749afcO2POIUuBDzJTU7OuTf35HgRo1LZ9rdRWFldW98obpa2tnd298z9g5YMY4FJE4csFG0PScIoJ01FFSPtSBAUeIw8eKPrzH8YEyFpyO/VJCJugAac+hQjpaWead4+1irdAKkhRixpp6c9s2xX7SmsZeLkpAw5Gj3zp9sPcRwQrjBDUnYcO1JugoSimJG01I0liRAeoQHpaMpRQKSbTJOn1olW+pYfCj1cWVP170WCAikngac3s4xy0cvE/7xOrPxLN6E8ihXhePbIj5mlQiurwepTQbBiE00QFlRntfAQCYSVLmvui6Kjp1S34ix2sExatapzXrXvzsr1q7yfIhzBMVTAgQuoww00oAkYxvACr/BmPBvvxofxOVstGPnNIczB+PoFIxCalw==</latexit>

L2(X )

<latexit sha1_base64="xsCnhfhB12S5xzRrwMkSWQQK8cU="></latexit>

kKfk2 =

Z

u
|Kf(u)|2 du =

Z

u
f(u)(K⇤Kf)(u) du

<latexit sha1_base64="WmwomtR9xaPhF6Heb6DHOs3P2WI=">AAAB/HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoseiF6GXCvYD2lg22027dLMJuxOhlvoTvOoP8CZe/S+e/SMmbQ629cHA470ZZuZ5kRQGbfvbWlpeWV1bz23kN7e2d3YLe/t1E8aa8RoLZaibHjVcCsVrKFDyZqQ5DTzJG97gJvUbj1wbEap7HEbcDWhPCV8wiqlUeTitdApFu2RPQBaJk5EiZKh2Cj/tbsjigCtkkhrTcuwI3RHVKJjk43w7NjyibEB7vJVQRQNu3NHk1jE5TpQu8UOdlEIyUf9OjGhgzDDwks6AYt/Me6n4n9eK0b9yR0JFMXLFpov8WBIMSfo46QrNGcphQijTIrmVsD7VlGESz8wWFIOncZKKM5/BIqmflZyLkn13XixfZ/nk4BCO4AQcuIQy3EIVasCgDy/wCm/Ws/VufVif09YlK5s5gBlYX7+Fv5VZ</latexit>

K⇤K

<latexit sha1_base64="eaH85hKD4ASeYOZ91bG+8bDNGLM=">AAACFHicbVDLSsNAFJ3UV62vqDvdBIvQQimJKLoRim4ENxXsA5pSJtNJO2QyCTM3Qi0Fv8JPcKsf4E7cunftjzhts7CtBy4czrmXe+/xYs4U2Pa3kVlaXlldy67nNja3tnfM3b26ihJJaI1EPJJNDyvKmaA1YMBpM5YUhx6nDS+4HvuNByoVi8Q9DGLaDnFPMJ8RDFrqmAe3fiEpXrpMQAeCQlKCol+AolvqQsfM22V7AmuROCnJoxTVjvnjdiOShFQA4ViplmPH0B5iCYxwOsq5iaIxJgHu0ZamAodUtYeTH0bWsVa6lh9JXQKsifp3YohDpQahpztDDH01743F/7xWAv5Fe8hEnAAVZLrIT7gFkTUOxOoySQnwgSaYSKZvtUgfS0xAxzazBVjwONKpOPMZLJL6Sdk5K9t3p/nKVZpPFh2iI1RADjpHFXSDqqiGCHpCL+gVvRnPxrvxYXxOWzNGOrOPZmB8/QJYcJ3S</latexit>

Kf(u) =

Z

t
k(u, t)f(t) dt

and:

<latexit sha1_base64="jtMpGfbHn37GxQw1FmwwW49XjIU=">AAACFnicbVDLSgNBEJyNrxhfUY96WAxCIiHsiqIXIehF8BLBPCCJYXYymww7O7vM9Agx5OJX+Ale9QO8iVevnv0RJ4+DSSxoKKq66e7yYs4UOM63lVhYXFpeSa6m1tY3NrfS2zsVFWlJaJlEPJI1DyvKmaBlYMBpLZYUhx6nVS+4GvrVByoVi8Qd9GLaDHFHMJ8RDEZqpfdv7o/8LOQuGkxAS/tZnQuyOg+5Rr6tW+mMU3BGsOeJOyEZNEGplf5ptCOiQyqAcKxU3XViaPaxBEY4HaQaWtEYkwB3aN1QgUOqmv3RFwP70Cht24+kKQH2SP070cehUr3QM50hhq6a9Ybif15dg3/e7DMRa6CCjBf5mtsQ2cNI7DaTlADvGYKJZOZWm3SxxARMcFNbgAWPA5OKO5vBPKkcF9zTgnN7kileTvJJoj10gLLIRWeoiK5RCZURQU/oBb2iN+vZerc+rM9xa8KazOyiKVhfv4tcnnA=</latexit>

K⇤f(t) =

Z

u
f(u)k(u, t) du

<latexit sha1_base64="XwrfkGNu5737juYBUo59JxPahsk=">AAACCnicbVDLTsJAFL3FF+Kr6tJNIzHBDWmJRpdENy5cYCJIApVMhylMmE6bmSkJNv0DP8GtfoA749afcO2POIUuBDzJTU7OuTf35HgRo1LZ9rdRWFldW98obpa2tnd298z9g5YMY4FJE4csFG0PScIoJ01FFSPtSBAUeIw8eKPrzH8YEyFpyO/VJCJugAac+hQjpaWead4+1irdAKkhRixpp6c9s2xX7SmsZeLkpAw5Gj3zp9sPcRwQrjBDUnYcO1JugoSimJG01I0liRAeoQHpaMpRQKSbTJOn1olW+pYfCj1cWVP170WCAikngac3s4xy0cvE/7xOrPxLN6E8ihXhePbIj5mlQiurwepTQbBiE00QFlRntfAQCYSVLmvui6Kjp1S34ix2sExatapzXrXvzsr1q7yfIhzBMVTAgQuoww00oAkYxvACr/BmPBvvxofxOVstGPnNIczB+PoFIxCalw==</latexit>

L2(X )

<latexit sha1_base64="T+APcwv3YKsvOhZe1JGiyn0K824=">AAACHHicbVDLSgMxFM34rPVVdekmtAgtlDIjom6EohuXFewDOqVk0rQNzWSG5I7SDt37FX6CW/0Ad+JWcO2PmLazsK0H7uVwzr3c5Hih4Bps+9taWV1b39hMbaW3d3b39jMHhzUdRIqyKg1EoBoe0UxwyarAQbBGqBjxPcHq3uBm4tcfmNI8kPcwDFnLJz3Ju5wSMFI7k33MR0UoXLlcQnvkekThQX5UjAqTDgW32Bm1Mzm7ZE+Bl4mTkBxKUGlnftxOQCOfSaCCaN107BBaMVHAqWDjtBtpFhI6ID3WNFQSn+lWPP3LGJ8YpYO7gTIlAU/Vvxsx8bUe+p6Z9An09aI3Ef/zmhF0L1sxl2EETNLZoW4kMAR4EgzucMUoiKEhhCpu3oppnyhCwcQ3dwX4YDQ2qTiLGSyT2mnJOS85d2e58nWSTwodoyzKIwddoDK6RRVURRQ9oRf0it6sZ+vd+rA+Z6MrVrJzhOZgff0CUI6g+A==</latexit>

w(u, t) =

Z

z
k̄(z, u)k(z, t) dz

<latexit sha1_base64="pyIU01M9ZgWMC78ekVk1UWYnq74="></latexit>

9C > 0,

Z

t,u
|k(u, t)|2 dt  C



Schur Test

• Estimating the norm of a kernel will be crucial in 
the following… 

• We have the Schur test:
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<latexit sha1_base64="pjby9iKH2tdpP03yM98XIJOspr0=">AAACFXicbVDLSgNBEJyNrxhfUY+5DAZBIYRdEfUo5uIxgnlANiyzk0kyZHZ2nekRYpKDX+EneNUP8CZePXv2R5w8DiZa0FBUddPdFSaCa3DdLye1tLyyupZez2xsbm3vZHf3qjo2irIKjUWs6iHRTHDJKsBBsHqiGIlCwWphrzT2a/dMaR7LW+gnrBmRjuRtTglYKcjmfC4hMHjYOzKF++OhX2gZX7A7XAq8IJt3i+4E+C/xZiSPZigH2W+/FVMTMQlUEK0bnptAc0AUcCrYKOMbzRJCe6TDGpZKEjHdHEyeGOFDq7RwO1a2JOCJ+ntiQCKt+1FoOyMCXb3ojcX/vIaB9kVzwGVigEk6XdQ2AkOMx4ngFleMguhbQqji9lZMu0QRCja3uS3Aew8jm4q3mMFfUj0pemdF7+Y0f3k1yyeNcugAHSEPnaNLdI3KqIIoekTP6AW9Ok/Om/PufExbU85sZh/Nwfn8Adg7nqw=</latexit>Z

u
|k(u, v)| du  C1

<latexit sha1_base64="0GyBFk7hEqRao8uycs3wYJ8wnss=">AAACFXicbVDLTgJBEJz1ifhCPXKZSEwwIWSXGPVI5OIRE3kkLNnMDgNMmJ1dZ3pJEDj4FX6CV/0Ab8arZ8/+iMPjIGAlnVSqutPd5UeCa7Dtb2ttfWNzazuxk9zd2z84TB0dV3UYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5vdLEr/WZ0jyU9zCIWDMgHcnbnBIwkpdKu1yC18ejXjbO9c9Hbq7VdwV7wCWv4KUydt6eAq8SZ04yaI6yl/pxWyGNAyaBCqJ1w7EjaA6JAk4FGyfdWLOI0B7psIahkgRMN4fTJ8b4zCgt3A6VKQl4qv6dGJJA60Hgm86AQFcvexPxP68RQ/u6OeQyioFJOlvUjgWGEE8SwS2uGAUxMIRQxc2tmHaJIhRMbgtbgPcexyYVZzmDVVIt5J3LvHN3kSnezPNJoDQ6RVnkoCtURLeojCqIoif0gl7Rm/VsvVsf1uesdc2az5ygBVhfv90Xnq8=</latexit>Z

v
|k(u, v)| dv  C2

<latexit sha1_base64="Uln8FHcAUVURdSoOp1dC17ucbT4=">AAACGXicbVC7SgNBFJ2Nrxhfq5YWDgbBKuwGUctgGsEmgnlANiyzk5tkyOwjM3eFuKT0K/wEW/0AO7G1svZH3DwKk3jgcg/n3MudOV4khUbL+jYyK6tr6xvZzdzW9s7unrl/UNNhrDhUeShD1fCYBikCqKJACY1IAfM9CXWvXx779QdQWoTBPQ4jaPmsG4iO4AxTyTWPnRoopLfT5kgYUEcPFCZl1y67xZFr5q2CNQFdJvaM5MkMFdf8cdohj30IkEumddO2ImwlTKHgEkY5J9YQMd5nXWimNGA+6FYy+ciInqZKm3ZClVaAdKL+3UiYr/XQ99JJn2FPL3pj8T+vGWPnqpWIIIoRAj491IklxZCOU6FtoYCjHKaEcSXSt1LeY4pxTLObu4Ki/zhOxV7MYJnUigX7omDfnedL17N8suSInJAzYpNLUiI3pEKqhJMn8kJeyZvxbLwbH8bndDRjzHYOyRyMr19AXKCE</latexit>

kKk 
p
C1C2

<latexit sha1_base64="IXv0yoHGK7QI8aFeR3QHrQF4K6A=">AAACFXicbVDLSgNBEJyNrxhfUY+5DAYhgRB2RdSLEPQieIlgHpCEMDuZTYbMzi4zvQsx5OBX+Ale9QO8iVfPnv0RJ8keNLGgoajqprvLDQXXYNtfVmpldW19I72Z2dre2d3L7h/UdRApymo0EIFqukQzwSWrAQfBmqFixHcFa7jD66nfiJnSPJD3MApZxyd9yT1OCRipm83deoWoeNnmEroxHhaiUlz0CnGxXerF3WzeLtsz4GXiJCSPElS72e92L6CRzyRQQbRuOXYInTFRwKlgk0w70iwkdEj6rGWoJD7TnfHsiQk+NkoPe4EyJQHP1N8TY+JrPfJd0+kTGOhFbyr+57Ui8C46Yy7DCJik80VeJDAEeJoI7nHFKIiRIYQqbm7FdEAUoWBy+7MF+PBhYlJxFjNYJvWTsnNWdu5O85WrJJ80yqEjVEAOOkcVdIOqqIYoekTP6AW9Wk/Wm/VufcxbU1Yyc4j+wPr8AcPMngY=</latexit>

Kf(u) =

Z

v
k(u, v)f(v) dvLet:

If

then:

and



Convolutions in

• Here,             and remind that: 
 

• (Young’s inequality) If:                      , 

• Setting of interest in this class:         ,  g fast decay, then
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<latexit sha1_base64="Fmx3HWO204XyESQEv/shweTi44E=">AAACEnicbZDLSsNAFIYn9VbrLepGcDNYBFclEUU3QtGNyyr2Am0sk8mkHTqZhJmJUEN8Ch/BrT6AO3HrC7j2RZykWdjWHwY+/nMO58zvRoxKZVnfRmlhcWl5pbxaWVvf2Nwyt3daMowFJk0cslB0XCQJo5w0FVWMdCJBUOAy0nZHV1m9/UCEpCG/U+OIOAEacOpTjJS2+uZeL0BqiBFLOulFzq6b3Kb3Xt+sWjUrF5wHu4AqKNTomz89L8RxQLjCDEnZta1IOQkSimJG0kovliRCeIQGpKuRo4BIJ8l/kMJD7XjQD4V+XMHc/TuRoEDKceDqzuxGOVvLzP9q3Vj5505CeRQrwvFkkR8zqEKYxQE9KghWbKwBYUH1rRAPkUBY6dCmtig6ekx1KvZsBvPQOq7ZpzXr5qRavyzyKYN9cACOgA3OQB1cgwZoAgyewAt4BW/Gs/FufBifk9aSUczsgikZX7+9yJ7N</latexit>

X = Rd

<latexit sha1_base64="PMqWUxwL+NzPPt0dWmjZkbPE7Q0=">AAACKHicbZDLSsNAFIYn9VbrrerSzWARKkhJRNFl0Y0LF1XsBZq0TKaTduhkEmcmQg15C5/CR3CrD+BOutUXcdJmYVt/GPj5zjmcM78bMiqVaY6N3NLyyupafr2wsbm1vVPc3WvIIBKY1HHAAtFykSSMclJXVDHSCgVBvstI0x1ep/XmExGSBvxBjULi+KjPqUcxUhp1ixXPphzedsKy7SM1cN34Pun0jk9gf8ofZ3m3WDIr5kRw0ViZKYFMtW7xx+4FOPIJV5ghKduWGSonRkJRzEhSsCNJQoSHqE/a2nLkE+nEk38l8EiTHvQCoR9XcEL/TsTIl3Lku7ozPVLO11L4X60dKe/SiSkPI0U4ni7yIgZVANOQYI8KghUbaYOwoPpWiAdIIKx0lDNbFB0+JzoVaz6DRdM4rVjnFfPurFS9yvLJgwNwCMrAAhegCm5ADdQBBi/gDbyDD+PV+DS+jPG0NWdkM/tgRsb3L3t4plI=</latexit>

f 2 Lp(Rd), g 2 Lq(Rd)
<latexit sha1_base64="RbjWT8fpcaNKk+M5lGrzaUTWgrg=">AAACFnicbZDLSsNAFIZPvNZ6i7rUxWARhEJJRNGNUHTjsoK9QBvKZDpph04mcWYi1NCNT+EjuNUHcCdu3br2RZy2WdjWHwY+/nMO58zvx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVJRIQqsk4pFs+FhRzgStaqY5bcSS4tDntO73r0f1+gOVikXiTg9i6oW4K1jACNbGatsHrUBiglxZdC8zjIsZ3LftglNyxkLz4GZQgEyVtv3T6kQkCanQhGOlmq4Tay/FUjPC6TDfShSNMenjLm0aFDikykvHvxiiI+N0UBBJ84RGY/fvRIpDpQahbzpDrHtqtjYy/6s1Ex1ceCkTcaKpIJNFQcKRjtAoEtRhkhLNBwYwkczcikgPmwi0CW5qi2b9x6FJxZ3NYB5qJyX3rOTcnhbKV1k+OdiHQzgGF86hDDdQgSoQeIIXeIU369l6tz6sz0nrgpXN7MGUrK9fVkeeTg==</latexit>

1

r
+ 1 =

1

p
+

1

q

<latexit sha1_base64="uJmr+cmiVrVzJfJRR+v/WtsmTHo="></latexit>

f ? g(x) ,
Z

Rd

f(x� y)g(y) dµ(y)

<latexit sha1_base64="LxMOPcDtekE00begv3/5zZyDJSs=">AAACMHicbVDJSgNBEO1xjXGLevTSGARPYUbcjqIXjxHMApkw9HRqYpOexe4aIQ75E7/CT/CqH6AnEW9+hZ3JCGp80PDqvSqq+vmJFBpt+9WamZ2bX1gsLZWXV1bX1isbm00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyB+djv3ULSos4usJhAt2Q9SMRCM7QSF7lyG2CQhq4Gpmi/bzylCvhhn47uZRMqqLhxqtU7Zqdg04TpyBVUqDuVT7cXszTECLkkmndcewEuxlTKLiEUdlNNSSMD1gfOoZGLATdzfL/jeiuUXo0iJV5EdJc/TmRsVDrYeibzpDhtf7rjcX/vE6KwUk3E1GSIkR8sihIJcWYjsOiPaGAoxwawrgS5lbKr5liHE2kv7agGNyNTCrO3wymSXO/5hzW7MuD6ulZkU+JbJMdskccckxOyQWpkwbh5J48kifybD1YL9ab9T5pnbGKmS3yC9bnF7RTqqw=</latexit>

kf ? gkr  kfkpkgkq
<latexit sha1_base64="8lr1Y6OV7xQBfo3jvVIGLHMxV8k=">AAACAHicbVA9TwJBEJ3DL8Qv1NJmIzGxIndEoyXRxsICE/lIAMnesgcb9vYuu3MmSGj8Cbb6A+yMrf/E2j/iAlcI+JJJXt6bycw8P5bCoOt+O5mV1bX1jexmbmt7Z3cvv39QM1GiGa+ySEa64VPDpVC8igIlb8Sa09CXvO4Prid+/ZFrIyJ1j8OYt0PaUyIQjKKVGkFLKHL7UOrkC27RnYIsEy8lBUhR6eR/Wt2IJSFXyCQ1pum5MbZHVKNgko9zrcTwmLIB7fGmpYqG3LRH03vH5MQqXRJE2pZCMlX/ToxoaMww9G1nSLFvFr2J+J/XTDC4bI+EihPkis0WBYkkGJHJ86QrNGcoh5ZQpoW9lbA+1ZShjWhuC4rB09im4i1msExqpaJ3XnTvzgrlqzSfLBzBMZyCBxdQhhuoQBUYSHiBV3hznp1358P5nLVmnHTmEObgfP0Cc22W+A==</latexit>

f 2 L2

<latexit sha1_base64="ceFJbHciNZYFVoSOvxoSeA2vNxI=">AAACGXicbVA9SwNBEN2L3/EramnhYhC0MNyJoqVoY2ERwRghd4S5zSZZsrd37s5J4pHSX+FPsNUfYCe2Vtb+ETcxhRofDDzem2FmXphIYdB1P5zcxOTU9MzsXH5+YXFpubCyemXiVDNeYbGM9XUIhkuheAUFSn6daA5RKHk17JwO/Oot10bE6hJ7CQ8iaCnRFAzQSvXChh8BthnI7Lxfh66PWoBqSX5Du9vpLuzUC0W35A5Bx4k3IkUyQrle+PQbMUsjrpBJMKbmuQkGGWgUTPJ+3k8NT4B1oMVrliqIuAmy4SN9umWVBm3G2pZCOlR/TmQQGdOLQts5ONv89Qbif14txeZRkAmVpMgV+17UTCXFmA5SoQ2hOUPZswSYFvZWytqggaHN7tcWFJ27vk3F+5vBOLnaK3kHJfdiv3h8MspnlqyTTbJNPHJIjskZKZMKYeSePJIn8uw8OC/Oq/P23ZpzRjNr5Bec9y94u6E7</latexit>

Lax , x(u� a)
<latexit sha1_base64="l9v/4hapZBTiTNHzgWJ//3uVJnQ=">AAACBnicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9CIEvXiMYB6QrGF2MpsMmX0w0yuJS+5+glf9AG/i1d/w7I84SfZgEgsaiqpuqikvlkKjbX9bS8srq2vruY385tb2zm5hb7+mo0QxXmWRjFTDo5pLEfIqCpS8EStOA0/yute/Gfv1R660iMJ7HMbcDWg3FL5gFI30UB9cDVoaqSKtWIt2oWiX7AnIInEyUoQMlXbhp9WJWBLwEJmkWjcdO0Y3pQoFk3yUbyWax5T1aZc3DQ1pwLWbTr4ekWOjdIgfKTMhkon69yKlgdbDwDObAcWenvfG4n9eM0H/0k1FGCfIQzYN8hNJMCLjCkhHKM5QDg2hTAnzK2E9qihDU9RMCor+08i04sx3sEhqpyXnvGTfnRXL11k/OTiEIzgBBy6gDLdQgSowUPACr/BmPVvv1of1OV1dsrKbA5iB9fUL2O2aAQ==</latexit>

Wx = x ?  
<latexit sha1_base64="VcFYZKXV4kkugtPy0YPblwJU9fc=">AAACF3icbVDLSsNAFJ34rPUVdSlCsAiuSiKKboSiGxcuKtim0IYwmU7boZNJmLkRasjKr/AT3OoHuBO3Ll37I07aLGzrgYFzz7mXe+cEMWcKbPvbWFhcWl5ZLa2V1zc2t7bNnd2mihJJaINEPJKtACvKmaANYMBpK5YUhwGnbjC8zn33gUrFInEPo5h6Ie4L1mMEg5Z886ATYhgQzNPbzMfupTtV+2bFrtpjWPPEKUgFFaj75k+nG5EkpAIIx0q1HTsGL8USGOE0K3cSRWNMhrhP25oKHFLlpeNvZNaRVrpWL5L6CbDG6t+JFIdKjcJAd+ZHqlkvF//z2gn0LryUiTgBKshkUS/hFkRWnonVZZIS4CNNMJFM32qRAZaYgE5uaguw4WOmU3FmM5gnzZOqc1a1704rtasinxLaR4foGDnoHNXQDaqjBiLoCb2gV/RmPBvvxofxOWldMIqZPTQF4+sXd42gxQ==</latexit>

LaW = WLa

<latexit sha1_base64="YVD5R9waYzghsE4ft+zt/QcMWfI=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKKLotuXFaxD2hjmUwm7dDJJMzcCDVk6ye41Q9wJ279D9f+iJM2C9t64MLhnHu5h+PFgmuw7W9raXlldW29tFHe3Nre2a3s7bd0lCjKmjQSkep4RDPBJWsCB8E6sWIk9ARre6Pr3G8/MqV5JO9hHDM3JAPJA04JGKnXCwkMPS+9yx78fqVq1+wJ8CJxClJFBRr9yk/Pj2gSMglUEK27jh2DmxIFnAqWlXuJZjGhIzJgXUMlCZl200nmDB8bxcdBpMxIwBP170VKQq3HoWc284x63svF/7xuAsGlm3IZJ8AknT4KEoEhwnkB2OeKURBjQwhV3GTFdEgUoWBqmvkCfPSUmVac+Q4WSeu05pzX7Nuzav2q6KeEDtEROkEOukB1dIMaqIkoitELekVv1rP1bn1Yn9PVJau4OUAzsL5+AakQmWE=</latexit>

Rd

then:

If and then
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F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

d

du
x(u)

<latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit>

i!x̂(!)
<latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit>

kFxk2 = kxk2
<latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit>

F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

Isometry:

xa(u) , x(u� a)
<latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit>

F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

x ? y(u) ,
Z

Rd

x(u� t)y(t) dt
<latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit>

x ? y(u)
<latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit>

x̂(!)ŷ(!)
<latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit>

<latexit sha1_base64="Swxcq42keGXB82pY5Tf5dpGB/UI="></latexit>

F : L2(Rd) ! L2(Rd)

Hermitian symmetry: f real implies that

<latexit sha1_base64="cdtrRWFkNhnir60aBWwPTzc71yk="></latexit>

Fx(!) , x̂(!) ,
Z

Rd

e�i!Tux(u) du

<latexit sha1_base64="7r6ctzACoS0ZfQ1Qj5YqF9ylydk=">AAACEHicbZDJSgNBEIZ74hbjNip48dIYhEQwzIiiFyHoxWMEs0Ayhp5OT9KkZ6G7RhLHvISP4FUfwJt49Q08+yJ2loNJ/KHg468qqvjdSHAFlvVtpBYWl5ZX0quZtfWNzS1ze6eiwlhSVqahCGXNJYoJHrAycBCsFklGfFewqtu9HvarD0wqHgZ30I+Y45N2wD1OCWirae41OgSwd3+U6+Uvx5w77uWbZtYqWCPhebAnkEUTlZrmT6MV0thnAVBBlKrbVgROQiRwKtgg04gViwjtkjarawyIz5STjP4f4EPttLAXSl0B4JH7dyMhvlJ939WTPoGOmu0Nzf969Ri8CyfhQRQDC+j4kBcLDCEehoFbXDIKoq+BUMn1r5h2iCQUdGRTV4B3Hwc6FXs2g3monBTss4J1e5otXk3ySaN9dIByyEbnqIhuUAmVEUVP6AW9ojfj2Xg3PozP8WjKmOzsoikZX7/RFJvi</latexit>

f̂⇤(x) = f̂(�x)

<latexit sha1_base64="WkbazUG5psw2dR5j3i9DYfy5zW0=">AAACF3icbVDJSgNBEO1xN25RjyI0BkEPhhkR9Sh68Rghi5DEUNOpJE16FrprxDjk5Ff4CV71A7yJV4+e/RE7y8GoDwoe71VRVc+PlTTkup/O1PTM7Nz8wmJmaXlldS27vlE2UaIFlkSkIn3tg0ElQyyRJIXXsUYIfIUVv3sx8Cu3qI2MwiL1YqwH0A5lSwogKzWy23iTHshaFGAbborQr3WA+N3eSNhvZHNu3h2C/yXemOTYGIVG9qvWjEQSYEhCgTFVz42pnoImKRT2M7XEYAyiC22sWhpCgKaeDt/o812rNHkr0rZC4kP150QKgTG9wLedAVDH/PYG4n9eNaHWaT2VYZwQhmK0qJUoThEfZMKbUqMg1bMEhJb2Vi46oEGQTW5iC8nufd+m4v3O4C8pH+a947x3dZQ7Ox/ns8C22A7bYx47YWfskhVYiQn2wJ7YM3txHp1X5815H7VOOeOZTTYB5+MbXX+gGA==</latexit>

e�i!T ax̂(!)



Discrete image to continuous image

• An image     corresponds to the discretisation of a physical 
anagogic signal (light!) and is thus continuous by nature.
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x

Say we want to estimate f with:

<latexit sha1_base64="RSl9eWBPr8x9kl+due/fAiYKAxo=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOJsmYeSwzvUJcAn6CV/0Ab+LVX/HsjzhJ9mASCxqKqm66u6JYcAu+/+3lVlbX1jfym4Wt7Z3dveL+Qd3qxFBWo1po04yIZYIrVgMOgjVjw4iMBGtEw5uJ33hkxnKt7mEUs1CSvuI9Tgk4qd7WkvVJp1jyy/4UeJkEGSmhDNVO8afd1TSRTAEVxNpW4McQpsQAp4KNC+3EspjQIemzlqOKSGbDdHrtGJ84pYt72rhSgKfq34mUSGtHMnKdksDALnoT8T+vlUDvKky5ihNgis4W9RKBQePJ67jLDaMgRo4Qari7FdMBMYSCC2huC/Dh09ilEixmsEzqZ+XgohzcnZcq11k+eXSEjtEpCtAlqqBbVEU1RNEDekGv6M179t69D+9z1przsplDNAfv6xfaB5a2</latexit>!

<latexit sha1_base64="LLNWpiRe+MWDLvdFHPVcgvXP0Pw=">AAACCnicbVDLTsJAFJ3iC/FVdelmIjHBDWmNUZdENy4xkUcCDZkOU5gw0zYztyRY+AM/wa1+gDvj1p9w7Y84QBcCnuQmJ+fcm3Nz/FhwDY7zbeXW1jc2t/LbhZ3dvf0D+/CorqNEUVajkYhU0yeaCR6yGnAQrBkrRqQvWMMf3E39xpApzaPwEUYx8yTphTzglICROrY9bvcJ4KDUjiTrkfNxxy46ZWcGvErcjBRRhmrH/ml3I5pIFgIVROuW68TgpUQBp4JNCu1Es5jQAemxlqEhkUx76ezzCT4zShcHkTITAp6pfy9SIrUeSd9sSgJ9vexNxf+8VgLBjZfyME6AhXQeFCQCQ4SnNeAuV4yCGBlCqOLmV0z7RBEKpqyFFOCDp4lpxV3uYJXUL8ruVdl9uCxWbrN+8ugEnaISctE1qqB7VEU1RNEQvaBX9GY9W+/Wh/U5X81Z2c0xWoD19QtQX5qz</latexit>

|f̂(!)|

<latexit sha1_base64="mDPQpJTsoa080UmNKx7OFBFuhOk=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5idzCZDZmeXmV4hLvkCr/oB3sSrX+PZH3GS7MFECxqKqm66u4JECoOu++UU1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6b+e1Hro2I1QNOEu5HdKhEKBhFKzXCfrniVt05yF/i5aQCOer98ndvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aHTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZFa9mfif100xvPEzoZIUuWKLRWEqCcZk9jUZCM0ZyokllGlhbyVsRDVlaLNZ2oJi/DS1qXirGfwlrYuqd1X1GpeV2m2eTxFO4BTOwYNrqME91KEJDDg8wwu8Opnz5rw7H4vWgpPPHMMSnM8f8oOUhQ==</latexit>

f

<latexit sha1_base64="6amww1E9MTBEGi1mEwetVTj9ayo=">AAAB+XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48JmAckS5id9CZDZmeXmV4hLvkCr/oB3sSrX+PZH3GS7MFECxqKqm66u4JECoOu++UU1tY3NreK26Wd3b39g/LhUcvEqebQ5LGMdSdgBqRQ0ESBEjqJBhYFEtrB+G7mtx9BGxGrB5wk4EdsqEQoOEMrNbBfrrhVdw76l3g5qZAc9X75uzeIeRqBQi6ZMV3PTdDPmEbBJUxLvdRAwviYDaFrqWIRGD+bHzqlZ1YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9Wbif143xfDGz4RKUgTFF4vCVFKM6exrOhAaOMqJJYxrYW+lfMQ042izWdqCYvw0tal4qxn8Ja2LqndV9RqXldptnk+RnJBTck48ck1q5J7USZNwAuSZvJBXJ3PenHfnY9FacPKZY7IE5/MHCLiUkw==</latexit>

t

<latexit sha1_base64="VR4ZzCJwTib6VFLx43HluD9uBFU="></latexit>

f̃(t) =
1X

n=�1
f(n)�t�n

Only valid if                              .         

<latexit sha1_base64="zrL9LFPRYfNt7/I6ohXG8076F3Q=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibTGqEeiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVrrvJKJbrrhVdwqyTLycVCBHvVv+6fRilkZcIZPUmLbnJuiPqUbBJM9KndTwhLIh7fO2pYpG3Pjj6akZObFKj4SxtqWQTNW/E2MaGTOKAtsZURyYRW8i/ue1Uwyv/LFQSYpcsdmiMJUEYzL5m/SE5gzlyBLKtLC3EjagmjK06cxtQTF8zmwq3mIGy6R5VvUuqt7deaV2nedThCM4hlPw4BJqcAt1aACDPrzAK7w5mfPufDifs9aCk88cwhycr1+FMJVo</latexit>⇡<latexit sha1_base64="diGg4Fi3wUJC4RaF9lzD/HvLyqE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx4r2A9oQ9lsN+3SzSbsToQa6k/wqj/Am3j1v3j2j5i0OdjWBwOP92aYmedFUhi07W+rsLK6tr5R3Cxtbe/s7pX3D5omjDXjDRbKULc9argUijdQoOTtSHMaeJK3vNFt5rceuTYiVA84jrgb0IESvmAUM+msG4leuWJX7SnIMnFyUoEc9V75p9sPWRxwhUxSYzqOHaGbUI2CST4pdWPDI8pGdMA7KVU04MZNprdOyEmq9Ikf6rQUkqn6dyKhgTHjwEs7A4pDs+hl4n9eJ0b/2k2EimLkis0W+bEkGJLscdIXmjOU45RQpkV6K2FDqinDNJ65LShGT5M0FWcxg2XSPK86l1Xn/qJSu8nzKcIRHMMpOHAFNbiDOjSAwRBe4BXerGfr3fqwPmetBSufOYQ5WF+/8eGVnw==</latexit>�⇡

<latexit sha1_base64="CaBOZQonuQDbMmHHtZThm+76V8s=">AAACInicbVDJSgNBEO1xN25Rj14agxBBw4yIehS9eIxgFsgMoadTY5r0zDTdNWIc8gt+hZ/gVT/Am3gSvPkjdpaD24OCx3tVVNULlRQGXffdmZqemZ2bX1gsLC2vrK4V1zfqJs00hxpPZaqbITMgRQI1FCihqTSwOJTQCHvnQ79xA9qINLnCvoIgZteJiARnaKV2sewj3GJuMqVSjYOy32VIo13fZKEBpK19X4k9W0G7WHIr7gj0L/EmpEQmqLaLn34n5VkMCXLJjGl5rsIgZxoFlzAo+JkBxXiPXUPL0oTFYIJ89NGA7lilQ6NU20qQjtTvEzmLjenHoe2MGXbNb28o/ue1MoxOglwkKkNI+HhRlEmKKR3GQztCA0fZt4RxLeytlHeZZhxtiD+2oOjdDWwq3u8M/pL6QcU7qniXh6XTs0k+C2SLbJMy8cgxOSUXpEpqhJN78kieyLPz4Lw4r87buHXKmcxskh9wPr4AuWmlCQ==</latexit>

support(f̂) ⇢ [�⇡,⇡]



Why is Fourier analysis 
useful?
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<latexit sha1_base64="GbQypL08pt0QzKj8jwZxsLbDeRs="></latexit>

| \Laf � f(!)| = |f̂(!)(ei!
T a � 1)|  |f̂(!) sin!Ta|  |f̂(!)wTa|

<latexit sha1_base64="QHeY223jwUE9OFWy7+MztFkp18w=">AAACCnicbVDLTsJAFJ3iC/FVdelmIjHBDWmNRpdENy4xkUcCDZkOU5gw0zYztyRY+AM/wa1+gDvj1p9w7Y84QBcCnuQmJ+fcm3Nz/FhwDY7zbeXW1jc2t/LbhZ3dvf0D+/CorqNEUVajkYhU0yeaCR6yGnAQrBkrRqQvWMMf3E39xpApzaPwEUYx8yTphTzglICROrY9bvcJ4KDUjiTrkfNxxy46ZWcGvErcjBRRhmrH/ml3I5pIFgIVROuW68TgpUQBp4JNCu1Es5jQAemxlqEhkUx76ezzCT4zShcHkTITAp6pfy9SIrUeSd9sSgJ9vexNxf+8VgLBjZfyME6AhXQeFCQCQ4SnNeAuV4yCGBlCqOLmV0z7RBEKpqyFFOCDp4lpxV3uYJXUL8ruVdl5uCxWbrN+8ugEnaISctE1qqB7VEU1RNEQvaBX9GY9W+/Wh/U5X81Z2c0xWoD19QtPuZqx</latexit>

|f̂(!)|

<latexit sha1_base64="P0pP15cnaZqbt4A6gVFsaBmkFMY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYeSwzs0JcAn6CV/0Ab+LVX/HsjzhJ9mASCxqKqm66u6KYM2N9/9vLrayurW/kNwtb2zu7e8X9g7pRiSa0RhRXuhlhQzmTtGaZ5bQZa4pFxGkjGt5M/MYj1YYpeW9HMQ0F7kvWYwRbJ9XbStA+7hRLftmfAi2TICMlyFDtFH/aXUUSQaUlHBvTCvzYhinWlhFOx4V2YmiMyRD3actRiQU1YTq9doxOnNJFPaVdSYum6t+JFAtjRiJynQLbgVn0JuJ/XiuxvaswZTJOLJVktqiXcGQVmryOukxTYvnIEUw0c7ciMsAaE+sCmtti2fBp7FIJFjNYJvWzcnBR9u/OS5XrLJ88HMExnEIAl1CBW6hCDQg8wAu8wpv37L17H97nrDXnZTOHMAfv6xfZYZa0</latexit>!



Convolutions!
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Convolutional Kernel

• For illustration purpose, consider 

• Then,
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<latexit sha1_base64="/OLQJtp1BPTH+XdYEvnsrAvT0Zs="></latexit>

Kf(u) =

Z

Rd

f(v) (u� v) dv = (f ?  )(u)

<latexit sha1_base64="kyNOAmxZaWX0gYpfXabVFD2RdJI=">AAACFHicbZC7SgNBFIZnvcZ4W7XTZjAISWHYFUUbIWhjGcFcILuE2clJMmT2wsxsIC4Bn8JHsNUHsBNbe2tfxMlmC5P4w8DHf87hnPm9iDOpLOvbWFpeWV1bz23kN7e2d3bNvf26DGNBoUZDHoqmRyRwFkBNMcWhGQkgvseh4Q1uJ/XGEIRkYfCgRhG4PukFrMsoUdpqm4eOJ2AITiRZMS5dOx4RKZ/GpbZZsMpWKrwIdgYFlKnaNn+cTkhjHwJFOZGyZVuRchMiFKMcxnknlhAROiA9aGkMiA/STdI/jPGJdjq4Gwr9AoVT9+9EQnwpR76nO32i+nK+NjH/q7Vi1b1yExZEsYKAThd1Y45ViCeB4A4TQBUfaSBUMH0rpn0iCFU6tpktig0exzoVez6DRaifle2LsnV/XqjcZPnk0BE6RkVko0tUQXeoimqIoif0gl7Rm/FsvBsfxue0dcnIZg7QjIyvX5Kcno8=</latexit>

 ̆(u) =  ̄(�u)

<latexit sha1_base64="lSlLcP3tkyAniu8jqAgWoRcLMpM="></latexit>

K⇤f(v) =

Z

Rd

f(u) ̄(u� v) du = (f ?  ̆)(v)

<latexit sha1_base64="QIiUUH7A3qVeEzf8BTO9mcu8wkU=">AAACG3icbZC9SgNBFIVn4/9/1NJmNAhiEXZF0UYQbQSbCMYEsmuYndxNhsz+MHNXiCG1T+Ej2OoD2ImthbUv4iRZxCSe6uOce7kzx0+k0GjbX1Zuanpmdm5+YXFpeWV1Lb++cavjVHEo81jGquozDVJEUEaBEqqJAhb6Eip++6KfV+5BaRFHN9hJwAtZMxKB4AyNVc9vX93tXwWnrq/gHqibaOFqZOoXaFDPF+yiPRCdBCeDAslUque/3UbM0xAi5JJpXXPsBL0uUyi4hN6im2pIGG+zJtQMRiwE7XUHX+nRXeM0aBCbw3GEdOD+3eiyUOtO6JvJkGFLj2d987+slmJw4nVFlKQIER8eClJJMab9XmhDKOAoOwYYV8K8lfIWU4yjaW/kCor2Q8+04ox3MAm3B0XnqGhfHxbOzrN+5skW2SF7xCHH5IxckhIpE04eyTN5Ia/Wk/VmvVsfw9Gcle1skhFZnz+tXaHh</latexit>

K⇤Kf =  ̆ ?  ? f and

where:

leads to:

<latexit sha1_base64="yYKU8AYXvSCKmpZLmVgXsV9vwaY="></latexit>

[̆ ?  (!) = | ̂(!)|2

<latexit sha1_base64="GLVvQknLjQur5p4WZLETJX+eYf4="></latexit>

kKfk2 =

Z

Rd

|f̂(!)|2| ̂(!)|2 d! = hf,K⇤Kfi



Convolutional Frame

• Consider                        with norm 

• We say that W is a convolutional frame if: 

• Furthermore, the frame is tight if A = B.
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<latexit sha1_base64="P91Y7bWmOfb7tEG7+DHP4hLOTsI=">AAACRXicbVDLSgMxFM34tr6qLt0Ei+CqzIiiSx8bwY2CrUKnDpn0VkMzmTG5I9bSj/Ir/ARxp7h2J241nQ5iWy+EHM6Dm5wwkcKg6744Y+MTk1PTM7OFufmFxaXi8krVxKnmUOGxjPVlyAxIoaCCAiVcJhpYFEq4CFtHPf3iDrQRsTrHdgL1iF0r0RScoaWC4skB9augkd5n19WWL+GW+iaNAvWrGGSa+okRgcpdNLMdDkaDYsktu9nQUeDloETyOQ2K734j5mkECrlkxtQ8N8F6h2kUXEK34KcGEsZb7BpqFioWgal3sk936YZlGrQZa3sU0oz9m+iwyJh2FFpnxPDGDGs98j+tlmJzr94RKkkRFO8vaqaSYkx7DdKG0MBRti1gXAv7VspvmGYcbc8DW1C0Hrq2FW+4g1FQ3Sp7O2X3bLu0f5j3M0PWyDrZJB7ZJfvkmJySCuHkkTyTV/LmPDkfzqfz1beOOXlmlQyM8/0DFJ6yIA==</latexit>

Akxk2 
X

n

kx ?  nk2  Bkxk2

<latexit sha1_base64="GFaxMIOhI+O7jHGxNuFlz1o03jw=">AAACD3icbVDLSsNAFJ34rPVVFVduBovgqiSi6EYounFZwT6gCWEynbZDJ5MwcyOtIR/hJ7jVD3Anbv0E1/6I0zYL23rgwuGcezmXE8SCa7Dtb2tpeWV1bb2wUdzc2t7ZLe3tN3SUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGg9ux33xkSvNIPsAoZl5IepJ3OSVgJL902Bxeu+nQ1UCUG2vuSzfzjV62K/YEeJE4OSmjHDW/9ON2IpqETAIVROu2Y8fgpUQBp4JlRTfRLCZ0QHqsbagkIdNeOnk/wydG6eBupMxIwBP170VKQq1HYWA2QwJ9Pe+Nxf+8dgLdKy/lMk6ASToN6iYCQ4THXeAOV4yCGBlCqOLmV0z7RBEKprGZFOCDp8y04sx3sEgaZxXnomLfn5erN3k/BXSEjtEpctAlqqI7VEN1RFGKXtArerOerXfrw/qcri5Z+c0BmoH19QuKL52i</latexit>

Wx = {x ?  n}n

<latexit sha1_base64="dilZNU7Cx8AJSF0m7Slq53m9QBo=">AAACIXicbVDLTgJBEJz1ifhCPXqZSIx6IbtGo0cfF4+aiJCwSGaHBibMzK4zvSYIfIJf4Sd41Q/wZrwZj/6IA3JQtJJOKlXd6e6KEiks+v67NzE5NT0zm5nLzi8sLi3nVlavbJwaDkUey9iUI2ZBCg1FFCihnBhgKpJQitqnA790C8aKWF9iJ4GqYk0tGoIzdFItt3UcSrihoU1VTdNe2GIYJlZsh7GCJtvpXe8O/ZNaLu8X/CHoXxKMSJ6McF7LfYb1mKcKNHLJrK0EfoLVLjMouIR+NkwtJIy3WRMqjmqmwFa7w4f6dNMpddqIjSuNdKj+nOgyZW1HRa5TMWzZcW8g/udVUmwcVrtCJymC5t+LGqmkGNNBOrQuDHCUHUcYN8LdSnmLGcbRZfhrC4r2Xd+lEoxn8Jdc7RaC/YJ/sZc/OhnlkyHrZINsk4AckCNyRs5JkXByTx7JE3n2HrwX79V7+26d8EYza+QXvI8vtH6j5g==</latexit>

A 
X

n

| ̂(!)|2  B

or

<latexit sha1_base64="bOveR8b2iOHFw2bKDawhtMjUxUQ=">AAACKnicbZDLTgIxFIY7eEO8oS7dNBITV2SGaHRjQnTjEhO5JMxAOqVAQ6czac8YcMJr+BQ+glt9AHfEpT6IBWYh4Ema/vn+c3La348E12DbEyuztr6xuZXdzu3s7u0f5A+PajqMFWVVGopQNXyimeCSVYGDYI1IMRL4gtX9wd3Urz8xpXkoH2EUMS8gPcm7nBIwqJ233RpTgOvD2d0q3bg6DtpyToeuBqKwG2meolapnS/YRXtWeFU4qSigtCrt/LfbCWkcMAlUEK2bjh2BlxAFnAo2zrmxZhGhA9JjTSMlCZj2ktnPxvjMkA7uhsocCXhG/04kJNB6FPimMyDQ18veFP7nNWPoXnsJl1EMTNL5om4sMIR4GhPucMUoiJERhCpu3oppnyhCwYS5sAX44HlsUnGWM1gVtVLRuSzaDxeF8m2aTxadoFN0jhx0hcroHlVQFVH0gt7QO/qwXq1Pa2J9zVszVjpzjBbK+vkFwmaoJQ==</latexit>

kWxk2 =
X

n

kx ?  nk2



Covariance via convolution

• We say that L is covariant with W if 

• We say that A is invariant to L if 

• If W (e.g., convolution),   (e.g., point-wise non-
linearity) are covariant and if A is invariant to L then  
 
is invariant. Indeed: 

• It is also possible to have only an approximate 
covariance and one measure it via the norm of:

49

WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

<latexit sha1_base64="AoTf6uoWWPDJCXgSQQ1Wdqb5LK4=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCG4eZouhGqLqRrirYC3TKkEnTNjSTGZKMtA7zFj6Fj+BWH8CddKsvYtoOaFt/CHz5zzmc5PcjRqWy7ZGxtLyyurae28hvbm3v7Jp7+zUZxgKTKg5ZKBo+koRRTqqKKkYakSAo8Bmp+/3bcb3+SISkIX9Qw4i0AtTltEMxUtryTMut9CgcXMHruld2RS+EdS8pnzop/L0UU2hZlmZn4JkF27IngovgZFAAmSqe+e22QxwHhCvMkJRNx45UK0FCUcxImndjSSKE+6hLmho5CohsJZN/pfBYO23YCYU+XMGJ+3ciQYGUw8DXnQFSPTlfG5v/1Zqx6ly2EsqjWBGOp4s6MYMqhOOQYJsKghUbakBYUP1WiHtIIKx0lDNbFO0/pToVZz6DRagVLefcsu/PCqWbLJ8cOARH4AQ44AKUwB2ogCrA4Bm8gjfwbrwYH8anMZq2LhnZzAGYkfH1AxgvpEM=</latexit>

�x = AWJ⇢WJ�1⇢WJ�2...W1x

<latexit sha1_base64="CeaExgUwhpEvHN6kWpa5KPPT5Cs=">AAACHHicbVDLSsNAFJ3UV62vqEs3Q4vgKiSi6KZQdSPSRQXbFNoSJtNJM3TyYGYiraF7v8JPcKsf4E7cCq79EadpFrZ64MLhnHu59x43ZlRI0/zSCkvLK6trxfXSxubW9o6+u9cSUcIxaeKIRbztIkEYDUlTUslIO+YEBS4jtju8mvr2PeGCRuGdHMekF6BBSD2KkVSSo5e7DZ/C+qgKL+q2c9PlfgQNw4C2Y42qmTdy9IppmBngX2LlpAJyNBz9u9uPcBKQUGKGhOhYZix7KeKSYkYmpW4iSIzwEA1IR9EQBUT00uyXCTxUSh96EVcVSpipvydSFAgxDlzVGSDpi0VvKv7ndRLpnfdSGsaJJCGeLfISBmUEp8HAPuUESzZWBGFO1a0Q+4gjLFV8c1skHT5MVCrWYgZ/SevYsE4N8/akUrvM8ymCA1AGR8ACZ6AGrkEDNAEGj+AZvIBX7Ul70961j1lrQctn9sEctM8fvJ6gAw==</latexit>

�Lx = ALWJ⇢...W1x = �x

<latexit sha1_base64="7dFiAQC4kBiHYzEt2Z9NnoSgi6A=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwoSURRTdC0Y2LLirYppCGMplO2qGTSZi5EWro0k9wqx/gTtz6Ia79EaePhW09cOFwzr3ce0+QCK7Btr+t3NLyyupafr2wsbm1vVPc3WvoOFWU1WksYtUMiGaCS1YHDoI1E8VIFAjmBv3bke8+MqV5LB9gkDA/Il3JQ04JGMnz3JOqf+1WT6tuu1iyy/YYeJE4U1JCU9TaxZ9WJ6ZpxCRQQbT2HDsBPyMKOBVsWGilmiWE9kmXeYZKEjHtZ+OTh/jIKB0cxsqUBDxW/05kJNJ6EAWmMyLQ0/PeSPzP81IIr/yMyyQFJulkUZgKDDEe/Y87XDEKYmAIoYqbWzHtEUUomJRmtgDvPw1NKs58BoukcVZ2Lsr2/XmpcjPNJ48O0CE6Rg66RBV0h2qojiiK0Qt6RW/Ws/VufVifk9acNZ3ZRzOwvn4B6R6XuA==</latexit>

[W,L] = WL� LW

example: deformation



Group theory for analysing 
convolutions
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How can we design and characterise convolutions along a group?



Fourier on a circle, 
decomposing a translation

• Derivation is the infinitesimal generator of translation…
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<latexit sha1_base64="xcdSBvEycSoucDfDnUoWlpmKVys="></latexit>

x(u+ a) =
X

n

an

n!
x(n)(u)

<latexit sha1_base64="JW7VRSdo4oAoA3ISgHChj9YqA0w="></latexit>

\L�ax(!) = x̂(!)ei!a =
X

n

an

n!
(i!)nx̂(!)

How can extend Fourier beyond      ?
<latexit sha1_base64="jYhyEDNFcaNZwBs/3ZSbNlChx/U=">AAACBHicdVDLSgMxFM3UV62vqks3wSK4Gmam2taFWHTjsop9QFtLJpO2oZmZkGSEOnTrJ7hVcOtO3Lr1E8S1P2KmVbCiBwKHc+7lnhyXMyqVZb0bqZnZufmF9GJmaXlldS27vlGTYSQwqeKQhaLhIkkYDUhVUcVIgwuCfJeRujs4Sfz6FRGShsGFGnLS9lEvoF2KkdJSq+Uj1Xfd+Hx06XWyOcs8KBWcfQdapmUVnXwhIU5xz8lDWysJckevmUP+8JapdLIfLS/EkU8ChRmSsmlbXLVjJBTFjIwyrUgSjvAA9UhT0wD5RLbjceYR3NGKB7uh0C9QcKz+3IiRL+XQd/VkklH+9hLxL68ZqW6pHdOAR4oEeHKoGzGoQpgUAD0qCFZsqAnCguqsEPeRQFjpmqauKDq4HulWvr8O/yc1x7QLpn1m5crHYII02ALbYBfYoAjK4BRUQBVgwMEtuAP3xo3xaDwZz5PRlPG1swmmYLx8AqgKnOQ=</latexit>

Rd

<latexit sha1_base64="848d745USi0iS/vsMErEVGtv1sg="></latexit>

La(e
i.t)(!) = ei(!+a)t = ei!teiat

is stable by translation…
<latexit sha1_base64="BdsXfti9p5t2xq/nkrhhm/4Dgvw="></latexit>

span(ei.t)



Groups

• We remind that a group is a set G equipped with . 
and a neutral element e s.t.  

• Examples are given by: 

• We’ll assume all our groups are equipped with an 
invariant distance  (not restrictive for compact 
groups) 

• In practice, we’ll discuss only: 
product/semi product of those
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<latexit sha1_base64="OgRUXugSL22lPtnhFXNWO1b7OVk=">AAACKHicbVDLSgMxFM3UV62vUZdugkVwocOMKIpQKLpxWcE+oK0lk962oZkHSUamDvMXfoWf4FY/wJ10qz9i+ljY1gshh3Pu5dx73JAzqWx7aGSWlldW17LruY3Nre0dc3evIoNIUCjTgAei5hIJnPlQVkxxqIUCiOdyqLr925FefQIhWeA/qEEITY90fdZhlChNtUyr0QkE4RzHJ7gBsTaUOH5MTp30GsfWBBUmnxUXoGXmbcseF14EzhTk0bRKLfOn0Q5o5IGvKCdS1h07VM2ECMUohzTXiCSEhPZJF+oa+sQD2UzGd6X4SDNtrBfUz1d4zP6dSIgn5cBzdadHVE/OayPyP60eqc5VM2F+GCnw6cSoE3GsAjwKCbeZAKr4QANCBdO7YtojglClo5xxUaz/nOpUnPkMFkHlzHIuLPv+PF+8meaTRQfoEB0jB12iIrpDJVRGFL2gN/SOPoxX49P4MoaT1owxndlHM2V8/wLqNKX1</latexit>

8x, 9x�1 : x.x�1 = x�1.x = e

<latexit sha1_base64="m24PlCJwiQWS6PvXEYOYEWur4X0="></latexit>

Rd
,Fp, SOd(R), SUd(C), ...

<latexit sha1_base64="0+VCk7MOYsk+F/u0YP4v3e3GUwo=">AAACHHicbZDLSsNAFIYn9VbrLerSzdAirVBCIopuhKIblxXsBdpQJpNJOnRyYWYi1NC9T+EjuNUHcCduBde+iJM2C9t6YIZv/nMO58zvxIwKaZrfWmFldW19o7hZ2tre2d3T9w/aIko4Ji0csYh3HSQIoyFpSSoZ6cacoMBhpOOMbrJ854FwQaPwXo5jYgfID6lHMZJKGujlvhdxxBj069Ct+YZfrWdX9eRKvRQrGugV0zCnAZfByqEC8mgO9J++G+EkIKHEDAnRs8xY2inikmJGJqV+IkiM8Aj5pKcwRAERdjr9ywQeK8WFail1Qgmn6t+OFAVCjANHVQZIDsViLhP/y/US6V3aKQ3jRJIQzwZ5CYMygpkx0KWcYMnGChDmVO0K8RBxhKWyb26KpKPHiXLFWvRgGdqnhnVumHdnlcZ17k8RHIEyqAELXIAGuAVN0AIYPIEX8AretGftXfvQPmelBS3vOQRzoX39AhPRnvY=</latexit>

8g, d(g.g0, g.g00) = d(g0, g00)

<latexit sha1_base64="bf8TSx9UL4jhfzGN9H8oWxaDuDU=">AAACEnicbVDLSsNAFJ34rPUVdSO4GSyCi1KSouiy6MZlFfuAJC2TyaQdOnkwMxFqiF/hJ7jVD3Anbv0B1/6IkzYL23rgwuGce7n3HjdmVEjD+NaWlldW19ZLG+XNre2dXX1vvy2ihGPSwhGLeNdFgjAakpakkpFuzAkKXEY67ug69zsPhAsahfdyHBMnQIOQ+hQjqaS+fmgHSA5dN73Lel4VWka1bsfU6Y36esWoGRPARWIWpAIKNPv6j+1FOAlIKDFDQlimEUsnRVxSzEhWthNBYoRHaEAsRUMUEOGkkw8yeKIUD/oRVxVKOFH/TqQoEGIcuKozv1fMe7n4n2cl0r90UhrGiSQhni7yEwZlBPM4oEc5wZKNFUGYU3UrxEPEEZYqtJktko4eM5WKOZ/BImnXa+Z5zbg9qzSuinxK4Agcg1NgggvQADegCVoAgyfwAl7Bm/asvWsf2ue0dUkrZg7ADLSvX85ZnZo=</latexit>

Rd, [0, 2⇡]k



Haar measure on a group

• If G is locally compact, there exists a non-0 measure 
unique (up to multiplication) measure 

• For compact/abelian groups, the measure is unimodular: 

• We write: 
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<latexit sha1_base64="14ZPStABlP3AR/X4WDxzZD1jCFs=">AAACCXicbVDLSgMxFM3UV62Pjrp0EyxCuxlmRNGN0OrGZQX7gHYomTRtQ5PMkGSEOvQL/AS3+gHuxK1f4dofMdPOwrYeuNzDOfdyLyeIGFXadb+t3Nr6xuZWfruws7u3X7QPDpsqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBePb1G89EqloKB70JCI+R0NBBxQjbaSeXezyuFyrXKdt6NQqPbvkOu4McJV4GSmBDPWe/dPthzjmRGjMkFIdz420nyCpKWZkWujGikQIj9GQdAwViBPlJ7PHp/DUKH04CKUpoeFM/buRIK7UhAdmkiM9UsteKv7ndWI9uPITKqJYE4HnhwYxgzqEaQqwTyXBmk0MQVhS8yvEIyQR1iarhSuajp+mJhVvOYNV0jxzvAvHvT8vVW+yfPLgGJyAMvDAJaiCO1AHDYBBDF7AK3iznq1368P6nI/mrGznCCzA+voF+rWZTA==</latexit>

µ(A) = µ(g.A)

<latexit sha1_base64="lrVAWU6POdPUpv7cfyj60/FpZfs=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEdhMSUXQjtLpxWcFeoA1lMp2kQ2eSMDNRaugj+Ahu9QHciVsfwrUv4qTNwrb+cODjP+dwDr8XMyqVbX8bK6tr6xubha3i9s7u3r5ZOmjJKBGYNHHEItHxkCSMhqSpqGKkEwuCuMdI2xvdZP32AxGSRuG9GsfE5SgIqU8xUtrqm6UeTyqBVa9eZVC3gmrfLNuWPRVcBieHMsjV6Js/vUGEE05ChRmSsuvYsXJTJBTFjEyKvUSSGOERCkhXY4g4kW46fX0CT7QzgH4kdIUKTt2/GyniUo65pyc5UkO52MvM/3rdRPmXbkrDOFEkxLNDfsKgimCWAxxQQbBiYw0IC6p/hXiIBMJKpzV3RdHR00Sn4ixmsAytU8s5t+y7s3LtOs+nAI7AMagAB1yAGrgFDdAEGDyCF/AK3oxn4934MD5noytGvnMI5mR8/QI6PJn1</latexit>

µ(g.A) = µ(A.g)

<latexit sha1_base64="q46EhE4x8jngGh7jyD86S1yRMKw="></latexit>

L2(G) = {f measurable,

Z

G
|f(g)|2 dµ}

<latexit sha1_base64="lFjqJFqLjgVakjG0yBHmm005zJ8=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgQkoiii6LLnRZwT6gCWUynbRDJ5MwMynU0D/wE9zqB7gTt/6Ea3/EaZuFbT1w4XDOvdzDCRLOlHacb6uwsrq2vlHcLG1t7+zu2fsHDRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gg9uJ3xxSqVgsHvUooX6Ee4KFjGBtpI5te2EsMeeo5zGB7s5Qxy47FWcKtEzcnJQhR61j/3jdmKQRFZpwrFTbdRLtZ1hqRjgdl7xU0QSTAe7RtqECR1T52TT5GJ0YpYtMBDNCo6n69yLDkVKjKDCbEdZ9tehNxP+8dqrDaz9jIkk1FWT2KEw50jGa1IC6TFKi+cgQTCQzWRHpY4mJNmXNfdFs8DQ2rbiLHSyTxnnFvaw4Dxfl6k3eTxGO4BhOwYUrqMI91KAOBIbwAq/wZj1b79aH9TlbLVj5zSHMwfr6BX+rmi0=</latexit>

8g 2 G,

<latexit sha1_base64="lFjqJFqLjgVakjG0yBHmm005zJ8=">AAACCnicbVDLSsNAFL2pr1pfUZduBovgQkoiii6LLnRZwT6gCWUynbRDJ5MwMynU0D/wE9zqB7gTt/6Ea3/EaZuFbT1w4XDOvdzDCRLOlHacb6uwsrq2vlHcLG1t7+zu2fsHDRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gg9uJ3xxSqVgsHvUooX6Ee4KFjGBtpI5te2EsMeeo5zGB7s5Qxy47FWcKtEzcnJQhR61j/3jdmKQRFZpwrFTbdRLtZ1hqRjgdl7xU0QSTAe7RtqECR1T52TT5GJ0YpYtMBDNCo6n69yLDkVKjKDCbEdZ9tehNxP+8dqrDaz9jIkk1FWT2KEw50jGa1IC6TFKi+cgQTCQzWRHpY4mJNmXNfdFs8DQ2rbiLHSyTxnnFvaw4Dxfl6k3eTxGO4BhOwYUrqMI91KAOBIbwAq/wZj1b79aH9TlbLVj5zSHMwfr6BX+rmi0=</latexit>

8g 2 G,

<latexit sha1_base64="KY6u2Ipth92DYE7DgnRsnddH/ks=">AAACKXicbVC7TsNAEDzzDOEVoKQ5ESGFAmMjBJQRNBQUIBGClIRofbmYU85nc7dGCVY+g6/gE2jhA+iAlh/hElJAYKSVRjO72t0JEikMet67MzE5NT0zm5vLzy8sLi0XVlYvTZxqxisslrG+CsBwKRSvoEDJrxLNIQokrwad44FfvePaiFhdYC/hjQhCJdqCAVqpWdgBt1sKt+qoBahQ8lt62gQ6JnVLcJ1t+3033GoWip7rDUH/En9EimSEs2bhs96KWRpxhUyCMTXfS7CRgUbBJO/n66nhCbAOhLxmqYKIm0Y2fKxPN63Sou1Y21JIh+rPiQwiY3pRYDsjwBsz7g3E/7xaiu3DRiZUkiJX7HtRO5UUYzpIibaE5gxlzxJgWthbKbsBDQxtlr+2oOjc920q/ngGf8nlruvvu/75XrF8NMonR9bJBikRnxyQMjkhZ6RCGHkgT+SZvDiPzqvz5nx8t044o5k18gvO5xdkBqYw</latexit>

a.x(g) , Lax(g) , x(a�1.g)where



Convolution along a group

• Again, introduce: 

• (Young’s inequality) 
For                                                  , we get: 

•                   if and only if G is commutative.
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<latexit sha1_base64="WLDLg7pBIRNyU/oPwGRWalHxbA4="></latexit>

a 2 Lp(G), b 2 Lq(G),
1

r
+ 1 =

1

p
+

1

q

<latexit sha1_base64="rxpFtiF7Wc2XwlCDalSS2DuMJEk="></latexit>

(a ? b)(g) ,
Z

G
a(g̃)b(g̃�1g)

<latexit sha1_base64="yWDQ9zriFZQEUnFio/JS/fHfs4I=">AAACDHicbZBLSgNBEIZ74ivG1xiXbhqD4CrMiKIbIejGZQTzgGQINZ2epEnPg+4aMYZcwSO41QO4E7fewbUXsZPMwiT+UPDxVxVV/H4ihUbH+bZyK6tr6xv5zcLW9s7unr1frOs4VYzXWCxj1fRBcykiXkOBkjcTxSH0JW/4g5tJv/HAlRZxdI/DhHsh9CIRCAZorI5dhLZGUNSnV/6MoGOXnLIzFV0GN4MSyVTt2D/tbszSkEfIJGjdcp0EvREoFEzycaGdap4AG0CPtwxGEHLtjaa/j+mxcbo0iJWpCOnU/bsxglDrYeibyRCwrxd7E/O/XivF4NIbiShJkUdsdihIJcWYToKgXaE4Qzk0AEwJ8ytlfVDA0MQ1dwXF4GlsUnEXM1iG+mnZPS87d2elynWWT54ckiNyQlxyQSrkllRJjTDySF7IK3mznq1368P6nI3mrGzngMzJ+voFcoabRw==</latexit>

a ? b = b ? a

<latexit sha1_base64="deZg00ZyM8amnLex93Loe7HlwJ8=">AAACMXicbVDLTgJBEJzFF+IL9ehlIjHxRHaNBo9ELx4xkUfCEjI7NDBh9sFMrwkSPsWv8BO86gdwM3r0JxyWNRGwkkmqq7rTPeVFUmi07amVWVvf2NzKbud2dvf2D/KHRzUdxopDlYcyVA2PaZAigCoKlNCIFDDfk1D3Brczv/4ISosweMBRBC2f9QLRFZyhkdr5klsDhZS5GpmiXlK1lSthSH+dRIrSMu0YtvMFu2gnoKvESUmBpKi0819uJ+SxDwFyybRuOnaErTFTKLiESc6NNUSMD1gPmoYGzAfdGicfnNAzo3RoN1TmBUgT9e/EmPlaj3zPdPoM+3rZm4n/ec0Yu9etsQiiGCHg80XdWFIM6Swt2hEKOMqRIYwrYW6lvM8U42gyXdiCYvA0Mak4yxmsktpF0bkq2veXhfJNmk+WnJBTck4cUiJlckcqpEo4eSav5I28Wy/W1PqwPuetGSudOSYLsL5/APs6qsI=</latexit>

ka ? bkr  kakpkbkq

Can we recover a notion of Fourier? Invariance?



Unit approximation
• Convolution in      has no neutral elements. 

• Yet, there exists a sequence        ,         , 
 
 
 
 

• In     ,  if                      then                ,                  
and

55

<latexit sha1_base64="OGcPPCYcs/3KZBu+v/7KSd+/b7w=">AAACBHicbVDLSsNAFJ34rPVVdelmsAh1UxJRdFl047KCfUATwmQyaYdOJmHmRqihWz/BrX6AO3Hrf7j2R5y2WdjWAxcO59zLuZwgFVyDbX9bK6tr6xubpa3y9s7u3n7l4LCtk0xR1qKJSFQ3IJoJLlkLOAjWTRUjcSBYJxjeTvzOI1OaJ/IBRinzYtKXPOKUgJHcmhsyAcSXZ770K1W7bk+Bl4lTkCoq0PQrP26Y0CxmEqggWvccOwUvJwo4FWxcdjPNUkKHpM96hkoSM+3l05/H+NQoIY4SZUYCnqp/L3ISaz2KA7MZExjoRW8i/uf1MoiuvZzLNAMm6SwoygSGBE8KwCFXjIIYGUKo4uZXTAdEEQqmprkU4MOnsWnFWexgmbTP685l3b6/qDZuin5K6BidoBpy0BVqoDvURC1EUYpe0Ct6s56td+vD+pytrljFzRGag/X1C9MVmNw=</latexit>

(�n)n
<latexit sha1_base64="icvLSX4tAQwdgpgm8F/g47REiOc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj04jGCeUA2htlJbzJkdnad6RViyN1P8Kof4E28+hue/REnyR5MYkFDUdVNNRUkUhh03W9naXlldW09t5Hf3Nre2S3s7ddMnGoOVR7LWDcCZkAKBVUUKKGRaGBRIKEe9K/Hfv0RtBGxusNBAq2IdZUIBWdopXu/AxJZW/ldeKBuu1B0S+4EdJF4GSmSDJV24cfvxDyNQCGXzJim5ybYGjKNgksY5f3UQMJ4n3WhaaliEZjWcPL1iB5bpUPDWNtRSCfq34shi4wZRIHdjBj2zLw3Fv/zmimGl62hUEmKoPg0KEwlxZiOK6AdoYGjHFjCuBb2V8p7TDOOtqiZFBT9p5FtxZvvYJHUTkveecm9PSuWr7J+cuSQHJET4pELUiY3pEKqhBNNXsgreXOenXfnw/mcri452c0BmYHz9QtrO5m7</latexit>

�n � 0
<latexit sha1_base64="hukIc9ucggdaEqmYdAuPfT6icIY=">AAACHHicbVDLSgNBEJz1/XbVo5fBIOgl7Iqix6AXjwrmAdmwzE46yZDZ2WWmV41L7n6Fn+BVP8CbeBU8+yNOHgdNLGgoqrrp7opSKQx63pczMzs3v7C4tLyyura+selubVdMkmkOZZ7IRNciZkAKBWUUKKGWamBxJKEadS8GfvUWtBGJusFeCo2YtZVoCc7QSqG7FyDcY26yNO0fBE2QyEJ1GGjR7iDTOrmjXugWvKI3BJ0m/pgUyBhXofsdNBOexaCQS2ZM3fdSbORMo+AS+itBZiBlvMvaULdUsRhMIx/+0qf7VmnSVqJtKaRD9fdEzmJjenFkO2OGHTPpDcT/vHqGrbNGLlSaISg+WtTKJMWEDoKhTaGBo+xZwrgW9lbKO0wzjja+P1tQdB/6NhV/MoNpUjkq+idF7/q4UDof57NEdskeOSA+OSUlckmuSJlw8kieyQt5dZ6cN+fd+Ri1zjjjmR3yB87nD5p4ovI=</latexit>

supp(�n) ! 0
<latexit sha1_base64="/tKm+Gs3pxPgyahPzVzb/zw7qAw=">AAACJXicbZBLSgNBEIZ7fL+NunTTGARBDDOi6FJ041LBPCAThp5OTdKkp3vorlFiyCE8hUdwqwdwJ4IrF17ETszCRGv18/1VVNUfZ1JY9P0Pb2p6ZnZufmFxaXlldW29sLFZsTo3HMpcS21qMbMghYIyCpRQywywNJZQjTsXA796C8YKrW6wm0EjZS0lEsEZOhQV9sMKGAybIJFFioYWmaHJQTLEURAa0Wo7ZPQd9aNC0S/5w6J/RTASRTKqq6jwFTY1z1NQyCWzth74GTZ6zKDgEvpLYW4hY7zDWlB3UrEUbKM3fKpPdx1p0kS7c7RCOqS/J3ostbabxq4zZdi2k94A/ufVc0xOGz2hshxB8Z9FSS4pajpIiDaFAY6y6wTjRrhbKW8zwzi6HMe2oOjc910qwWQGf0XlsBQcl/zro+LZ+SifBbJNdsgeCcgJOSOX5IqUCScP5Ik8kxfv0Xv13rz3n9YpbzSzRcbK+/wGjIyl8w==</latexit>

k�n ? f � fk1 ! 0
<latexit sha1_base64="lsERtqjtgjIhmgH8a41wT9KCwFg=">AAACI3icbZA7TgMxEIa9PMM7QEljESFBQbSLQFBG0FAGiYRI2SjyOrOJFa+9smdBIcoZOAVHoIUD0CEaCiougvMoIDDVr++f0cz8USqFRd//8GZm5+YXFnNLyyura+sb+c2tqtWZ4VDhWmpTi5gFKRRUUKCEWmqAJZGEm6h7MfRvbsFYodU19lJoJKytRCw4Q4ea+YOwCgbDFkhkTUVDi8zQ+DAeYyPaHQeMvqN+M1/wi/6o6F8RTESBTKrczH+FLc2zBBRyyaytB36KjT4zKLiEwXKYWUgZ77I21J1ULAHb6I9eGtA9R1o01u4YrZCO6M+JPkus7SWR60wYduy0N4T/efUM47NGX6g0Q1B8vCjOJEVNh/nQljDAUfacYNwIdyvlHWYYR5firy0ouvcDl0owncFfUT0qBidF/+q4UDqf5JMjO2SX7JOAnJISuSRlUiGcPJAn8kxevEfv1Xvz3setM95kZpv8Ku/zG0E8pU8=</latexit>

k�n ? f � fk ! 0

<latexit sha1_base64="g+KtPAbABc8SzsmvNL5rGQvWgpw=">AAACKnicbVDLSgMxFM34flt16SZYhLqwzBRFN4LoxmUF2wqdWjLpnTY0kxmSO9I69Df8Cj/BrX6Au+JSP8T0sfB1ILmHc+7lJidIpDDoukNnZnZufmFxaXlldW19YzO3tV01cao5VHgsY30bMANSKKigQAm3iQYWBRJqQfdy5NfuQRsRqxvsJ9CIWFuJUHCGVmrmXL/D0G+BRNZUhd7BGdxlh36oGc/8KmikvXG5Kw2ykrL3oJnLu0V3DPqXeFOSJ1OUm7kPvxXzNAKFXDJj6p6bYCNjGgWXMFjxUwMJ413WhrqlikVgGtn4ZwO6b5UWDWNtj0I6Vr9PZCwyph8FtjNi2DG/vZH4n1dPMTxtZEIlKYLik0VhKinGdBQTbQkNHGXfEsa1sG+lvMNsLGjD/LEFRfdhlIr3O4O/pFoqesdF9/oof34xzWeJ7JI9UiAeOSHn5IqUSYVw8kieyQt5dZ6cN2fovE9aZ5zpzA75AefzC620qBg=</latexit>

�̂n(x) = e�
kxk2

2n2

<latexit sha1_base64="icvLSX4tAQwdgpgm8F/g47REiOc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj04jGCeUA2htlJbzJkdnad6RViyN1P8Kof4E28+hue/REnyR5MYkFDUdVNNRUkUhh03W9naXlldW09t5Hf3Nre2S3s7ddMnGoOVR7LWDcCZkAKBVUUKKGRaGBRIKEe9K/Hfv0RtBGxusNBAq2IdZUIBWdopXu/AxJZW/ldeKBuu1B0S+4EdJF4GSmSDJV24cfvxDyNQCGXzJim5ybYGjKNgksY5f3UQMJ4n3WhaaliEZjWcPL1iB5bpUPDWNtRSCfq34shi4wZRIHdjBj2zLw3Fv/zmimGl62hUEmKoPg0KEwlxZiOK6AdoYGjHFjCuBb2V8p7TDOOtqiZFBT9p5FtxZvvYJHUTkveecm9PSuWr7J+cuSQHJET4pELUiY3pEKqhBNNXsgreXOenXfnw/mcri452c0BmYHz9QtrO5m7</latexit>

�n � 0

<latexit sha1_base64="OdsFnF6r1TNPeaLVSmJPX8PPecg=">AAACF3icbVC7SgNBFJ2NrxhfUUsRBoMQm7AbFC2DNhYWUcwDskmYnZ0kQ2Znl5m7QlxS+RV+gq1+gJ3YWlr7I04ehUk8cOFwzr3ce48XCa7Btr+t1NLyyupaej2zsbm1vZPd3avqMFaUVWgoQlX3iGaCS1YBDoLVI8VI4AlW8/pXI7/2wJTmobyHQcSaAelK3uGUgJHa2UPXZwJIW7pc4ptWMe8GBHqel9wNW/5JO5uzC/YYeJE4U5JDU5Tb2R/XD2kcMAlUEK0bjh1BMyEKOBVsmHFjzSJC+6TLGoZKEjDdTMZvDPGxUXzcCZUpCXis/p1ISKD1IPBM5+hIPe+NxP+8Rgydi2bCZRQDk3SyqBMLDCEeZYJ9rhgFMTCEUMXNrZj2iCIUTHIzW4D3H4cmFWc+g0VSLRacs4J9e5orXU7zSaMDdITyyEHnqISuURlVEEVP6AW9ojfr2Xq3PqzPSWvKms7soxlYX78bJ5/v</latexit>

�n 2 L2(Rd)

and

<latexit sha1_base64="YVD5R9waYzghsE4ft+zt/QcMWfI=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKKLotuXFaxD2hjmUwm7dDJJMzcCDVk6ye41Q9wJ279D9f+iJM2C9t64MLhnHu5h+PFgmuw7W9raXlldW29tFHe3Nre2a3s7bd0lCjKmjQSkep4RDPBJWsCB8E6sWIk9ARre6Pr3G8/MqV5JO9hHDM3JAPJA04JGKnXCwkMPS+9yx78fqVq1+wJ8CJxClJFBRr9yk/Pj2gSMglUEK27jh2DmxIFnAqWlXuJZjGhIzJgXUMlCZl200nmDB8bxcdBpMxIwBP170VKQq3HoWc284x63svF/7xuAsGlm3IZJ8AknT4KEoEhwnkB2OeKURBjQwhV3GTFdEgUoWBqmvkCfPSUmVac+Q4WSeu05pzX7Nuzav2q6KeEDtEROkEOukB1dIMaqIkoitELekVv1rP1bn1Yn9PVJau4OUAzsL5+AakQmWE=</latexit>

Rd
<latexit sha1_base64="CUHhBf0S7Xb/+IW5JuGF9CrQAtE=">AAACEXicbVDLSgNBEJz1GeMr6sGDl8EgeAq7ouhFCHrxGME8IAnL7KSTDJmdXWZ6hRjyFX6CV/0Ab+LVL/DsjzjZ7MEkFjTUVHXT0xXEUhh03W9naXlldW09t5Hf3Nre2S3s7ddMlGgOVR7JSDcCZkAKBVUUKKERa2BhIKEeDG4nfv0RtBGResBhDO2Q9ZToCs7QSn7hsFUDjbTVAYnMV+nL9649v1B0S24Kuki8jBRJhopf+Gl1Ip6EoJBLZkzTc2Nsj5hGwSWM863EQMz4gPWgaaliIZj2KD1gTE+s0qHdSNtSSFP178SIhcYMw8B2hgz7Zt6biP95zQS7V+2RUHGCoPh0UTeRFCM6SYN2hAaOcmgJ41rYv1LeZ5pxtJnNbEExeBrbVLz5DBZJ7azkXZTc+/Ni+SbLJ0eOyDE5JR65JGVyRyqkSjgZkxfySt6cZ+fd+XA+p61LTjZzQGbgfP0CeICddQ==</latexit>

k�nk1 = 1

<latexit sha1_base64="BSMzCQHMChEgalsHzbthpbUtKgg=">AAACAHicbVDLSgNBEJz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJbzJkdmaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4wEdyg5307K6tr6xubha3i9s7u3n7p4LBhVKoZ1JkSSrdCakBwCXXkKKCVaKBxKKAZDm8nfvMRtOFKPuAogSCmfckjzihaqdWBxHChZLdU9ireFO4y8XNSJjlq3dJPp6dYGoNEJqgxbd9LMMioRs4EjIud1EBC2ZD2oW2ppDGYIJveO3ZPrdJzI6VtSXSn6t+JjMbGjOLQdsYUB2bRm4j/ee0Uo+sg4zJJESSbLYpS4aJyJ8+7Pa6BoRhZQpnm9laXDaimDG1Ec1uQD5/GNhV/MYNl0jiv+JcV//6iXL3J8ymQY3JCzohPrkiV3JEaqRNGBHkhr+TNeXbenQ/nc9a64uQzR2QOztcvpsqXuw==</latexit>✏

<latexit sha1_base64="upoq30TS7VatT9cd0mTJZnrPeyM=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKiLotuXFaxD2hjmUwm7dDJJMzcCDVk6ye41Q9wJ279D9f+iJM2C9t64MLhnHu5h+PFgmuw7W9raXlldW29tFHe3Nre2a3s7bd0lCjKmjQSkep4RDPBJWsCB8E6sWIk9ARre6Pr3G8/MqV5JO9hHDM3JAPJA04JGKnXCwkMPS+9yx78fqVq1+wJ8CJxClJFBRr9yk/Pj2gSMglUEK27jh2DmxIFnAqWlXuJZjGhIzJgXUMlCZl200nmDB8bxcdBpMxIwBP170VKQq3HoWc284x63svF/7xuAsGlm3IZJ8AknT4KEoEhwnkB2OeKURBjQwhV3GTFdEgUoWBqmvkCfPSUmVac+Q4WSeu05pzXnNuzav2q6KeEDtEROkEOukB1dIMaqIkoitELekVv1rP1bn1Yn9PVJau4OUAzsL5+Aam2mWM=</latexit>

Rd



Covariant operators
• Let                             be a bounded operator, s.t.: 

• Proof:
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<latexit sha1_base64="GEkrx8AYR/1FyS3HJBBM3+perag=">AAACInicbVDLSgMxFM3UV62vUZdugkXoQsqMKLoRim5cuKhgH9AZyp00bUMzmSHJCHXoL/gVfoJb/QB34kpw54+YtrOwrQcC5557L+fmBDFnSjvOl5VbWl5ZXcuvFzY2t7Z37N29uooSSWiNRDySzQAU5UzQmmaa02YsKYQBp41gcD3uNx6oVCwS93oYUz+EnmBdRkAbqW2XGl4Iuk+Ap7ejNlzOVI1j7HUjCZxjaNtFp+xMgBeJm5EiylBt2z9eJyJJSIUmHJRquU6s/RSkZoTTUcFLFI2BDKBHW4YKCKny08mPRvjIKB1svM0TGk/UvxsphEoNw8BMjg9W872x+F+vlejuhZ8yESeaCjI16iYc6wiP48EdJinRfGgIEMnMrZj0QQLRJsQZF80GjyOTijufwSKpn5Tds7Jzd1qsXGX55NEBOkQl5KJzVEE3qIpqiKAn9IJe0Zv1bL1bH9bndDRnZTv7aAbW9y9rP6Tc</latexit>

WLa = LaW, 8a(i)
<latexit sha1_base64="g1rssHWm8SwbO5aEvd149qgRJHQ="></latexit>

9f 2 L1(G),W �n ! f(ii)

<latexit sha1_base64="tbJ0glK5TFXgd1CTXYszI6Z1n+U=">AAACDXicbVDLSsNAFJ3UV62vaJdugkVwVRJRdFl048JFBfuANpTJdNIOncyEmRslhn6Dn+BWP8CduPUbXPsjTtssbOuBC4dz7uVcThBzpsF1v63Cyura+kZxs7S1vbO7Z+8fNLVMFKENIrlU7QBrypmgDWDAaTtWFEcBp61gdD3xWw9UaSbFPaQx9SM8ECxkBIORena5eyvFgNMQFBsMASslH3t2xa26UzjLxMtJBeWo9+yfbl+SJKICCMdadzw3Bj/DChjhdFzqJprGmIzwgHYMFTii2s+mz4+dY6P0nVAqMwKcqfr3IsOR1mkUmM0Iw1AvehPxP6+TQHjpZ0zECVBBZkFhwh2QzqQJp88UJcBTQzBRzPzqkCFWmIDpay4F2OhpbFrxFjtYJs3Tqndede/OKrWrvJ8iOkRH6AR56ALV0A2qowYiKEUv6BW9Wc/Wu/Vhfc5WC1Z+U0ZzsL5+ASAhnOI=</latexit>()
<latexit sha1_base64="eiRDKiftMMDEWYguJSjS28fcSP8=">AAACA3icbVC7TgJBFJ3FF+ILtbSZSEysyK7RaGNCtLHERB4JbMjsMAsTZmc2M3cNuKH0E2z1A+yMrR9i7Y84wBYCnurknHtz7j1BLLgB1/12ciura+sb+c3C1vbO7l5x/6BuVKIpq1EllG4GxDDBJasBB8GasWYkCgRrBIPbid94ZNpwJR9gFDM/Ij3JQ04JWKnVGF4P2waIxmGnWHLL7hR4mXgZKaEM1U7xp91VNImYBCqIMS3PjcFPiQZOBRsX2olhMaED0mMtSyWJmPHT6cljfGKVLg6VDVYS8FT9u5GSyJhRFNjJiEDfLHoT8T+vlUB45adcxgkwSWdBYSIwKDz5H3e5ZhTEyBJCNbe3YtonmlCwLc2lAB88jW0r3mIHy6R+VvYuyu79ealyk/WTR0foGJ0iD12iCrpDVVRDFCn0gl7Rm/PsvDsfzudsNOdkO4doDs7XL16vmKE=</latexit>

Wx = x ? f

<latexit sha1_base64="UzBBV3rOYwKCkAN2rTCNP6ttKYg=">AAACInicbVDLSsNAFJ34rPUVdelmsAh1UxIRFVdFNy5cVLEPaNIymUzaoZNJmJkINeQX/Ao/wa1+gDtxJbjzR5y0XdjWAxcO59zLvfd4MaNSWdaXsbC4tLyyWlgrrm9sbm2bO7sNGSUCkzqOWCRaHpKEUU7qiipGWrEgKPQYaXqDq9xvPhAhacTv1TAmboh6nAYUI6WlrlluXtx07LITItX3vPQu6/hHjorgnNg1S1bFGgHOE3tCSmCCWtf8cfwIJyHhCjMkZdu2YuWmSCiKGcmKTiJJjPAA9UhbU45CIt109FEGD7XiwyASuriCI/XvRIpCKYehpzvzI+Wsl4v/ee1EBeduSnmcKMLxeFGQMKhfzuOBPhUEKzbUBGFB9a0Q95FAWOkQp7YoOnjMdCr2bAbzpHFcsU8r9u1JqXo5yacA9sEBKAMbnIEquAY1UAcYPIEX8ArejGfj3fgwPsetC8ZkZg9Mwfj+BZQvo8o=</latexit>

W : L1(Rd) ! L1(Rd)

<latexit sha1_base64="XaUEilVzEsSDedQ10nQzyDsSKxg=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSxC3ZRERF0W3bhwUcU+oEnLZDpph04mYWYi1Jif8BPc6ge4E7f+gWt/xEmbhW09cOFwzr3cw/EiRqWyrG9jYXFpeWW1sFZc39jc2jZ3dhsyjAUmdRyyULQ8JAmjnNQVVYy0IkFQ4DHS9IZXmd98IELSkN+rUUTcAPU59SlGSktdc993KIc3HbvsBEgNPC+5Szu9465ZsirWGHCe2DkpgRy1rvnj9EIcB4QrzJCUbduKlJsgoShmJC06sSQRwkPUJ21NOQqIdJNx/hQeaaUH/VDo4QqO1b8XCQqkHAWe3sxCylkvE//z2rHyL9yE8ihWhOPJIz9mUIUwKwP2qCBYsZEmCAuqs0I8QAJhpSub+qLo8DHVrdizHcyTxknFPqvYt6el6mXeTwEcgENQBjY4B1VwDWqgDjB4Ai/gFbwZz8a78WF8TlYXjPxmD0zB+PoFYNCc3Q==</latexit>

f 2 L1(Rd)with

<latexit sha1_base64="B1TcirKEOgXyzd5W/EBDcvSIwU8="></latexit>

W (x ? �n)(g) = W
� Z

G
x(g0)�n(g

0�1g) dµ(g0)
�



Invariant operators
• Let                      be a bounded operator, then: 

• Proof:
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<latexit sha1_base64="77BOiFjqiJwR3K6kDR5g7kbNUnQ=">AAACFXicbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXFG2ERBsLiwjmAdkQ7k4myZDZBzOzQly28Cv8BFv9ADuxtbb2R5xNtjCJBwYO59zLuXPckDOpLOvbyC0tr6yu5dcLG5tb2zvm7l5DBpEgtE4CHoiWC5Jy5tO6YorTVigoeC6nTXd0nfrNByokC/x7NQ5px4OBz/qMgNJS1yxWHQ/UkACPb5MuXFaPsdMPBHCOoWuWrLI1AV4kdkZKKEOta/44vYBEHvUV4SBl27ZC1YlBKEY4TQpOJGkIZAQD2tbUB4/KTjz5RIIPtdLDOls/X+GJ+ncjBk/KsefqyfRiOe+l4n9eO1L9i07M/DBS1CfToH7EsQpw2gjuMUGJ4mNNgAimb8VkCAKI0r3NpCg2ekx0K/Z8B4ukcVK2z8rW3WmpcpX1k0dFdICOkI3OUQXdoBqqI4Ke0At6RW/Gs/FufBif09Gcke3soxkYX79OP570</latexit>

ALa = A, 8a

<latexit sha1_base64="c2Lxsf8SJkggq5VpXSJp8Be3qgM=">AAACGHicbVDLSsNAFJ3UV62vqEtBBotQNyURRXFVdaELF1XsA5pYJtNpO3TyYOZGqaE7v8JPcKsf4E7cunPtj5i0WdjWAxcO59zLvfc4geAKDONby8zMzs0vZBdzS8srq2v6+kZV+aGkrEJ94cu6QxQT3GMV4CBYPZCMuI5gNad3nvi1eyYV971b6AfMdknH421OCcRSU98+Pbm6MwsXe5bknS4QKf0HbLkEuo4T3Qyaet4oGkPgaWKmJI9SlJv6j9XyaegyD6ggSjVMIwA7IhI4FWyQs0LFAkJ7pMMaMfWIy5QdDf8Y4N1YaeG2L+PyAA/VvxMRcZXqu07cmVyoJr1E/M9rhNA+tiPuBSEwj44WtUOBwcdJKLjFJaMg+jEhVPL4Vky7RBIKcXRjW4D3HpNUzMkMpkl1v2geFo3rg3zpLM0ni7bQDiogEx2hErpEZVRBFD2hF/SK3rRn7V370D5HrRktndlEY9C+fgGbv6A3</latexit>

A : L1(G) ! R

<latexit sha1_base64="tbJ0glK5TFXgd1CTXYszI6Z1n+U=">AAACDXicbVDLSsNAFJ3UV62vaJdugkVwVRJRdFl048JFBfuANpTJdNIOncyEmRslhn6Dn+BWP8CduPUbXPsjTtssbOuBC4dz7uVcThBzpsF1v63Cyura+kZxs7S1vbO7Z+8fNLVMFKENIrlU7QBrypmgDWDAaTtWFEcBp61gdD3xWw9UaSbFPaQx9SM8ECxkBIORena5eyvFgNMQFBsMASslH3t2xa26UzjLxMtJBeWo9+yfbl+SJKICCMdadzw3Bj/DChjhdFzqJprGmIzwgHYMFTii2s+mz4+dY6P0nVAqMwKcqfr3IsOR1mkUmM0Iw1AvehPxP6+TQHjpZ0zECVBBZkFhwh2QzqQJp88UJcBTQzBRzPzqkCFWmIDpay4F2OhpbFrxFjtYJs3Tqndede/OKrWrvJ8iOkRH6AR56ALV0A2qowYiKEUv6BW9Wc/Wu/Vhfc5WC1Z+U0ZzsL5+ASAhnOI=</latexit>()
<latexit sha1_base64="1bzZYUIom6SQ3jUzYvHvkSzlweo="></latexit>

9�, Ax = �

Z

G
x(g) dµ(g)

<latexit sha1_base64="XBrylumf9cZU8WTA/A0yTOgjyFA="></latexit>

A(x ? �n)(g) = A
� Z

G
x(g0)�n(g

0�1g) dµ(g)
�



Unitary representations of groups

• We say that                     is a representation if it 
is a continuous morphism. Note that potentially, 
here: 

• This will be our main tool to analyse convolutions, 
via: 

• And thus, if W is covariant with translations   
then the characteristic subspace are stabilised. 

• What can we say about those invariant subspaces? 
Favorable case: matrix are diagonal.
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<latexit sha1_base64="Or3BvrMthLR14ELcPGFe+YR0h3s=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAI1UWZEUVxVXRhlxXsBTqlZNK0Dc1MhuSMUod5B5/CR3CrD+BOXLhx44uYXhDb+kPg4z/ncE5+LxRcg21/WqmFxaXllfRqZm19Y3Mru71T1TJSlFWoFFLVPaKZ4AGrAAfB6qFixPcEq3n9q2G9dseU5jK4hUHImj7pBrzDKQFjtbJHrurJi2tX8W4PiFLyHrs+gR4lIq4k+V8uJYetbM4u2CPheXAmkEMTlVvZb7ctaeSzAKggWjccO4RmTBRwKliScSPNQkL7pMsaBgPiM92MR39K8IFx2rgjlXkB4JH7dyImvtYD3zOdwxv1bG1o/ldrRNA5b8Y8CCNgAR0v6kQCg8TDgHCbK0ZBDAwQqri5FdMeUYSCiXFqC/D+Q2JScWYzmIfqccE5Ldg3J7ni5SSfNNpD+yiPHHSGiqiEyqiCKHpEz+gFvVpP1pv1bn2MW1PWZGYXTcn6+gGy+KYd</latexit>

⇢ : G ! U(H)

<latexit sha1_base64="LIqr8+XTe5UeYI54iIgFojipx00=">AAACGnicbVC7TsMwFHXKq5RXgJHFokIqS5UgEIwVLAwMRaIPqY0ix3VSq85D9g2oRF35Cj6BFT6ADbGyMPMjuG0G2nKkKx2fc6+u7/ESwRVY1rdRWFpeWV0rrpc2Nre2d8zdvaaKU0lZg8Yilm2PKCZ4xBrAQbB2IhkJPcFa3uBq7LfumVQ8ju5gmDAnJEHEfU4JaMk1cdCVPOgDkTJ+wBX/7+vGDfxj1yxbVWsCvEjsnJRRjrpr/nR7MU1DFgEVRKmObSXgZEQCp4KNSt1UsYTQAQlYR9OIhEw52eSSET7SSg/7sdQVAZ6ofycyEio1DD3dGRLoq3lvLP7ndVLwL5yMR0kKLKLTRX4qMMR4HAvucckoiKEmhEqu/4ppn0hCQYc3swX44HGkU7HnM1gkzZOqfVa1bk/Ltcs8nyI6QIeogmx0jmroGtVRA1H0hF7QK3ozno1348P4nLYWjHxmH83A+PoFPDChpA==</latexit>

g ! (f ! Lgf)

<latexit sha1_base64="6EpvHIgEPEOdZ8JHEmJ1ivYRA3E=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaCMEbSwsIphsJFnC7GQ2GTIzu8zMCnFJ5SfY6gfYia1fYu2POHkUJvHAhcM593LvPWHCmTau++3klpZXVtfy64WNza3tneLuXl3HqSK0RmIeq0aINeVM0pphhtNGoigWIad+2L8e+f4jVZrF8t4MEhoI3JUsYgQbKz34t+3upS2/XSy5ZXcMtEi8KSnBFNV28afViUkqqDSEY62bnpuYIMPKMMLpsNBKNU0w6eMubVoqsaA6yMYHD9GRVTooipUtadBY/TuRYaH1QIS2U2DT0/PeSPzPa6YmuggyJpPUUEkmi6KUIxOj0feowxQlhg8swUQxeysiPawwMTajmS2G9Z+GNhVvPoNFUj8pe2dl9+60VLma5pOHAziEY/DgHCpwA1WoAQEBL/AKb86z8+58OJ+T1pwzndmHGThfv1t6l3w=</latexit>

WLg = LgW

<latexit sha1_base64="S3QBkjYdweGuqbV7TccJ+QP1lkA=">AAACF3icbVDLSsNAFJ3UV62vqksRBovgqiSi6EYouumygn1AU8pkOmmHTiZh5kasISu/wk9wqx/gTty6dO2POGm7sK0HLhzOuZd77/EiwTXY9reVW1peWV3Lrxc2Nre2d4q7ew0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vAm85v3TGkeyjsYRawTkL7kPqcEjNQtHrrAHiDp8QCnbkBgQIlIqumVy6UPo26xZJftMfAicaakhKaodYs/bi+kccAkUEG0bjt2BJ2EKOBUsLTgxppFhA5Jn7UNlSRgupOM30jxsVF62A+VKQl4rP6dSEig9SjwTGd2qZ73MvE/rx2Df9lJuIxiYJJOFvmxwBDiLBPc44pRECNDCFXc3IrpgChCwSQ3swX48DE1qTjzGSySxmnZOS/bt2elyvU0nzw6QEfoBDnoAlVQFdVQHVH0hF7QK3qznq1368P6nLTmrOnMPpqB9fUL9eihEg==</latexit>

dim H = 1

<latexit sha1_base64="ztAs6UaFfqznGiTlrCq4gX2augo=">AAACIHicbVDLTgJBEJz1ifhCPXqZSDRwIbvEqPFE9IAHD5jII2GRzA4DTJjd2cz0anDDH/gVfoJX/QBvxqNe/RGHx0HASjqpVHWnu8sLBddg21/WwuLS8spqYi25vrG5tZ3a2a1oGSnKylQKqWoe0UzwgJWBg2C1UDHie4JVvd7l0K/eM6W5DG6hH7KGTzoBb3NKwEjN1JGruvIcF13FO10gSskH7PoEupSIuDzIXN/lM8VstplK2zl7BDxPnAlJowlKzdSP25I08lkAVBCt644dQiMmCjgVbJB0I81CQnukw+qGBsRnuhGP/hngQ6O0cFsqUwHgkfp3Iia+1n3fM53DU/WsNxT/8+oRtM8aMQ/CCFhAx4vakcAg8TAc3OKKURB9QwhV3NyKaZcoQsFEOLUFeO9xYFJxZjOYJ5V8zjnJOTfH6cLFJJ8E2kcHKIMcdIoK6AqVUBlR9IRe0Ct6s56td+vD+hy3LliTmT00Bev7F0VPoxU=</latexit>

⇢ : G ! U(L2(G))



Invariant and irreducible 
subspaces

• Def.:          is an invariant subspace of a representation   
if it is closed and: 

• F is invariant if and only if      is invariant. 

• Def.:   is irreducible on    if its only invariant subspaces 
are     and     . We also say that     is irreducible. 

• Ideally, we would like to write      as             s.t.           
is irreducible.
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<latexit sha1_base64="gfFVRmAqgZ9aaBe40IelRsjV2Rk=">AAACEnicbVDLSsNAFJ3UV62vqBvBzWAR6qYkouiy6KbLCrYVmhAm00k7dDITZiZCjfEr/AS3+gHuxK0/4NofMWmzsK0HLhzOuZd77/EjRpW2rG+jtLS8srpWXq9sbG5t75i7ex0lYolJGwsm5J2PFGGUk7ammpG7SBIU+ox0/dF17nfviVRU8Fs9jogbogGnAcVIZ5JnHjhyKGqDEy95dEKkhxixpJl6PPXMqlW3JoCLxC5IFRRoeeaP0xc4DgnXmCGlerYVaTdBUlPMSFpxYkUihEdoQHoZ5Sgkyk0mH6TwOFP6MBAyK67hRP07kaBQqXHoZ535lWrey8X/vF6sg0s3oTyKNeF4uiiIGdQC5nHAPpUEazbOCMKSZrdCPEQSYZ2FNrNF09FDnoo9n8Ei6ZzW7fO6dXNWbVwV+ZTBITgCNWCDC9AATdACbYDBE3gBr+DNeDbejQ/jc9paMoqZfTAD4+sXfBeepw==</latexit>

⇢(g)|Hn

<latexit sha1_base64="KPk5u1rJtAcVdpXx7SsTfzEBgpc=">AAACF3icbVDLSgNBEJyNrxhfqx5FGAxCBAm7ougxKASPEcwDskuYncxuhsw+mOkVYsjJr/ATvOoHeBOvHj37I06SPZjEgoaiqpvuLi8RXIFlfRu5peWV1bX8emFjc2t7x9zda6g4lZTVaSxi2fKIYoJHrA4cBGslkpHQE6zp9W/GfvOBScXj6B4GCXNDEkTc55SAljrmoePHkgiBg1PsyF5cCk5w1VGppxjgascsWmVrArxI7IwUUYZax/xxujFNQxYBFUSptm0l4A6JBE4FGxWcVLGE0D4JWFvTiIRMucPJGyN8rJUu1vfoigBP1L8TQxIqNQg93RkS6Kl5byz+57VT8K/cIY+SFFhEp4v8VGCI8TgT3OWSURADTQiVXN+KaY9IQkEnN7MFeP9xpFOx5zNYJI2zsn1Rtu7Oi5XrLJ88OkBHqIRsdIkq6BbVUB1R9IRe0Ct6M56Nd+PD+Jy25oxsZh/NwPj6BeNcnzA=</latexit>

8g, ⇢(g)F ⇢ F
<latexit sha1_base64="cFJiWneJ7Z1ZFiFgG4J+uwelQRE=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegIB4jmIcka5idzCZDZmeHmVkhLjn5CV71A7yJV7/Esz/ibJKDSSxoKKq66e4KJGfauO63k1taXlldy68XNja3tneKu3t1HSeK0BqJeayaAdaUM0FrhhlOm1JRHAWcNoLBVeY3HqnSLBZ3ZiipH+GeYCEj2Fjp/vohbUuq5KhTLLlldwy0SLwpKcEU1U7xp92NSRJRYQjHWrc8Vxo/xcowwumo0E40lZgMcI+2LBU4otpPxweP0JFVuiiMlS1h0Fj9O5HiSOthFNjOCJu+nvcy8T+vlZjwwk+ZkImhgkwWhQlHJkbZ96jLFCWGDy3BRDF7KyJ9rDAxNqOZLYYNnrJUvPkMFkn9pOydld3b01LlcppPHg7gEI7Bg3OowA1UoQYEIniBV3hznp1358P5nLTmnOnMPszA+foFWlaYHA==</latexit>

F?

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢
<latexit sha1_base64="nW0cmxps1g3hAcawmdFXW6l2Vi0=">AAACDnicbVDLSsNAFJ34rPUVHzs3g0VwVRJRdFkUpMsK9gFNKJPptB06mYSZG6EN/Qc/wa1+gDtx6y+49kectFnY1gMXDufcyz2cIBZcg+N8Wyura+sbm4Wt4vbO7t6+fXDY0FGiKKvTSESqFRDNBJesDhwEa8WKkTAQrBkM7zK/+cSU5pF8hFHM/JD0Je9xSsBIHfv43tNJoBlgLyQwoESk1UnHLjllZwq8TNyclFCOWsf+8boRTUImgQqiddt1YvBTooBTwSZFL9EsJnRI+qxtqCQh0346TT/BZ0bp4l6kzEjAU/XvRUpCrUdhYDaziHrRy8T/vHYCvRs/5TJOgEk6e9RLBIYIZ1XgLleMghgZQqjiJiumA6IIBVPY3Bfgw3HWirvYwTJpXJTdq7LzcFmq3Ob9FNAJOkXnyEXXqIKqqIbqiKIxekGv6M16tt6tD+tztrpi5TdHaA7W1y8s1Zza</latexit>

F ⇢ H

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢
<latexit sha1_base64="rnjAcNGEKE/SugDs4v4/zXVXFr4=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuimy4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxjfZX77kSrNpHgwk5j6ER4KFjKCjZW6vQibEcE8rU/75YpbdWdAq8TLSQVyNPrln95AkiSiwhCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nAEdV+Oos8RWdWGaBQKvuEQTP170aKI60nUWAns4h62cvE/7xuYsIbP2UiTgwVZH4oTDgyEmX/RwOmKDF8YgkmitmsiIywwsTYlhauGDZ+ylrxljtYJa2LqndVde8vK7XbvJ8inMApnIMH11CDOjSgCQQkvMArvDnPzrvz4XzORwtOvnMMC3C+fgHnl5j3</latexit>

H

<latexit sha1_base64="rnjAcNGEKE/SugDs4v4/zXVXFr4=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuimy4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxjfZX77kSrNpHgwk5j6ER4KFjKCjZW6vQibEcE8rU/75YpbdWdAq8TLSQVyNPrln95AkiSiwhCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nAEdV+Oos8RWdWGaBQKvuEQTP170aKI60nUWAns4h62cvE/7xuYsIbP2UiTgwVZH4oTDgyEmX/RwOmKDF8YgkmitmsiIywwsTYlhauGDZ+ylrxljtYJa2LqndVde8vK7XbvJ8inMApnIMH11CDOjSgCQQkvMArvDnPzrvz4XzORwtOvnMMC3C+fgHnl5j3</latexit>

H
<latexit sha1_base64="HUhuWxVoWRn3FRVVnjV11RieA2Y=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF0wpNKJvttl262YTdiVBD8Sd41R/gTbz6Wzz7R9y0OdjWBwOP92aYmRcmgmt0nG+rtLK6tr5R3qxsbe/s7lX3D1o6ThVlHo1FrB5CopngknnIUbCHRDEShYK1w9FN7rcfmdI8lvc4TlgQkYHkfU4JGsnzM8efdKs1p+5MYS8TtyA1KNDsVn/8XkzTiEmkgmjdcZ0Eg4wo5FSwScVPNUsIHZEB6xgqScR0kE2PndgnRunZ/ViZkmhP1b8TGYm0Hkeh6YwIDvWil4v/eZ0U+1dBxmWSIpN0tqifChtjO//c7nHFKIqxIYQqbm616ZAoQtHkM7cF+egpT8VdzGCZtM7q7kXduTuvNa6LfMpwBMdwCi5cQgNuoQkeUODwAq/wZj1b79aH9TlrLVnFzCHMwfr6Bd+JliU=</latexit>

{0}

<latexit sha1_base64="rnjAcNGEKE/SugDs4v4/zXVXFr4=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuimy4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxjfZX77kSrNpHgwk5j6ER4KFjKCjZW6vQibEcE8rU/75YpbdWdAq8TLSQVyNPrln95AkiSiwhCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nAEdV+Oos8RWdWGaBQKvuEQTP170aKI60nUWAns4h62cvE/7xuYsIbP2UiTgwVZH4oTDgyEmX/RwOmKDF8YgkmitmsiIywwsTYlhauGDZ+ylrxljtYJa2LqndVde8vK7XbvJ8inMApnIMH11CDOjSgCQQkvMArvDnPzrvz4XzORwtOvnMMC3C+fgHnl5j3</latexit>

H

<latexit sha1_base64="Czsqvkj1kvQHrnlp9Z7kOHBPudY=">AAACI3icbVC7TsMwFHV4lvIqMLJYVEiwVAkCwVjB0gkViT6kJops12mtOk5kO0glyjfwFXwCK3wAG2JhYOJHcNoMtOVIlo7OOVf3+uCYM6Vt+8taWl5ZXVsvbZQ3t7Z3dit7+20VJZLQFol4JLsYKcqZoC3NNKfdWFIUYk47eHST+50HKhWLxL0ex9QL0UCwgBGkjeRXTl3MBlHME+WnwmUCuiHSQ4zT2yybcoJ42sh8k63aNXsCuEicglRBgaZf+XH7EUlCKjThSKmeY8faS5HUjHCald1E0RiRERrQnqEChVR56eRLGTw2Sh8GkTRPaDhR/06kKFRqHGKTzI9U814u/uf1Eh1ceSkTcaKpINNFQcKhjmDeD+wzSYnmY0MQkczcCskQSUS0aXFmi2ajx8y04sx3sEjaZzXnombfnVfr10U/JXAIjsAJcMAlqIMGaIIWIOAJvIBX8GY9W+/Wh/U5jS5ZxcwBmIH1/Quq+KYq</latexit>M

n2N
Hn

<latexit sha1_base64="rnjAcNGEKE/SugDs4v4/zXVXFr4=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuimy4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxjfZX77kSrNpHgwk5j6ER4KFjKCjZW6vQibEcE8rU/75YpbdWdAq8TLSQVyNPrln95AkiSiwhCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nAEdV+Oos8RWdWGaBQKvuEQTP170aKI60nUWAns4h62cvE/7xuYsIbP2UiTgwVZH4oTDgyEmX/RwOmKDF8YgkmitmsiIywwsTYlhauGDZ+ylrxljtYJa2LqndVde8vK7XbvJ8inMApnIMH11CDOjSgCQQkvMArvDnPzrvz4XzORwtOvnMMC3C+fgHnl5j3</latexit>

H



Compact abelian group

• Let’s give a couple of examples in the compact abelian 
case. 

• Example 1:      ,   with                     and 

• Example 2:              , with
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<latexit sha1_base64="NCtK9f+PJali+zFXMBZ6H4s5Dfw=">AAACAnicdVDLSgNBEOz1/Tbq0ctgECLIMrs+Ym6iFw8eFEwU1zXMTiZxyOzsMjMrxCU3P8GrfoA38eqPePZHnMQIRrSgoajqprsrSgXXBuN3Z2R0bHxicmp6ZnZufmGxsLRc00mmKKvSRCTqIiKaCS5Z1XAj2EWqGIkjwc6j9mHPP79lSvNEnplOysKYtCRvckqMlS6Pr/1SgDe9cKNeKGLX3/Uq2z7C7k65srVbsaRSxnu+jzwX91GEAU7qhY+rRkKzmElDBdE68HBqwpwow6lg3ZmrTLOU0DZpscBSSWKmw7x/cRetW6WBmomyJQ3qqz8nchJr3Ykj2xkTc6N/ez3xLy/ITHMvzLlMM8Mk/VrUzAQyCeq9jxpcMWpExxJCFbe3InpDFKHGhjS0xfD2Xdem8v06+p/UfNfbcfHpdnH/YJDPFKzCGpTAgzLswxGcQBUoSHiAR3hy7p1n58V5/WodcQYzKzAE5+0TEXWXRA==</latexit>

L2([0, 1])

<latexit sha1_base64="Cyzw49JApK7dBZ0i+i0KuhZxY5c="></latexit>

FNx[k] =
NX

n=0

x[n]e�2i⇡k n
N

<latexit sha1_base64="kItDo2iVRz2FFPtG+mQRSNESDf8="></latexit>

Fx[n] =
1

2⇡

Z 2⇡

0
x(u)e�2in⇡u du

<latexit sha1_base64="eh6HsaYtBVBr+LtpDFQ/oLDaVaE="></latexit>

F : L2([0, 1]) ! `2(Z)

and

and

<latexit sha1_base64="pF7z8bbLN5yBzR1DYym+NEmnWbY="></latexit>

Hn = span{k ! e2i⇡k
n
N }

<latexit sha1_base64="azVEcUGB2TIqALq6alMfus9723Y=">AAACGnicbVC7SgNBFJ2NrxhfUUubwSAIQtgVRcugjYVFBPOAzRJmJ5NkyOzsOnNXjEtav8JPsNUPsBNbG2t/xNlkC5N4YODcc+7l3jl+JLgG2/62cguLS8sr+dXC2vrG5lZxe6euw1hRVqOhCFXTJ5oJLlkNOAjWjBQjgS9Ywx9cpn7jninNQ3kLw4h5AelJ3uWUgJHaRdwKCPQpEcn16MGVXgsUJ7In2B025ZHjtYslu2yPgeeJk5ESylBtF39anZDGAZNABdHadewIvIQo4FSwUaEVaxYROiA95hoqScC0l4x/MsIHRungbqjMk4DH6t+JhARaDwPfdKZ361kvFf/z3Bi6517CZRQDk3SyqBsLDCFOY8EdrhgFMTSEUMXNrZj2iSIUTHhTW4APHkcmFWc2g3lSPy47p2X75qRUucjyyaM9tI8OkYPOUAVdoSqqIYqe0At6RW/Ws/VufVifk9aclc3soilYX7+VbqHZ</latexit>

Lx[n] , x[n+ 1]

<latexit sha1_base64="3Ts0EXjjV87ljjsp6yaiXqhY2rI=">AAACHHicbVC7SgNBFJ31Gd9RS5vBIMTCsCuKlkEbCwsFE4VkWe5OJnHI7Ow6c1eMS3q/wk+w1Q+wE1vB2h9x8ihM4oGBc8+5l3vnhIkUBl3325manpmdm88tLC4tr6yu5dc3qiZONeMVFstY34RguBSKV1Cg5DeJ5hCFkl+H7dOef33PtRGxusJOwv0IWko0BQO0UpDfrkeAtwxkdt4N4KGY7tZRC1Atye+oLfdgN8gX3JLbB50k3pAUyBAXQf6n3ohZGnGFTIIxNc9N0M9Ao2CSdxfrqeEJsDa0eM1SBRE3ftb/S5fuWKVBm7G2TyHtq38nMoiM6USh7exdbsa9nvifV0uxeexnQiUpcsUGi5qppBjTXjC0ITRnKDuWANPC3krZLWhgaOMb2YKi/di1qXjjGUyS6n7JOyy5lweF8skwnxzZItukSDxyRMrkjFyQCmHkibyQV/LmPDvvzofzOWidcoYzm2QEztcvQQ6iHw==</latexit>

Lax(u) , x(u� a)and

<latexit sha1_base64="0iaEOTeEI6QJHevCCCs+osZHf4Q=">AAACBHicdVDLSsNAFJ34rPVVdelmsAiuQhL7yq7oxpVUsQ9oYplMJ+3QyYOZiVBDt36CW/0Ad+LW/3DtjzhpK1jRAwOHc+7lnjlezKiQhvGhLS2vrK6t5zbym1vbO7uFvf2WiBKOSRNHLOIdDwnCaEiakkpGOjEnKPAYaXuj88xv3xEuaBTeyHFM3AANQupTjKSSHCdAcuh56fXk9rJXKBq6VTHtkgUNvVy1Tyu2InbVqFkWNHVjiiKYo9ErfDr9CCcBCSVmSIiuacTSTRGXFDMyyTuJIDHCIzQgXUVDFBDhptPME3islD70I65eKOFU/bmRokCIceCpySyj+O1l4l9eN5F+zU1pGCeShHh2yE8YlBHMCoB9ygmWbKwIwpyqrBAPEUdYqpoWrkg6up+oVr6/Dv8nLUs3y7pxVSrWz+b95MAhOAInwARVUAcXoAGaAIMYPIIn8Kw9aC/aq/Y2G13S5jsHYAHa+xcP+pmm</latexit>

RN
<latexit sha1_base64="CR6lP40nBj26cwmsjfiLkbAm0HY="></latexit>

FN : RN ! RN

<latexit sha1_base64="hI4bwYnxDg2W76O0NiGDYrJAujo="></latexit>

Hn = span{u ! e2i⇡nu}



Commutative groups, 
compact, finite dimension
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<latexit sha1_base64="Or3BvrMthLR14ELcPGFe+YR0h3s=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAI1UWZEUVxVXRhlxXsBTqlZNK0Dc1MhuSMUod5B5/CR3CrD+BOXLhx44uYXhDb+kPg4z/ncE5+LxRcg21/WqmFxaXllfRqZm19Y3Mru71T1TJSlFWoFFLVPaKZ4AGrAAfB6qFixPcEq3n9q2G9dseU5jK4hUHImj7pBrzDKQFjtbJHrurJi2tX8W4PiFLyHrs+gR4lIq4k+V8uJYetbM4u2CPheXAmkEMTlVvZb7ctaeSzAKggWjccO4RmTBRwKliScSPNQkL7pMsaBgPiM92MR39K8IFx2rgjlXkB4JH7dyImvtYD3zOdwxv1bG1o/ldrRNA5b8Y8CCNgAR0v6kQCg8TDgHCbK0ZBDAwQqri5FdMeUYSCiXFqC/D+Q2JScWYzmIfqccE5Ldg3J7ni5SSfNNpD+yiPHHSGiqiEyqiCKHpEz+gFvVpP1pv1bn2MW1PWZGYXTcn6+gGy+KYd</latexit>

⇢ : G ! U(H)

<latexit sha1_base64="ZQR84jUeln9xATLDAXeroWZ2oDE=">AAACFHicbVDLSsNAFJ3UV62vqjvdDBbBVUlE0Y1QdNNlBfuAtpTJZNIOnUzCzI1YQ8Cv8BPc6ge4E7fuXfsjTtoubOuBC4dz7uXee9xIcA22/W3llpZXVtfy64WNza3tneLuXkOHsaKsTkMRqpZLNBNcsjpwEKwVKUYCV7CmO7zJ/OY9U5qH8g5GEesGpC+5zykBI/WKBx1gD5B4PMBpJyAwoEQk1bQnr5xesWSX7THwInGmpISmqPWKPx0vpHHAJFBBtG47dgTdhCjgVLC00Ik1iwgdkj5rGypJwHQ3Gf+Q4mOjeNgPlSkJeKz+nUhIoPUocE1ndqae9zLxP68dg3/ZTbiMYmCSThb5scAQ4iwQ7HHFKIiRIYQqbm7FdEAUoWBim9kCfPiYmlSc+QwWSeO07JyX7duzUuV6mk8eHaIjdIIcdIEqqIpqqI4oekIv6BW9Wc/Wu/VhfU5ac9Z0Zh/NwPr6BfnOn2w=</latexit>

dim Hn = 1

<latexit sha1_base64="8k9e8Pidu6LjDLD1t0lm5ff1ajc=">AAACGnicbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQUERQZMySOQhxVF0vpyTU85n626NCJZbvoJPoIUPoEO0NNT8COfEBUkYaaXRzK52d7xIcA22/W0tLa+srq0XNoqbW9s7u6W9/aYOY0VZg4YiVG2PaCa4ZA3gIFg7UowEnmAtb3ST+a17pjQP5R2MI9YNyEByn1MCRuqVsAvsAZI+D3DqBgSGlIiklvYkvnK59GHcK5Xtij0BXiROTsooR71X+nH7IY0DJoEKonXHsSPoJkQBp4KlRTfWLCJ0RAasY6gkAdPdZPJJio+N0sd+qExJwBP170RCAq3HgWc6s2P1vJeJ/3mdGPzLbsJlFAOTdLrIjwWGEGex4D5XjIIYG0Ko4uZWTIdEEQomvJktwEePqUnFmc9gkTRPK855xb49K1ev83wK6BAdoRPkoAtURTVURw1E0RN6Qa/ozXq23q0P63PaumTlMwdoBtbXL/2oohw=</latexit>

dim Hn < 1

• Let                     be a group action.  

• Theorem (Peter-Weyl): Assume G is compact. Then, 
 
 
where each subspace      is an invariant subspace of  , ie: 

• Theorem: If G is also abelian, then 

<latexit sha1_base64="Eh6bqtDib39z2TzPwhlrQ6Zs/lE=">AAACLnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYouulKKtgHNCFMppN26GQSZiZCDfkRv8JPcKsfILgQF278DCdtFrb1wMDhnHO5d44fMyqVZX0YpZXVtfWN8mZla3tnd8/cP+jIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I1x/f5H73gQhJI36vJjFxQzTkNKAYKS15Zt0JkRphxNJmduX4dBjFLJFeyh3K4dTzfXib/Ul5HHpm1apZU8BlYhekCgq0PPPbGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6abT32XwRCsDGERCP67gVP07kaJQykno62R+pVz0cvE/r5+o4NJNKY8TRTieLQoSBlUE86rggAqCFZtogrCg+laIR0ggrHShc1sUHT9muhV7sYNl0jmr2ec1+65ebVwX/ZTBETgGp8AGF6ABmqAF2gCDJ/ACXsGb8Wy8G5/G1yxaMoqZQzAH4+cXJHuqdQ==</latexit>

H =
M

n2N
Hn with

<latexit sha1_base64="nzW+T6047J9SBsMvCBxGoJIi894=">AAACBnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj0kmME84BkDbOT2WTI7Owy0yvEJXc/wat+gDfx6m949kecPA4msaChqOqmiwoSKQy67rezsrq2vrGZ28pv7+zu7RcODusmTjXjNRbLWDcDargUitdQoOTNRHMaBZI3gsHt2G88cm1ErO5xmHA/oj0lQsEoWumhHVHsMyqzyqijSKdQdEvuBGSZeDNShBmqncJPuxuzNOIKmaTGtDw3QT+jGgWTfJRvp4YnlA1oj7csVTTixs8mqUfk1CpdEsbajkIyUf9eZDQyZhgFdnOc0ix6Y/E/r5VieO1nQiUpcsWmj8JUEozJuALSFZozlENLKNPCZiWsTzVlaIua+4Ji8DSyrXiLHSyT+nnJuyx5dxfF8s2snxwcwwmcgQdXUIYKVKEGDDS8wCu8Oc/Ou/PhfE5XV5zZzRHMwfn6Bdz7mgQ=</latexit>

Hn
<latexit sha1_base64="TRQT9FwHe/yXQjTDiQ9E5Fc1RkA=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6d3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXXKCV4g==</latexit>⇢

<latexit sha1_base64="R6fwgz8cRpPwORTa3hssFLZe5vc=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoIGVGirosuumygq2FzjBk0rQNzWSG5I5Qh/6IX+EnuNUPEFyICzd+huljYVsPBA7n3Ms9OWEiuAbH+bByK6tr6xv5zcLW9s7unr1/0NRxqihr0FjEqhUSzQSXrAEcBGslipEoFOw+HNyM/fsHpjSP5R0ME+ZHpCd5l1MCRgrsiteNFREC986wp/pxqXfqRQT6lIisNgqkp9NQM8BzYmAXnbIzAV4m7owU0Qz1wP72OjFNIyaBCqJ123US8DOigFPBRgUv1SwhdEB6rG2oJBHTfjb53QifGKWDTUzzJOCJ+ncjI5HWwyg0k+OQetEbi/957RS6V37GZZICk3R6qJsKDDEeV4U7XDEKYmgIoYqbrJj2iSIUTKFzV4APHkemFXexg2XSPC+7F2X3tlKsXs/6yaMjdIxKyEWXqIpqqI4aiKIn9IJe0Zv1bL1bn9bXdDRnzXYO0Rysn18wRKny</latexit>

8g, ⇢(g)Hn ⇢ Hn

TLDR: Compact abelian groups behave like
<latexit sha1_base64="hI2iQSlAqbqs/pLOQjaU/ynFL6I=">AAACAnicbVDLSsNAFL3xWeur6tLNYBFcSEmKqMuiG5cV7APTWCaTSTt0MgkzE6GG7vwEt/oB7sStP+LaH3HaZmFbD1w4nHMv997jJ5wpbdvf1tLyyuraemGjuLm1vbNb2ttvqjiVhDZIzGPZ9rGinAna0Exz2k4kxZHPacsfXI/91iOVisXiTg8T6kW4J1jICNZGunft02onYd5D0C2V7Yo9AVokTk7KkKPeLf10gpikERWacKyU69iJ9jIsNSOcjoqdVNEEkwHuUddQgSOqvGxy8QgdGyVAYSxNCY0m6t+JDEdKDSPfdEZY99W8Nxb/89xUh5dexkSSairIdFGYcqRjNH4fBUxSovnQEEwkM7ci0scSE21Cmtmi2eBpZFJx5jNYJM1qxTmvOLdn5dpVnk8BDuEITsCBC6jBDdShAQQEvMArvFnP1rv1YX1OW5esfOYAZmB9/QLK15e2</latexit>

[0, 2⇡]d



Invariant Representations 
with the Scattering Transform
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Models for natural signals
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We will discuss widely the 
Scattering Transform.

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• The design of the scattering transform is guided by the euclidean 
group. 

• A scattering transform is a combination of complex-valued wavelets 
and modulus non-linearity.

64

Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known



Model on the data: low 
dimensional manifold hypothesis?

• Low dimensional manifold: dimension up to 6. Not higher: 
 
 

• Can be true for MNIST… 
 
 

• Yet high dimensional deformations are an issue in the 
general case!

65

Small "limited" deformations 
+Translation

All variabilities 
 are known

Property: if f : RD
! [0, 1] is 1-Lipschitz, then let

N✏ = arg infN supiN

�
|f(x)� f(xi)| < ✏

�
.

Then N✏ = O(✏�D)

✏



Model for the first layer

• Consider Gabor filters and fit the model.

66

 C,D,⇠(u) = Ce�uTDueiu
T ⇠

<latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit>

Ref.: I Waldspurger’s phd

This principle is core 
in many models  

(V1, Scattering,…)



Model for the second layer 67

 �(u)
<latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit>

First layer:

Second layer:
 (u,�) ⇡ �1(u)⇥ �2(�)

<latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit>

Recombines along �
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>

Visualisation of   
in the frequency plane 

(by reindexing along frequency topology)

�2
<latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit>

Why was this possible? 
We were aware of the topology 

of the previous layer!

Ref.: I Waldspurger’s phd

Take the Voronoi diagram associated to  
central frequency    and color according to 

<latexit sha1_base64="FCUmYV57LTDeYXfzVYB9JhJgrsc=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047KCbYU2lMlk0g6ZTMLMjVBDF36CW/0Ad+LWT3Htjzhts7CtBwYO55zLvXP8VHCNjvNtlVZW19Y3ypuVre2d3b3q/kFbJ5mirEUTkagHn2gmuGQt5CjYQ6oYiX3BOn50M/E7j0xpnsh7HKXMi8lA8pBTgkbq9ISJBqRfrTl1Zwp7mbgFqUGBZr/60wsSmsVMIhVE667rpOjlRCGngo0rvUyzlNCIDFjXUElipr18eu7YPjFKYIeJMk+iPVX/TuQk1noU+yYZExzqRW8i/ud1MwyvvJzLNEMm6WxRmAkbE3vydzvgilEUI0MIVdzcatMhUYSiaWhuC/LoaWxacRc7WCbts7p7UXfvzmuN66KfMhzBMZyCC5fQgFtoQgsoRPACr/BmPVvv1of1OYuWrGLmEOZgff0CjISXGA==</latexit>

�
<latexit sha1_base64="nFz/Wt/d924WIIaKDUnrzHNZ4S0=">AAACCXicbVDLSsNAFL2pr1ofjbp0M1iEuilJEXVZdOOygn1AE8tkMmmHTh7MTIQa+gV+glv9AHfi1q9w7Y84bbOwrQcuHM65h3s5XsKZVJb1bRTW1jc2t4rbpZ3dvf2yeXDYlnEqCG2RmMei62FJOYtoSzHFaTcRFIcepx1vdDP1O49USBZH92qcUDfEg4gFjGClpb5ZdpIhe6hXHa4zPj7rmxWrZs2AVomdkwrkaPbNH8ePSRrSSBGOpezZVqLcDAvFCKeTkpNKmmAywgPa0zTCIZVuNnt8gk614qMgFnoihWbq30SGQynHoac3Q6yGctmbiv95vVQFV27GoiRVNCLzQ0HKkYrRtAXkM0GJ4mNNMBFM/4rIEAtMlO5q4Ypio6eJbsVe7mCVtOs1+6Jm351XGtd5P0U4hhOogg2X0IBbaEILCKTwAq/wZjwb78aH8TlfLRh55ggWYHz9Aj2+mhc=</latexit>

�2(�)



The Gabor wavelet
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�(u) =
1

2⇡�
e�

kuk2
2� (u) =

1

2⇡�
e�

kuk2
2� (ei⇠.u � )

(for sake of simplicity, formula  
are given in the isotropic case)
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Another example: Haar Wavelets

(unfolded Toeplitz matrix)



Wavelets on the real line

•               is a wavelet iff 

• Typically localised in time and frequency, via 
Heisenberg principle

Z
 (u)du = 0 and

Z
| |2(u)du < 1

70

<latexit sha1_base64="vCYA6MdhPk13z6KE7qO2dnA9Grc=">AAACJHicbZDLSsNAFIYnXmu9RV26GSxC66IkRdGNUHTjsoK9QBvDZDppp51cmJkINeQdfAofwa0+gDtx4caNL+KkycK2/jDw851zOGd+J2RUSMP40paWV1bX1gsbxc2t7Z1dfW+/JYKIY9LEAQt4x0GCMOqTpqSSkU7ICfIcRtrO+Dqttx8IFzTw7+QkJJaHBj51KUZSIVs/6YWC2qNyVLnsuRzh2Ezi2v0oSXE5I1FGKrZeMqrGVHDRmLkpgVwNW//p9QMcecSXmCEhuqYRSitGXFLMSFLsRYKECI/RgHSV9ZFHhBVP/5TAY0X60A24er6EU/p3IkaeEBPPUZ0ekkMxX0vhf7VuJN0LK6Z+GEni42yRGzEoA5gGBPuUEyzZRBmEOVW3QjxEKgipYpzZIun4MVGpmPMZLJpWrWqeVY3b01L9Ks+nAA7BESgDE5yDOrgBDdAEGDyBF/AK3rRn7V370D6z1iUtnzkAM9K+fwERcaW/</latexit>

 j(u) =
1

2j
 (

u

2j
)

<latexit sha1_base64="PEVZddYLYZ6y/QkhvwqVQlioXkI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiIC4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFFZW19Y3ipulre2d3b3y/kFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjdZH7rkSrNpHgw45j6ER4IFjKCjZU63QibIcE8vZ30yhW36k6BlomXkwrkqPfKP92+JElEhSEca93x3Nj4KVaGEU4npW6iaYzJCA9ox1KBI6r9dBp5gk6s0kehVPYJg6bq340UR1qPo8BOZhH1opeJ/3mdxIRXfspEnBgqyOxQmHBkJMr+j/pMUWL42BJMFLNZERlihYmxLc1dMWz0lLXiLXawTJpnVe+i6t6fV2rXeT9FOIJjOAUPLqEGd1CHBhCQ8AKv8OY8O+/Oh/M5Gy04+c4hzMH5+gXka5j1</latexit>

F

<latexit sha1_base64="xWJWSTxYOqy6229foDiWcTDk5wE=">AAACDHicbVDLTsJAFJ3iC/FVcemmkZjghrRGo0uiG5eYCJjQhkyHASZMZ5qZWyMWfsFPcKsf4M649R9c+yMO0IWAJ7nJyTn35tycMOZMg+t+W7mV1bX1jfxmYWt7Z3fP3i82tEwUoXUiuVT3IdaUM0HrwIDT+1hRHIWcNsPB9cRvPlClmRR3MIxpEOGeYF1GMBipbRdHfh+DH2tW9mVEe/hk1LZLbsWdwlkmXkZKKEOtbf/4HU mSiAogHGvd8twYghQrYITTccFPNI0xGeAebRkqcER1kE5/HzvHRuk4XanMCHCm6t+LFEdaD6PQbEYY+nrRm4j/ea0EupdBykScABVkFtRNuAPSmRThdJiiBPjQEEwUM786pI8VJmDqmksBNngam1a8xQ6WSeO04p1X3NuzUvUq6yePDtERKiMPXaAqukE1VEcEPaIX9IrerGfr3fqwPmerOSu7OUBzsL5+AXWqm+c=</latexit>

| ̂(!)|

<latexit sha1_base64="XslNHN1Xbiz9I243NfHtGE4q1g0=">AAACAHicbVDLSsNAFJ3UV62vqAsXboYWoSKURBBdBt24cFHFPqCJZTKdtEMnkzAzEUrIxm/wD9y4UMStn+Guf+Ok7UJbD1w4nHMv997jx4xKZVljo7C0vLK6VlwvbWxube+Yu3tNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafnDq9xvPRIhacTv1SgmXoj6nAYUI6WlrnngxpK6lMObB7vqhkgNfD+9y467ZsWqWRPARWLPSMUpuyfPY2dU75rfbi/CSUi4wgxJ2bGtWHkpEopiRrKSm0gSIzxEfdLRlKOQSC+dPJDBI630YBAJXVzBifp7IkWhlKPQ1535iXLey8X/vE6iggsvpTxOFOF4uihIGFQRzNOAPSoIVmykCcKC6lshHiCBsNKZlXQI9vzLi6R5WrPPatatXXEuwRRFcAjKoApscA4ccA3qoAEwyMALeAPvxpPxanwYn9PWgjGb2Qd/YHz9AMgqmNw=</latexit>

 2 L1(R)

Wavelet transform 

<latexit sha1_base64="0tpZnzjkil1xt6OVN3MSqCbDFRE=">AAACI3icbZC7TgJBFIZn8YZ4W7W0mUhMoCG7xKiNCdHGEhO5JCyS2WGAgdlLZs6a4IZn8Cl8BFt9ADtjY2HlizgLWwj4J5P8+c45OWd+NxRcgWV9GZmV1bX1jexmbmt7Z3fP3D+oqyCSlNVoIALZdIligvusBhwEa4aSEc8VrOGOrpN644FJxQP/DsYha3uk7/MepwQ06phFZ0AAO6HinWHBCTzWJ8XLhCWoUL6Ph5OUdsy8VbKmwsvGTk0epap2zB+nG9DIYz5QQZRq2VYI7ZhI4FSwSc6JFAsJHZE+a2nrE4+pdjz90gSfaNLFvUDq5wOe0r8TMfGUGnuu7vQIDNRiLYH/1VoR9C7aMffDCJhPZ4t6kcAQ4CQf3OWSURBjbQiVXN+K6YBIQkGnOLcF+OhxolOxFzNYNvVyyT4r2ben+cpVmk8WHaFjVEA2OkcVdIOqqIYoekIv6BW9Gc/Gu/FhfM5aM0Y6c4jmZHz/AoyYpOY=</latexit>

 ̂j(!) =  ̂(2j!)



2D-Wavelets

•      is a wavelet iff 

• Typically localised in space and frequency. 

• Rotation, dilation of a wavelets: 

• Design wavelets selective to rotation variabilities.

 
<latexit sha1_base64="vZM3p0oDK8G//ZjqteTWKP152iI=">AAAB6nicbZDLSgMxFIbPtF5qvY2XnZtgEVyVGRcqrgpuXFZwbKEdSibNtKFJZkgyQhkKPoEbFypufQ4fwp1vY6btQlt/CHz8/znknBOlnGnjed9OqbyyurZe2ahubm3v7Lp7+/c6yRShAUl4otoR1pQzSQPDDKftVFEsIk5b0ei6yFsPVGmWyDszTmko8ECymBFsCqubatZza17dmwotgz+HWuPws/wIAM2e+9XtJyQTVBrCsdYd30tNmGNlGOF0Uu1mmqaYjPCAdixKLKgO8+msE3RinT6KE2WfNGjq/u7IsdB6LCJbKbAZ6sWsMP/LOpmJL8OcyTQzVJLZR3HGkUlQsTjqM0WJ4WMLmChmZ0VkiBUmxp6nao/gL668DMFZ/bzu3fq1xhXMVIEjOIZT8OECGnADTQiAwBCe4AVeHeE8O2/O+6y05Mx7DuCPnI8frjmPpA==</latexit><latexit sha1_base64="MKReSqAJM21mHrPcc9EWVyc1loM=">AAAB6nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6FiFbCxjOAaIVnC7GQ2GTIzO8zMCiHkFWwsVGx9DmsbGzvfxtkkhSb+MPDx/+cw55xYcWas7397heLS8spqaa28vrG5tV3Z2b01aaYJDUnKU30XY0M5kzS0zHJ6pzTFIua0GQ8u87x5T7VhqbyxQ0UjgXuSJYxgm1ttZVinUvVr/kRoEYIZVOv770X1+ZE1OpWvdjclmaDSEo6NaQW+stEIa8sIp+NyOzNUYTLAPdpyKLGgJhpNZh2jI+d0UZJq96RFE/d3xwgLY4YidpUC276Zz3Lzv6yV2eQ8GjGpMkslmX6UZBzZFOWLoy7TlFg+dICJZm5WRPpYY2LdecruCMH8yosQntROa/51UK1fwFQlOIBDOIYAzqAOV9CAEAj04QGe4NkT3qP34r1OSwverGcP/sh7+wFQoJGe</latexit>

 
<latexit sha1_base64="mduu63BoHMqGld23Vba2fG/RufU=">AAAB6nicbZC9TsMwFIVvyl8pfwFGGCwqJKYqYQDGChbGViK0UhtVjuu0Vm0nsh2kKuorsDAAYuUheA42Nh4Fp+0ALUey9Omce+V7b5Rypo3nfTmlldW19Y3yZmVre2d3z90/uNdJpggNSMIT1Y6wppxJGhhmOG2nimIRcdqKRjdF3nqgSrNE3plxSkOBB5LFjGBTWN1Us55b9WreVGgZ/DlU68cfzW8AaPTcz24/IZmg0hCOte74XmrCHCvDCKeTSjfTNMVkhAe0Y1FiQXWYT2edoFPr9FGcKPukQVP3d0eOhdZjEdlKgc1QL2aF+V/WyUx8FeZMppmhksw+ijOOTIKKxVGfKUoMH1vARDE7KyJDrDAx9jwVewR/ceVlCM5rFzWv6Vfr1zBTGY7gBM7Ah0uowy00IAACQ3iEZ3hxhPPkvDpvs9KSM+85hD9y3n8AnNqQXA==</latexit><latexit sha1_base64="KoiyL79C8JDW2tvOqjdwVaE3Hps=">AAAB6nicbZDNSgMxFIXv+FvrX9WlIsEiuCozLtRl0Y3LFhxbaIeSSTNtaJIZkoxQhi7dunGh4taH6HO48xl8CTNtF9p6IPBxzr3k3hsmnGnjul/O0vLK6tp6YaO4ubW9s1va27/XcaoI9UnMY9UMsaacSeobZjhtJopiEXLaCAc3ed54oEqzWN6ZYUIDgXuSRYxgk1vtRLNOqexW3InQIngzKFePxvXvx+NxrVP6bHdjkgoqDeFY65bnJibIsDKMcDoqtlNNE0wGuEdbFiUWVAfZZNYROrVOF0Wxsk8aNHF/d2RYaD0Uoa0U2PT1fJab/2Wt1ERXQcZkkhoqyfSjKOXIxChfHHWZosTwoQVMFLOzItLHChNjz1O0R/DmV14E/7xyUXHrXrl6DVMV4BBO4Aw8uIQq3EINfCDQhyd4gVdHOM/Om/M+LV1yZj0H8EfOxw95uZHC</latexit>

 j,✓ =
1

22j
 (

r✓(u)

2j
)

<latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit><latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit>

 j,✓
<latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit><latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit>

Isotropic
| ̂|

Non-Isotropic| ̂|
VS

�

Z
 (u)du = 0 and

Z
| |2(u)du < 1
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Group action!



2D-Wavelet Transform

• Wavelet transform:  

• Isometric and linear operator of   , with 

• Covariant with translation     : 

•              is small. (sparsity)

Ex.: 

72

Wx = {x ?  j,✓, x ? �J}✓,jJ

kWxk2 =
X

✓,jJ

Z
|x ?  j,✓|2 +

Z
x ? �2J !1

!2

Ref.: Group Invariant Scattering, Mallat S 

L2

WLa = LaW
La

<latexit sha1_base64="fM8tfxLpG9tRKMVKcoIttD9SgIM=">AAACEXicbVC7TsMwFHV4lvIKMDCwWFRITFWCQDBWsDAWiT6kJooc12mtOg/ZN4gS5Sv4BFb4ADbEyhcw8yO4aQbacqQrHZ9zr67v8RPBFVjWt7G0vLK6tl7ZqG5ube/smnv7bRWnkrIWjUUsuz5RTPCItYCDYN1EMhL6gnX80c3E7zwwqXgc3cM4YW5IBhEPOCWgJc88dNpMAn50FBDpJIoXb8/2zJpVtwrgRWKXpIZKND3zx+nHNA1ZBFQQpXq2lYCbEQmcCpZXnVSxhNARGbCephEJmXKz4oAcn2ilj4NY6ooAF+rfiYyESo1DX3eGBIZq3puI/3m9FIIrN+NRkgKL6HRRkAoMMZ6kgftcMgpirAmhkuu/YjokklDQmc1sAT56ynUq9nwGi6R9Vrcv6tbdea1xXeZTQUfoGJ0iG12iBrpFTdRCFOXoBb2iN+PZeDc+jM9p65JRzhygGRhfv2enngo=</latexit>

kx ?  k1



Admissible wavelets

• A family of wavelets              and low-pass filter     is        
admissible if: 

• In practice, one adapts       and we use: 
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<latexit sha1_base64="XuRjEimFtNRyn/P+sRpw2UC39mw="></latexit>

(1� ✏)kxk2 
X

�2⇤

kx ?  �k2 + kx ? �Jk2  kxk2

<latexit sha1_base64="vIEwwFSUWPSulj+ULMPFXSQlWCk="></latexit>

(1� ✏) 
X

�2⇤

| ̂�|2(!) + |�̂J |2(!)  1

<latexit sha1_base64="XcNyVoCu/MJAZmxq4AkmQvSV5y8=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj0Ip4imAckS5idzCZjZmeXmV4hhoCf4FU/wJt49Vc8+yNOkj2YxIKGoqqb7q4gkcKg6347S8srq2vruY385tb2zm5hb79m4lQzXmWxjHUjoIZLoXgVBUreSDSnUSB5Pehfj/36I9dGxOoeBwn3I9pVIhSMopVqraQn2rftQtEtuROQReJlpAgZKu3CT6sTszTiCpmkxjQ9N0F/SDUKJvko30oNTyjr0y5vWqpoxI0/nFw7IsdW6ZAw1rYUkon6d2JII2MGUWA7I4o9M++Nxf+8ZorhpT8UKkmRKzZdFKaSYEzGr5OO0JyhHFhCmRb2VsJ6VFOGNqCZLSj6TyObijefwSKpnZa885J7d1YsX2X55OAQjuAEPLiAMtxABarA4AFe4BXenGfn3flwPqetS042cwAzcL5+AahLlpU=</latexit>

�J

<latexit sha1_base64="UMzrkpCLtQn4pNbRTvfIuu1k2MQ="></latexit>

⇤ = {(j, ✓) 2 Z⇥ SOd(R), j  J}

<latexit sha1_base64="wT9PFbI6VWRqlujrHzwxLgSo1oE=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwY0hibOuu6MZlBfuQNpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw8gtLa+sruXXCxubW9s7xd29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT80WXmt+6IkDTiN2ocEy9EA04DipHS0m2XxJKyiJ/0iiXLPK+WHbcMLdOyKrZjZ8SpuKcutLWSoQ TmqPeKn91+hJOQcIUZkrJjW7HyUiQUxYxMCt1EkhjhERqQjqYchUR66fTgCTzSSh8GkdDFFZyqPydSFEo5Dn3dGSI1lL+9TPzL6yQqqHop5XGiCMezRUHCoIpg9j3sU0GwYmNNEBZU3wrxEAmElc5oYYuio/uJTuX7dfg/aTqmfWZa126pdjHPJw8OwCE4BjaogBq4AnXQABiE4BE8gWfjwXgxXo23WWvOmM/sgwUY7196Lpgy</latexit>✏�

<latexit sha1_base64="BFlzVEV+20FB+2nTyJWUWz1D3rQ=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZIY27oruhFXFewD2lAm00k7djIJMxOhhoKf4FY/wJ249Vdc+yNO2gpW9MCFwzn3cu89fsyoVJb1YeSWlldW1/LrhY3Nre2d4u5eU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+6CLzW3dESBrxGzWOiReiAacBxUhpqdmNh7R31SuWLPOsWnbcMrRMy6rYjp0Rp+KeuNDWSoYSmKPeK352+xFOQsIVZkjKjm3FykuRUBQzMil0E0lihEdoQDqachQS6aXTayfwSCt9GERCF1dwqv6cSFEo5Tj0dWeI1FD+9jLxL6+TqKDqpZTHiSIczxYFCYMqgtnrsE8FwYqNNUFYUH0rxEMkEFY6oIUtio7uJzqV79fh/6TpmPapaV27pdr5PJ88OACH4BjYoAJq4BLUQQNgcAsewRN4Nh6MF+PVeJu15oz5zD5YgPH+BQzLltc=</latexit>

�J

or

<latexit sha1_base64="Q6E/VuGNBv+36Cakpd6QWG5k6DQ="></latexit>

{ �}�2⇤J



Wavelet Transform 
implementation as a CNN

74

Implementation of a Fast Wavelet Transform algorithm

g,h are 3x3 filters

VGG implementation:


