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Wavelet Transform 3

basis for sparsifying a signal 
+observed in DNNs
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Gabor wavelets

A Wavelet Transform is given by:

Ex.: 

!1

!2
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We will discuss widely the 
Scattering Transform.

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• The design of the scattering transform is guided by the euclidean 
group. 

• A scattering transform is a combination of complex-valued wavelets 
and modulus non-linearity.
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Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known



Motivation to introduce the 
Scattering Transform

• Compared to a Deep Neural Network, the Scattering 
Transform is well-understood mathematically when all 
variabilities are deduced from symmetries. 

• Involves no-learning: allows to obtain guarantees on the 
filters. 

• State-of-the-art on simple benchmarks… what about 
complex ones? 

• Let us discuss some benchmarks.
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Two surprising 
architectures (1)
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A…

BagNet (2019): Ref.: APPROXIMATING CNNS WITH BAG-OF-
LOCALFEATURES MODELS WORKS SURPRISINGLY 

WELL ON IMAGENET



Two surprising 
architectures (2)
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Patches (2021)

Ref.: The unreasonable effectiveness of 
patches in deep convolutional kernel methods



Scattering Classification 
Pipeline

• A global representation (2013): 

• A local representation (2017):
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ImageNet Top5-Accuracy 9

100%

0.3% Random 
guess

Scattering 
Transform 
+1-layer

Random 
CNNs

80%

1-layer CNN

70%

25%

45%

2-layer CNN

55%

60%

35%

AlexNet 
(8 layers)

BagNet-9 
(50 layers)

45%

+ 1-layer

Scattering 
Transform 
+3-layers

80%

Supervised 
Baselines 

on ImageNet 224x224

Scattering 
Baselines 

on ImageNet 224x224

Patches 
Baselines 

on ImageNet 64x64

2000 patches 



Stability to 
groups of symmetries
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Group Invariance?
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3 methods to get invariance 
w.r.t. translations

• Linear averaging 

• Non-linear Fourier modulus 

• Wavelets

12



High dimensionality issues
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x y kx� yk2 = 2

Averaging is the key 
 to get invariants

x y

Translation

Rotation



An example: translation

• Translation is a linear action: 

• In many cases, one wish to be invariant globally to 
translation, a simple way is to perform an averaging: 
 

• Even if it can be localized, the averaging keeps the low 
frequency structures: the invariance brings a loss of 
information!
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8u 2 R2, Lax(u) = x(u� a)

Ax =

Z
Laxda =

Z
x(u)du

A



Another example 
Fourier moduli

• Consider:  

• This is clearly invariant to translations but…
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Modulus 
reconstruction

Phase 
reconstruction



An example of non trivial-invariants on 
non-trivial groups: the roto-translation

• Roto-translation                                is a non 
commutative group: 

• We can define convolutions, Fourier, along this 
group!
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Fourier modulus of the same images…
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Invariances via analytic 
wavelets

• Analytic wavelets permit to build stable invariants 
to small translations by a: 
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Ref.: Group Invariant Scattering, Mallat S 

!

!0

| ̂(!)|
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!Ta ̂(!) ⇡ !T

0 a ̂(!)

̂La(x ! ψ) =



Link with the AlexNet?
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Demodulation:

<latexit sha1_base64="PfDdBD4e6fxZYkOnnsU7K4bnuV8="></latexit>Z T

0
|x ?  �(u)| du ⇡

Z T

0
ReLU(x ?R( �)(u)) du

For a Gabor wavelet:

up to constants

average pooling



Stability to deformations?
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Diffeomorphism
• Let                              ,E, F open.  is a diffeomorphism if: 

-   is bĳective 
- both          are differentiable. 
It is said     if          are    . Smooth if        are    for any k. 

• Theorem (Local inversion): Let                a     function   
with            open . 
If                       then there is         open sets with  
such that               is a     -diffeomorphism. 

• Theorem (Global inversion):  Let                     a     
function, then    is a    -diffeomorphism with                 if 
and only if for any x:
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E,F ⇢ Rd,� : E ! F
<latexit sha1_base64="SsKW08617Spce3zIp7vrVGfCVSw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6mXhLxfrTl1Zwp7mbgFqUGBZr/60xvENI2YRCqI1l3XSdDLiEJOBZtUeqlmCaEjMmRdQyWJmPay6a0T+8QoAzuIlSmJ9lT9O5GRSOtx5JvOiGCoF71c/M/rphhceRmXSYpM0tmiIBU2xnb+uD3gilEUY0MIVdzcatOQKELRxDO3BfnoaWJScRczWCbts7p7UXfvzmuN6yKfMhzBMZyCC5fQgFtoQgsohPACr/BmPVvv1of1OWstWcXMIczB+voFT/SV2g==</latexit>

�
<latexit sha1_base64="SsKW08617Spce3zIp7vrVGfCVSw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6mXhLxfrTl1Zwp7mbgFqUGBZr/60xvENI2YRCqI1l3XSdDLiEJOBZtUeqlmCaEjMmRdQyWJmPay6a0T+8QoAzuIlSmJ9lT9O5GRSOtx5JvOiGCoF71c/M/rphhceRmXSYpM0tmiIBU2xnb+uD3gilEUY0MIVdzcatOQKELRxDO3BfnoaWJScRczWCbts7p7UXfvzmuN6yKfMhzBMZyCC5fQgFtoQgsohPACr/BmPVvv1of1OWstWcXMIczB+voFT/SV2g==</latexit>

�

<latexit sha1_base64="e+LU3TBSSpr6Sz67bFzyP0GWCxg=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwoSURUZdFNy4r2Ae0sUymk3boZBJmboQa+gV+glv9AHfi1q9w7Y84abOwrQfu5XDOvdzL8WPBNTjOt7W0vLK6tl7YKG5ube+U7N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/eJP5zUemNI/kPYxi5oWkL3nAKQEjde1SJx7wE5z1h/TUHXftslNxJsCLxM1JGeWode2fTi+iScgkUEG0brtODF5KFHAq2LjYSTSLCR2SPmsbKknItJdOHh/jI6P0cBApUxLwRP27kZJQ61Hom8mQwEDPe5n4n9dOILjyUi7jBJik00NBIjBEOEsB97hiFMTIEEIVN79iOiCKUDBZzVwBPnzKUnHnM1gkjbOKe1Fx787L1es8nwI6QIfoGLnoElXRLaqhOqIoQS/oFb1Zz9a79WF9TkeXrHxnH83A+voFO0CaFg==</latexit>

�,��1
<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck

<latexit sha1_base64="e+LU3TBSSpr6Sz67bFzyP0GWCxg=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwoSURUZdFNy4r2Ae0sUymk3boZBJmboQa+gV+glv9AHfi1q9w7Y84abOwrQfu5XDOvdzL8WPBNTjOt7W0vLK6tl7YKG5ube+U7N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/eJP5zUemNI/kPYxi5oWkL3nAKQEjde1SJx7wE5z1h/TUHXftslNxJsCLxM1JGeWode2fTi+iScgkUEG0brtODF5KFHAq2LjYSTSLCR2SPmsbKknItJdOHh/jI6P0cBApUxLwRP27kZJQ61Hom8mQwEDPe5n4n9dOILjyUi7jBJik00NBIjBEOEsB97hiFMTIEEIVN79iOiCKUDBZzVwBPnzKUnHnM1gkjbOKe1Fx787L1es8nwI6QIfoGLnoElXRLaqhOqIoQS/oFb1Zz9a79WF9TkeXrHxnH83A+voFO0CaFg==</latexit>

�,��1
<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck
<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck
<latexit sha1_base64="e+LU3TBSSpr6Sz67bFzyP0GWCxg=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwoSURUZdFNy4r2Ae0sUymk3boZBJmboQa+gV+glv9AHfi1q9w7Y84abOwrQfu5XDOvdzL8WPBNTjOt7W0vLK6tl7YKG5ube+U7N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/eJP5zUemNI/kPYxi5oWkL3nAKQEjde1SJx7wE5z1h/TUHXftslNxJsCLxM1JGeWode2fTi+iScgkUEG0brtODF5KFHAq2LjYSTSLCR2SPmsbKknItJdOHh/jI6P0cBApUxLwRP27kZJQ61Hom8mQwEDPe5n4n9dOILjyUi7jBJik00NBIjBEOEsB97hiFMTIEEIVN79iOiCKUDBZzVwBPnzKUnHnM1gkjbOKe1Fx787L1es8nwI6QIfoGLnoElXRLaqhOqIoQS/oFb1Zz9a79WF9TkeXrHxnH83A+voFO0CaFg==</latexit>

�,��1

<latexit sha1_base64="nUOS2+cUxKsB5WKuJzX63ToUQwY=">AAACFXicbVC7TsMwFHV4lvIKMHaxqJCYqgQhQEwVLGwURB9SEyrHcVqrdhLZDlKJMvAVfAIrfAAbYmVm5kdw2gy05UhXOjrnXt17jxczKpVlfRsLi0vLK6ultfL6xubWtrmz25JRIjBp4ohFouMhSRgNSVNRxUgnFgRxj5G2N7zM/fYDEZJG4Z0axcTlqB/SgGKktNQzK048oOfONSd95KgIOhypgeelt9m93zOrVs0aA84TuyBVUKDRM38cP8IJJ6HCDEnZta1YuSkSimJGsrKTSBIjPER90tU0RJxINx0/kcEDrfgwiISuUMGx+nciRVzKEfd0Z36jnPVy8T+vm6jgzE1pGCeKhHiyKEgY1N/miUCfCoIVG2mCsKD6VogHSCCsdG5TWxQdPmY6FXs2g3nSOqrZJzX75rhavyjyKYEK2AeHwAanoA6uQAM0AQZP4AW8gjfj2Xg3PozPSeuCUczsgSkYX79m0p+l</latexit>

� : ⌦ ! Rd
<latexit sha1_base64="FaNYgrtupwNm/8LMdTUE+DR+Yy8=">AAACFHicbVDJSgNBEO2JW4zbqDe9NAbBU5gRUY9BL96MYhbIxNDTqSRNeha6a4Q4BPwKP8GrfoA38erdsz9iZzmYxAcFj/eqqKrnx1JodJxvK7OwuLS8kl3Nra1vbG7Z2zsVHSWKQ5lHMlI1n2mQIoQyCpRQixWwwJdQ9XuXQ7/6AEqLKLzDfgyNgHVC0RacoZGa9p53HUCHeTrxNSD1AoZd309vB/etpp13Cs4IdJ64E5InE5Sa9o/XingSQIhcMq3rrhNjI2UKBZcwyHmJhpjxHutA3dCQBaAb6eiHAT00Sou2I2UqRDpS/06kLNC6H/imc3ijnvWG4n9ePcH2eSMVYZwghHy8qJ1IihEdBkJbQgFH2TeEcSXMrZR3mWIcTWxTW1D0HgcmFXc2g3lSOS64pwX35iRfvJjkkyX75IAcEZeckSK5IiVSJpw8kRfySt6sZ+vd+rA+x60ZazKzS6Zgff0CAtCfdw==</latexit>

⌦ ⇢ Rd
<latexit sha1_base64="/jOcfJUDdsu2eEJeDe6Hccc2oco=">AAACFnicbVA9TwJBEN3DL/w+tdRiIzGBhtwZo5ZEG0tNBEw4QvaWATbs7Z27c0YkNP4Kf4Kt/gA7Y2tr7R9xQQoBXzLJy3szOzsvTKQw6HlfTmZufmFxKbu8srq2vrHpbm1XTJxqDmUey1jfhMyAFArKKFDCTaKBRaGEatg9H/rVO9BGxOoaewnUI9ZWoiU4Qys13L2gCZgPEqZRMEmDpCPy94VCoOCWeg035xW9Eegs8cckR8a4bLjfQTPmaQQKuWTG1HwvwXp/+DiXMFgJUgMJ413WhpqlikVg6v3RFQN6YJUmbcXalkI6Uv9O9FlkTC8KbWfEsGOmvaH4n1dLsXVa7wuVpAiK/y5qpZJiTIeR0KbQwFH2LGFcC/tXyjtMM442uIktKLoPA5uKP53BLKkcFv3jon91lCudjfPJkl2yT/LEJyekRC7IJSkTTh7JM3khr86T8+a8Ox+/rRlnPLNDJuB8/gCIop8H</latexit>

det(@�(x)) 6= 0
<latexit sha1_base64="8bODB748fAJ3ntHN3nQhsN3G7ww=">AAACEXicbZDNSsNAFIUn9a/Wv6gLF24Gi+BCSiKiLotuXFYwbaENZTKdtEMnkzBzI9SQp/AR3OoDuBO3PoFrX8SkDWJbDwx8nHsv987xIsE1WNaXUVpaXlldK69XNja3tnfM3b2mDmNFmUNDEaq2RzQTXDIHOAjWjhQjgSdYyxvd5PXWA1Oah/IexhFzAzKQ3OeUQGb1zINuQGBIiUic9PSXm2nPrFo1ayK8CHYBVVSo0TO/u/2QxgGTQAXRumNbEbgJUcCpYGmlG2sWEToiA9bJUJKAaTeZfCDFx5nTx36osicBT9y/EwkJtB4HXtaZn6jna7n5X60Tg3/lJlxGMTBJp4v8WGAIcZ4G7nPFKIhxBoQqnt2K6ZAoQiHLbGYL8NFjnoo9n8EiNM9q9kXNvjuv1q+LfMroEB2hE2SjS1RHt6iBHERRip7RC3o1now34934mLaWjGJmH83I+PwB7ameXw==</latexit>U ,V <latexit sha1_base64="P+bY0EREbAjWTtb/lRH1/Xsl800=">AAACCnicbVDLSsNAFJ34rPUVdelmsAiuSiKiLotuXFYwbaENZTKdtEMnkzBzU6yhf+AnuNUPcCdu/QnX/oiTNgvbeuDC4Zx7uYcTJIJrcJxva2V1bX1js7RV3t7Z3du3Dw4bOk4VZR6NRaxaAdFMcMk84CBYK1GMRIFgzWB4m/vNEVOax/IBxgnzI9KXPOSUgJG6tv3Y4RJ3IgIDSkTmTbp2xak6U+Bl4hakggrUu/ZPpxfTNGISqCBat10nAT8jCjgVbFLupJolhA5Jn7UNlSRi2s+mySf41Cg9HMbKjAQ8Vf9eZCTSehwFZjOPqBe9XPzPa6cQXvsZl0kKTNLZozAVGGKc14B7XDEKYmwIoYqbrJgOiCIUTFlzX4APn/JW3MUOlknjvOpeVt37i0rtpuinhI7RCTpDLrpCNXSH6shDFI3QC3pFb9az9W59WJ+z1RWruDlCc7C+fgEeXps0</latexit>

x 2 U
<latexit sha1_base64="50vB9zF2l2rxmEbWPrxzCKsBFT4=">AAACGXicbVDLSsNAFJ34rPUVdenCYBFclURExVXRjcsKpi00oUym03boZBJmboQasvQr/AS3+gHuxK0r1/6IkzaIbT0wcOace7n3niDmTIFtfxkLi0vLK6ultfL6xubWtrmz21BRIgl1ScQj2QqwopwJ6gIDTluxpDgMOG0Gw+vcb95TqVgk7mAUUz/EfcF6jGDQUsc88OIBu/RCDAOCeepmHkTW77eRdcyKXbXHsOaJU5AKKlDvmN9eNyJJSAUQjpVqO3YMfoolMMJpVvYSRWNMhrhP25oKHFLlp+NDMutIK12rF0n9BFhj9W9HikOlRmGgK/MV1ayXi/957QR6F37KRJwAFWQyqJdwSx+bp2J1maQE+EgTTCTTu1pkgCUmoLObmgJs+JCn4sxmME8aJ1XnrOrcnlZqV0U+JbSPDtExctA5qqEbVEcuIugRPaMX9Go8GW/Gu/ExKV0wip49NAXj8wc4EKG5</latexit>

� : U ! V

<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck

<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck

<latexit sha1_base64="/jOcfJUDdsu2eEJeDe6Hccc2oco=">AAACFnicbVA9TwJBEN3DL/w+tdRiIzGBhtwZo5ZEG0tNBEw4QvaWATbs7Z27c0YkNP4Kf4Kt/gA7Y2tr7R9xQQoBXzLJy3szOzsvTKQw6HlfTmZufmFxKbu8srq2vrHpbm1XTJxqDmUey1jfhMyAFArKKFDCTaKBRaGEatg9H/rVO9BGxOoaewnUI9ZWoiU4Qys13L2gCZgPEqZRMEmDpCPy94VCoOCWeg035xW9Eegs8cckR8a4bLjfQTPmaQQKuWTG1HwvwXp/+DiXMFgJUgMJ413WhpqlikVg6v3RFQN6YJUmbcXalkI6Uv9O9FlkTC8KbWfEsGOmvaH4n1dLsXVa7wuVpAiK/y5qpZJiTIeR0KbQwFH2LGFcC/tXyjtMM442uIktKLoPA5uKP53BLKkcFv3jon91lCudjfPJkl2yT/LEJyekRC7IJSkTTh7JM3khr86T8+a8Ox+/rRlnPLNDJuB8/gCIop8H</latexit>

det(@�(x)) 6= 0
<latexit sha1_base64="wkquHlOXYYft+T2RURZYUzSNdn0=">AAACMXicbVDLTgIxFO3gC/GFunTTSExwQ2aMETcmRDcuMZFHwhDSKR1o6HQm7R0DTvgUv8JPcKsfwM7o0p+wwCwEPEnT03Puzb09XiS4BtueWJm19Y3Nrex2bmd3b/8gf3hU12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOEN7qZ+44kpzUP5CKOItQPSk9znlICROvmyK3jQSdw6U4CH88uFELtc+jAap0LU58Xh+exxM3c6+YJdsmfAq8RJSQGlqHby3243pHHAJFBBtG45dgTthCjgVLBxzo01iwgdkB5rGSpJwHQ7mX1wjM+M0sV+qMyRgGfq346EBFqPAs9UBgT6etmbiv95rRj863bCZRQDk3Q+yI8FNglM08JdrhgFMTKEUMXNrpj2iSIUTKYLU4APnscmFWc5g1VSvyg5VyXn4bJQuU3zyaITdIqKyEFlVEH3qIpqiKIX9Ibe0Yf1ak2sT+trXpqx0p5jtADr5xfHKqs7</latexit>

lim
kxk!1

k�(x)k = 1

<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck

<latexit sha1_base64="SsKW08617Spce3zIp7vrVGfCVSw=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6mXhLxfrTl1Zwp7mbgFqUGBZr/60xvENI2YRCqI1l3XSdDLiEJOBZtUeqlmCaEjMmRdQyWJmPay6a0T+8QoAzuIlSmJ9lT9O5GRSOtx5JvOiGCoF71c/M/rphhceRmXSYpM0tmiIBU2xnb+uD3gilEUY0MIVdzcatOQKELRxDO3BfnoaWJScRczWCbts7p7UXfvzmuN6yKfMhzBMZyCC5fQgFtoQgsohPACr/BmPVvv1of1OWstWcXMIczB+voFT/SV2g==</latexit>

�
<latexit sha1_base64="xQ8kt7yBbdEWt3X1MT8YaDhgx/w=">AAACGXicbVC7TsMwFHV4lvIKMDJgUSGVpUoQAhakChbGguhDakLlOG5r1XEi20EqUUa+gk9ghQ9gQ6xMzPwITpuhD45k6dxz7tW9Pl7EqFSW9WMsLC4tr6wW1orrG5tb2+bObkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3uA685uPREga8ns1jIgboB6nXYqR0lLHPHCiPi07AVJ9z0vu0gf/+HKy6pglq2KNAOeJnZMSyFHrmL+OH+I4IFxhhqRs21ak3AQJRTEjadGJJYkQHqAeaWvKUUCkm4w+ksIjrfiwGwr9uIIjdXIiQYGUw8DTndmNctbLxP+8dqy6F25CeRQrwvF4UTdmUIUwSwX6VBCs2FAThAXVt0LcRwJhpbOb2qLo4CnVqdizGcyTxknFPqvYt6el6lWeTwHsg0NQBjY4B1VwA2qgDjB4Bq/gDbwbL8aH8Wl8jVsXjHxmD0zB+P4DkS6hUw==</latexit>

�(Rd) = Rd<latexit sha1_base64="QzIMYCenMAhV+Dr+lyfCrkno2bc=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+4A2lsl00g6dTOLMjVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezheJLgG2/62Ciura+sbxc3S1vbO7l55/6Clw1hR1qShCFXHI5oJLlkTOAjWiRQjgSdY2xvXM7/9yJTmobyDScTcgAwl9zklYCS3FxAYUSKSeno/7pcrdtWeAi8TJycVlKPRL//0BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjINneITowywHyozEvBU/XuRkEDrSeCZzSykXvQy8T+vG4N/5SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoiilAwPc19AT5+Sk0rzmIHy6R1VnUuqs7teaV2nfdTREfoGJ0iB12iGrpBDdREFD2gF/SK3qxn6936sD5nqwUrvzlEc7C+fgFxvpnR</latexit>

Ck

and

<latexit sha1_base64="96Ly/oNQhQfVZVWGXpMafaXd3UQ=">AAACG3icbVC7TsMwFHV4lvIKMLIYKiSmKkEIEFMFC2NB9CE1oXIcp7XqOJHtIJUoM1/BJ7DCB7AhVgZmfgSnzdAHR7J0fM69uvceL2ZUKsv6MRYWl5ZXVktr5fWNza1tc2e3KaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcJ37rUciJI34vRrGxA1Rj9OAYqS01DUPnLhPL50Qqb7npXfZg++oCE7+u2bFqlojwHliF6QCCtS75q/jRzgJCVeYISk7thUrN0VCUcxIVnYSSWKEB6hHOppyFBLppqNTMnikFR8GkdCPKzhSJztSFEo5DD1dme8oZ71c/M/rJCq4cFPK40QRjseDgoRBfW2eC/SpIFixoSYIC6p3hbiPBMJKpzc1RdHBU6ZTsWczmCfNk6p9VrVvTyu1qyKfEtgHh+AY2OAc1MANqIMGwOAZvII38G68GB/Gp/E1Ll0wip49MAXj+w+fcaJy</latexit>

� : Rd ! Rd



Deformations:
• Consider:             and define:
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<latexit sha1_base64="ionlTrrBR0d+muPy+0jF1QJZO/U=">AAACDHicbVDLSsNAFJ34rPUV69LNYBFclUQUXRa7cVnBPqCtZTKdtEMnkzBzI8bQX/AT3OoHuBO3/oNrf8RJm4VtPXC5h3Pu5V6OFwmuwXG+rZXVtfWNzcJWcXtnd2/fPig1dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3njWua3HpjSPJR3kESsF5Ch5D6nBIzUt0tdIHGXS1y7T03zIZn07bJTcabAy8TNSRnlqPftn+4gpHHAJFBBtO64TgS9lCjgVLBJsRtrFhE6JkPWMVSSgOleOv19gk+MMsB+qExJwFP170ZKAq2TwDOTAYGRXvQy8T+vE4N/1Uu5jGJgks4O+bHAEOIsCDzgilEQiSGEKm5+xXREFKFg4pq7Anz8lKXiLmawTJpnFfei4tyel6vXeT4FdISO0Sly0SWqohtURw1E0SN6Qa/ozXq23q0P63M2umLlO4doDtbXL7PqnBA=</latexit>

⌧ 2 C1
<latexit sha1_base64="zT0/fJOMgDJTKySqI5p+fRhah6s=">AAACNnicbVDLSgMxFM3Ud31VXboJFsFVmRFFFwqiG5cKthU6pdxJM21oJjMkN0It/Rm/wk9wqzs3bkTc+gmmYxfaeiBwcs653OREmRQGff/VK8zMzs0vLC4Vl1dW19ZLG5s1k1rNeJWlMtW3ERguheJVFCj5baY5JJHk9ah3MfLrd1wbkaob7Ge8mUBHiVgwQCe1SidhjWsMFUQSaIhg83srFCrGPj2lobFZy9JcpVOxUtmv+DnoNAnGpEzGuGqV3sN2ymzCFTIJxjQCP8PmADQKJvmwGFrDM2A96PCGowoSbpqD/JdDuuuUNo1T7Y5Cmqu/JwaQGNNPIpdMALtm0huJ/3kNi/FxcyBUZpEr9rMotpJiSkeV0bbQnKHsOwJMC/dWyrqggaEr9s8WFL37oWslmOxgmtT2K8Fhxb8+KJ+dj/tZJNtkh+yRgByRM3JJrkiVMPJAnsgzefEevTfvw/v8iRa88cwW+QPv6xteIaz6</latexit>

kr⌧k1 = sup
u

kr⌧k
<latexit sha1_base64="9aPQIWHbDR2khCnmczV2EiAde7s=">AAACKnicbVDLSgMxFM3UV62vqks3wSK4KjOi6EYounFZwT6gU0omzbShmcyQ3Ahj6W/4FX6CW/0Ad8WlfohpO4s+PBA4nHMu9+YEieAaXHfs5NbWNza38tuFnd29/YPi4VFdx0ZRVqOxiFUzIJoJLlkNOAjWTBQjUSBYIxjcT/zGM1Oax/IJ0oS1I9KTPOSUgJU6RdevMwXYB2KmrONzGUKKb7GvTdIxeObPBYolt+xOgVeJl5ESylDtFH/8bkxNxCRQQbRueW4C7SFRwKlgo4JvNEsIHZAea1kqScR0ezj92QifWaWLw1jZJwFP1fmJIYm0TqPAJiMCfb3sTcT/vJaB8KY95DIxwCSdLQqNwBDjSU24yxWjIFJLCFXc3oppnyhCwZa5sAX44GVkW/GWO1gl9Yuyd1V2Hy9Llbusnzw6QafoHHnoGlXQA6qiGqLoFb2jD/TpvDlfztj5nkVzTjZzjBbg/P4BNSenzg==</latexit>

k⌧k1 = sup
u

k⌧k and

<latexit sha1_base64="KzAh5vF8dxXykQY6AqLKznePxFU=">AAACGnicbVC7SgNBFJ31GeMramkzGASrsCuKFhZBG8sI5gHZEO5OZpMhs7PLzF1hDWn9Cj/BVj/ATmxtrP0RJ4/CJB64cDjnXu69J0ikMOi6387S8srq2npuI7+5tb2zW9jbr5k41YxXWSxj3QjAcCkUr6JAyRuJ5hAFkteD/s3Irz9wbUSs7jFLeCuCrhKhYIBWaheoX+Maqa8gkEB9hHSitH2hQsyuvHah6JbcMegi8aakSKaotAs/fidmacQVMgnGND03wdYANAom+TDvp4YnwPrQ5U1LFUTctAbjT4b02CodGsbalkI6Vv9ODCAyJosC2xkB9sy8NxL/85ophpetgVBJilyxyaIwlRRjOoqFdoTmDGVmCTAt7K2U9UADQxvezBYU/cehTcWbz2CR1E5L3nnJvTsrlq+n+eTIITkiJ8QjF6RMbkmFVAkjT+SFvJI359l5dz6cz0nrkjOdOSAzcL5+AXajoTA=</latexit>

kr⌧k1 < 1If
<latexit sha1_base64="TfRT4GJETB2sKvNiT1RKyZqcs1A=">AAACIXicbVDLSsNAFJ3U97vq0s1gEd1YElF0KepCdwrWFppYJtNJO3QyCTM3Yg35BL/CT3CrH+BO3IlLf8RJzcK2HrhwOOde7r3HjwXXYNufVmlicmp6ZnZufmFxaXmlvLp2o6NEUVajkYhUwyeaCS5ZDTgI1ogVI6EvWN3vneZ+/Y4pzSN5Df2YeSHpSB5wSsBIrfK2GxLo+kF6ke26QBKXS+wCu4f0jAdBdpsaIYB+1ipX7Ko9AB4nTkEqqMBlq/zttiOahEwCFUTrpmPH4KVEAaeCZfNuollMaI90WNNQSUKmvXTwUIa3jNLGQaRMScAD9e9ESkKt+6FvOvPz9aiXi/95zQSCIy/lMk6ASfq7KEgEhgjn6eA2V4yC6BtCqOLmVky7RBEKJsOhLcB7D3kqzmgG4+Rmr+ocVO2r/crxSZHPLNpAm2gHOegQHaNzdIlqiKJH9Ixe0Kv1ZL1Z79bHb2vJKmbW0RCsrx8vzaVt</latexit>

I� ⌧ 2 Di↵1then:

Small deformations are locally group which is quite high-dimensional.

In this case, we can introduce:

And, you don’t want to be fully invariant to diffeomorphisms!

original deformed

<latexit sha1_base64="M2npJy1N/QVhDKwcHw3vIGLa7lM=">AAACHHicbZDLTgIxFIY7eEO8oS7dNBATWEhmjFGXRDcuXGAilwQmk04p0NDpjO0ZIxL2PoWP4FYfwJ1xa+LaF7EDLAT8kyZ/v3NOTvv7keAabPvbSi0tr6yupdczG5tb2zvZ3b2aDmNFWZWGIlQNn2gmuGRV4CBYI1KMBL5gdb9/mdTr90xpHspbGETMDUhX8g6nBAzysrlrrwUkxg+FuNgCxYnsCnaXXI8SbmjRy+btkj0WXjTO1OTRVBUv+9NqhzQOmAQqiNZNx47AHRIFnAo2yrRizSJC+6TLmsZKEjDtDsd/GeFDQ9q4EypzJOAx/TsxJIHWg8A3nQGBnp6vJfC/WjOGzrk75DKKgUk6WdSJBYYQJ8HgNleMghgYQ6ji5q2Y9ogiFEx8M1uA9x9HJhVnPoNFUzsuOacl5+YkX76Y5pNGByiHCshBZ6iMrlAFVRFFT+gFvaI369l6tz6sz0lryprO7KMZWV+/BDKhYw==</latexit>

L⌧x(u) , x(u� ⌧(u))



Stability to group of symmetries

• Two groups are of interest: diffeomorphisms and 
translations. 

• Stability means thus here: 

• Lemma: If              then        is a diffeomorphism and:  
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<latexit sha1_base64="Jy5jDRCR6/qdMoC/rGZLFejkxGQ="></latexit>

k�(x)� �(L⌧x)k  Ckxkd(I� ⌧, I)

<latexit sha1_base64="cDl+aPn0HBbbNbnp9eITENlfS3I="></latexit>

d(I� ⌧, I) , sup
x2Rd

kr⌧(x)k+ sup
x2Rd

k⌧(x)k+ sup
x,y2R

k⌧(x)� ⌧(y)k

<latexit sha1_base64="+F/t/8T26Q5SQfvARwoDCe8b7Hg=">AAACE3icbZDJSgNBEIZ7XGPcRj2Jl8YgeAozQdRj0IsHDxHMApkx9HQqSZOexe4aIYbgU/gIXvUBvIlXH8CzL2JnOZjEHxo+/qqiqv8gkUKj43xbC4tLyyurmbXs+sbm1ra9s1vRcao4lHksY1ULmAYpIiijQAm1RAELAwnVoHs5rFcfQGkRR7fYS8APWTsSLcEZGqth73sVUEivGx6ydMSehHtauGs27JyTd0ai8+BOIEcmKjXsH68Z8zSECLlkWtddJ0G/zxQKLmGQ9VINCeNd1oa6wYiFoP3+6AsDemScJm3FyrwI6cj9O9Fnoda9MDCdIcOOnq0Nzf9q9RRb535fREmKEPHxolYqKcZ0mAdtCgUcZc8A40qYWynvMMU4mtSmtqDoPg5MKu5sBvNQKeTd07x7c5IrXkzyyZADckiOiUvOSJFckRIpE06eyAt5JW/Ws/VufVif49YFazKzR6Zkff0CIAKeXQ==</latexit>

kL⌧k  2d

<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

(introduce:                                                  ) 
<latexit sha1_base64="7EEIIgq2ODFbqEgjvmf2cECDaZQ="></latexit>

k�⌧k1 = sup
x,y

k⌧(x)� ⌧(y)k

<latexit sha1_base64="DAEMAer9PWBZlnkeC1RVZuDNpTI=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7AbRC0sgjaWEcwFsiGcncwmQ2Znl5mzQgwpfQofwVYfwE5srax9ESeXwiT+MPDzn3M4Z74gkcKg6347S8srq2vrmY3s5tb2zm5ub79q4lQzXmGxjHU9AMOlULyCAiWvJ5pDFEheC3o3o3rtgWsjYnWP/YQ3I+goEQoGaKNW7sivco3UVxBIoD5COg6u/FADo16xlcu7BXcsumi8qcmTqcqt3I/fjlkacYVMgjENz02wOQCNgkk+zPqp4QmwHnR4w1oFETfNwfgjQ3pikzYNY22fQjpO/04MIDKmHwW2MwLsmvnaKPyv1kgxvGwOhEpS5IpNFoWppBjTERXaFpozlH1rgGlhb6WsCxYBWnYzW1D0HoeWijfPYNFUiwXvvODdneVL11M+GXJIjskp8cgFKZFbUiYVwsgTeSGv5M15dt6dD+dz0rrkTGcOyIycr18f/KBt</latexit>

kr⌧k <
1

2

<latexit sha1_base64="bdSzx2Ogc+yXvmgWoR4FOdFBHek=">AAACCXicbVDLSsNAFJ3UV62PRl26CRbBjSURUZdFN7qrYB/QhDKZTtqhk0mYuRFqyBf4CW71A9yJW7/CtT/ipM3Cth64cDjnXu7h+DFnCmz72yitrK6tb5Q3K1vbO7tVc2+/raJEEtoiEY9k18eKciZoCxhw2o0lxaHPaccf3+R+55FKxSLxAJOYeiEeChYwgkFLfbPqhhhGfpDeZacu4KRv1uy6PYW1TJyC1FCBZt/8cQcRSUIqgHCsVM+xY/BSLIERTrOKmygaYzLGQ9rTVOCQKi+dBs+sY60MrCCSegRYU/XvRYpDpSahrzfzmGrRy8X/vF4CwZWXMhEnQAWZPQoSbkFk5S1YAyYpAT7RBBPJdFaLjLDEBHRXc1+AjZ8y3Yqz2MEyaZ/VnYu6c39ea1wX/ZTRITpCJ8hBl6iBblETtRBBCXpBr+jNeDbejQ/jc7ZaMoqbAzQH4+sXSaOavg==</latexit>

I� ⌧

<latexit sha1_base64="VdMOvkJYwL02suDvqV8/sfyMVJc="></latexit>

|1� det(I�r⌧(u))|  dkr⌧k1



A motivating example
• Translation invariance and stability to 

deformations? Why not:
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�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>

Deformations
L⌧x(u) = x(u� ⌧(u))

Let thus:

<latexit sha1_base64="S+HmhIfaKuv0LbcFGlOWU9BU/Nk=">AAACC3icbVBLSgNBFOzxG+Nvoks3jUGIIGFGRN0Ygm5cRjAfSIbQ0+lJmvR86H6txJAjeAS3egB34tZDuPYidpJZmMSCB0XVe9Sj/ERwBY7zbS0tr6yurWc2sptb2zu7dm6vpmItKavSWMSy4RPFBI9YFTgI1kgkI6EvWN3v34z9+gOTisfRPQwS5oWkG/GAUwJGatu5FhBd0MdXSp9gt6RKTtvOO0VnArxI3JTkUYpK2/5pdWKqQxYBFUSppusk4A2JBE4FG2VbWrGE0D7psqahEQmZ8oaT10f4yCgdHMTSTAR4ov69GJJQqUHom82QQE/Ne2PxP6+pIbj0hjxKNLCIToMCLTDEeNwD7nDJKIiBIYRKbn7FtEckoWDamkkB3n8amVbc+Q4WSe206J4X3buzfPk67SeDDtAhKiAXXaAyukUVVEUUPaIX9IrerGfr3fqwPqerS1Z6s49mYH39AnnDmh0=</latexit>

⌧(u) = su, 1 > s > 0

Again, doesn’t work!

then:

<latexit sha1_base64="P0pP15cnaZqbt4A6gVFsaBmkFMY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYeSwzs0JcAn6CV/0Ab+LVX/HsjzhJ9mASCxqKqm66u6KYM2N9/9vLrayurW/kNwtb2zu7e8X9g7pRiSa0RhRXuhlhQzmTtGaZ5bQZa4pFxGkjGt5M/MYj1YYpeW9HMQ0F7kvWYwRbJ9XbStA+7hRLftmfAi2TICMlyFDtFH/aXUUSQaUlHBvTCvzYhinWlhFOx4V2YmiMyRD3actRiQU1YTq9doxOnNJFPaVdSYum6t+JFAtjRiJynQLbgVn0JuJ/XiuxvaswZTJOLJVktqiXcGQVmryOukxTYvnIEUw0c7ciMsAaE+sCmtti2fBp7FIJFjNYJvWzcnBR9u/OS5XrLJ88HMExnEIAl1CBW6hCDQg8wAu8wpv37L17H97nrDXnZTOHMAfv6xfZYZa0</latexit>!<latexit sha1_base64="On8s6UTrsa0UVTo3AEqhJ0+xqWM=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkHsvMrBCXXPwEr/oB3sSrf+LZH3GS7MEkFjQUVd10d0UJZ8b6/re3srq2vrFZ2Cpu7+zu7ZcODhtGpZrQOlFc6VaEDeVM0rplltNWoikWEafNaHg78ZuPVBum5IMdJTQUuC9ZzAi2Tmp1lKB93PW7pbJf8adAyyTISRly1Lqln05PkVRQaQnHxrQDP7FhhrVlhNNxsZMammAyxH3adlRiQU2YTe8do1On9FCstCtp0VT9O5FhYcxIRK5TYDswi95E/M9rpza+DjMmk9RSSWaL4pQjq9DkedRjmhLLR45gopm7FZEB1phYF9HcFsuGT2OXSrCYwTJpnFeCy4p/f1Gu3uT5FOAYTuAMAriCKtxBDepAgMMLvMKb9+y9ex/e56x1xctnjmAO3tcvCuOXVw==</latexit>!0

Consider:
<latexit sha1_base64="7OHEgizOoaC06/2IaqqtSlbJEDE="></latexit>

�L⌧x(!) =
1

1� s
g(

! � !0

1� s
)

<latexit sha1_base64="NwOrnMESIcuj91Q3dYIn+4b8Zfg="></latexit>

1

1� s
!0

<latexit sha1_base64="HxPDvC8cBgzv+91xlNAgVtvdLpY=">AAACAHicdVDLSgNBEJyNrxhfUY9eBoPgadmNSxJvQT14jGAekCxhdjKbDJl9MNMrxCUXP8GrfoA38eqfePZHnE0iGNGChqKqm+4uLxZcgWV9GLmV1bX1jfxmYWt7Z3evuH/QUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsbX2Z++45JxaPwFiYxcwMyDLnPKQEtdXpXTADBw36xZJnntUrZqWDLtKyqXbYzUq46Zw62tZKhhBZo9IufvUFEk4CFQAVRqmtbMbgpkcCpYNNCL1EsJnRMhqyraUgCptx0du8Un2hlgP1I6goBz9SfEykJlJoEnu4MCIzUby8T//K6Cfg1N+VhnAAL6XyRnwgMEc6exwMuGQUx0YRQyfWtmI6IJBR0REtbgI/vpzqV79fx/6RVNu2Kad84pfrFIp88OkLH6BTZqIrq6Bo1UBNRJNAjekLPxoPxYrwab/PWnLGYOURLMN6/ADEhl3Q=</latexit>

�g

<latexit sha1_base64="pR7Kc6FoGpSfHnxtT28Y1c6E9lA=">AAACFnicbVDJSgNBEO2JW4xb1KMeGoMQL2FGRL0IQS8eI5gFkhh6OpWkSc9Cd40Yh7n4FX6CV/0Ab+LVq2d/xM5yMIkPCh7vVVFVzw2l0Gjb31ZqYXFpeSW9mllb39jcym7vVHQQKQ5lHshA1VymQQofyihQQi1UwDxXQtXtXw396j0oLQL/FgchND3W9UVHcIZGamX3H/LR0QXcxaIReNBlLTtKGj2GtGv0VjZnF+wR6DxxJiRHJii1sj+NdsAjD3zkkmldd+wQmzFTKLiEJNOINISM91kX6ob6zAPdjEdfJPTQKG3aCZQpH+lI/TsRM0/rgeeaTo9hT896Q/E/rx5h57wZCz+MEHw+XtSJJMWADiOhbaGAoxwYwrgS5lbKe0wxjia4qS0o+o+JScWZzWCeVI4LzmnBuTnJFS8n+aTJHjkgeeKQM1Ik16REyoSTJ/JCXsmb9Wy9Wx/W57g1ZU1mdskUrK9f9F6fTA==</latexit>

x(u) = ei!0uĝ(u)

<latexit sha1_base64="PSzkvCS5gXK1AQBnCZY7rLulLiU=">AAACCnicbVDLTsJAFJ3iC/FVdelmIjHBDWmNUZdENy4xETCBhkyHKUyYaZuZWyIW/sBPcKsf4M649Sdc+yMO0IWAJ7nJyTn35twcPxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j+o6yhRlNVoJCL14BPNBA9ZDTgI9hArRqQvWMPv30z8xoApzaPwHoYx8yTphjzglICR2rY9avUI4MdSK5KsS05HbbvolJ0p8DJxM1JEGapt+6fViWgiWQhUEK2brhODlxIFnAo2LrQSzWJC+6TLmoaGRDLtpdPPx/jEKB0cRMpMCHiq/r1IidR6KH2zKQn09KI3Ef/zmgkEV17KwzgBFtJZUJAIDBGe1IA7XDEKYmgIoYqbXzHtEUUomLLmUoD3n8amFXexg2VSPyu7F2X37rxYuc76yaMjdIxKyEWXqIJuURXVEEUD9IJe0Zv1bL1bH9bnbDVnZTeHaA7W1y9te5rF</latexit>

|x̂(!)|

<latexit sha1_base64="cUwYrD0sJSoJe/QebLH2s9mxQQs="></latexit>

k�L⌧xk =
1p
1� s

kgkand
<latexit sha1_base64="Bd/a8p/PpV4fu5+S3BYow1Ef2U8="></latexit>

1

1� s
�g

Proof: Construct
<latexit sha1_base64="marzI4FBrQpr57CC33EVNMyvQ5s=">AAACBHicdVDLSgNBEJz1GeMr6tHLYBAiSNiNIYm3oBePEcwDskuYnUySIbOzy0yvGEOufoJX/QBv4tX/8OyPOJtEMKIFDUVVN91dfiS4Btv+sJaWV1bX1lMb6c2t7Z3dzN5+Q4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/vEz85i1TmofyBkYR8wLSl7zHKQEjubm7jjx1gcQdedLJZO38eaVUKJawnbftslNwElIoF8+K2DFKgiyao9bJfLrdkMYBk0AF0brt2BF4Y6KAU8EmaTfWLCJ0SPqsbagkAdPeeHrzBB8bpYt7oTIlAU/VnxNjEmg9CnzTGRAY6N9eIv7ltWPoVbwxl1EMTNLZol4sMIQ4CQB3uWIUxMgQQhU3t2I6IIpQMDEtbAE+vJ+YVL5fx/+TRiHvlPLOdTFbvZjnk0KH6AjlkIPKqIquUA3VEUURekRP6Nl6sF6sV+tt1rpkzWcO0AKs9y8LyZkE</latexit>

(xn, ⌧n)
<latexit sha1_base64="fyhZ974774n92+JaWWW0WY4o8o4=">AAACCnicdVDLTgJBEJzFF+Jr1aOXicTEE9nFDeDBhOjFIybySICQ2WGACbOzm5leIhL+wE/wqh/gzXj1Jzz7I84CJmK0kk4qVd3p7vIjwTU4zoeVWlldW99Ib2a2tnd29+z9g5oOY0VZlYYiVA2faCa4ZFXgIFgjUowEvmB1f3iV+PURU5qH8hbGEWsHpC95j1MCRurYdqvGFOC7jpyRC7djZ53ceamQ9wrYyTlO0c27CckXvTMPu0ZJkEULVDr2Z6sb0jhgEqggWjddJ4L2hCjgVLBpphVrFhE6JH3WNFSSgOn2ZHb5FJ8YpYt7oTIlAc/UnxMTEmg9DnzTGRAY6N9eIv7lNWPoldoTLqMYmKTzRb1YYAhxEgPucsUoiLEhhCpubsV0QBShYMJa2gJ8eD81qXy/jv8ntXzOLeTcGy9bvlzkk0ZH6BidIhcVURldowqqIopG6BE9oWfrwXqxXq23eWvKWswcoiVY71+1j5r1</latexit>

kxnk = 1
<latexit sha1_base64="mlvo4fXFhyYOpkMfC6wQV+fe6C0="></latexit>

kr⌧nk ! 0

s.t.

but:
<latexit sha1_base64="DWeep1M18q9wv3rQkeMoX7cworg="></latexit>

k�L⌧nxn � �xnk � 1



Remark on the non-linearity
• Theorem (Bruna): Let                               s.t. M is a 

non expansive operator,                                     and 
assume that                   , meaning that M commutes 
with the action of diffeormophisms. Then:  

• If one wishes that M preserves the energy of a signal (i.e.,                   
,               ), then a natural choice is               . 

• This also partially justifies why Neural Networks typically 
use a point-wise non-linearity. 

• Note that one can train and get excellent accuracies with

Ref.: PhD Joan Bruna + Your homework!!!
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<latexit sha1_base64="Lk5bMToUDgsxMkIun6xu/nV0SPs=">AAACKnicbVDLTgJBEJzFF+IL9ehlIjHBC9klGo0nohcPmqCRR8ICmR0GmDD7yEyvBjf8hl/hJ3jVD/BGPOqHOAt7ELCSTipV3enucgLBFZjm2EgtLa+srqXXMxubW9s72d29qvJDSVmF+sKXdYcoJrjHKsBBsHogGXEdwWrO4Cr2a49MKu57DzAMWNMlPY93OSWgpXbWvL24aRXztkug7zjR/ajVObYl7/WBSOk/4QWznc2ZBXMCvEishORQgnI7+213fBq6zAMqiFINywygGREJnAo2ytihYgGhA9JjDU094jLVjCafjfCRVjq460tdHuCJ+nciIq5SQ9fRnfGRat6Lxf+8Rgjd82bEvSAE5tHpom4oMPg4jgl3uGQUxFATQiXXt2LaJ5JQ0GHObAE+eB7pVKz5DBZJtViwTgvm3UmudJnkk0YH6BDlkYXOUAldozKqIIpe0Bt6Rx/Gq/FpjI2vaWvKSGb20QyMn1+Yf6d2</latexit>

M : L2(Rd) ! L2(Rd)
<latexit sha1_base64="yVGT+p2y1mGl1hmXjnV//Rx8IKo=">AAACIXicbZDLSgMxFIYz3u9WXboJFrEuLDOi6FJ046ZQwdZCO5RMeqqhmYvJGek49BF8Ch/BrT6AO3EnLn0R02kXtvVA4Mv/n8NJfi+SQqNtf1lT0zOzc/MLi0vLK6tr67mNzaoOY8WhwkMZqprHNEgRQAUFSqhFCpjvSbjxOhd9/+YBlBZhcI1JBK7PbgPRFpyhkZq5vUYVFNJSobt/UCok+9m1IeGeDozuQZJBM5e3i3ZWdBKcIeTJsMrN3E+jFfLYhwC5ZFrXHTtCN2UKBZfQW2rEGiLGO+wW6gYD5oN20+xDPbprlBZth8qcAGmm/p1Ima914num02d4p8e9vvifV4+xfeqmIohihIAPFrVjSTGk/XRoSyjgKBMDjCth3kr5HVOMo8lwZAuKzmPPpOKMZzAJ1cOic1y0r47yZ+fDfBbINtkhBeKQE3JGLkmZVAgnT+SFvJI369l6tz6sz0HrlDWc2SIjZX3/An1yozQ=</latexit>

kM(x)�M(y)k  kx� yk
<latexit sha1_base64="eiaA7av2eOhZh67JnJSysjIU/1Y=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IRTcuLFSwF2hDmEwn7dDJJMycFGrpG/gIbvUB3IlbX8K1L+K0zcK2/nDg4z/ncA5/kAiuwXG+rdzK6tr6Rn6zsLW9s7tn7x/UdZwqymo0FrFqBkQzwSWrAQfBmoliJAoEawT920m/MWBK81g+wjBhXkS6koecEjCWb9v3fhtIiivXlRn5dtEpOVPhZXAzKKJMVd/+aXdimkZMAhVE65brJOCNiAJOBRsX2qlmCaF90mUtg5JETHuj6edjfGKcDg5jZUoCnrp/N0Yk0noYBWYyItDTi72J+V+vlUJ45Y24TFJgks4OhanAEONJDLjDFaMghgYIVdz8immPKELBhDV3BXj/aWxScRczWIb6Wcm9KDkP58XyTZZPHh2hY3SKXHSJyugOVVENUTRAL+gVvVnP1rv1YX3ORnNWtnOI5mR9/QL6Fpp9</latexit>

L⌧M = ML⌧

<latexit sha1_base64="hIC0/ZuC4+Fc6O/Z1k9PNwpUnas=">AAACFnicbVDLSgMxFM3UV62vUZe6CBbBVZkRRTdC0Y0boYJ9QDuUTJq2oZnMkNwR69CNX+EnuNUPcCdu3br2R0w7s7CtB8I9OedebnL8SHANjvNt5RYWl5ZX8quFtfWNzS17e6emw1hRVqWhCFXDJ5oJLlkVOAjWiBQjgS9Y3R9cjf36PVOah/IOhhHzAtKTvMspASO17f1WjSnANw9pvcBpTa9tu+iUnAnwPHEzUkQZKm37p9 UJaRwwCVQQrZuuE4GXEAWcCjYqtGLNIkIHpMeahkoSMO0lk1+M8KFROrgbKnMk4In6dyIhgdbDwDedAYG+nvXG4n9eM4buuZdwGcXAJE0XdWOBIcTjSHCHK0ZBDA0hVHHzVkz7RBEKJripLcAHjyOTijubwTypHZfc05Jze1IsX2b55NEeOkBHyEVnqIyuUQVVEUVP6AW9ojfr2Xq3PqzPtDVnZTO7aArW1y/vMJ9K</latexit>

kMxk = kxk
<latexit sha1_base64="AjfCrYoB7gy23fIa020GepnMgqg=">AAACA3icbVDLTgJBEOzFF+IL9ehlIzHBC9k1Gr2YEL14xEQeybIhs8MAE2ZnNjOzBlw4+gle9QO8Ga9+iGd/xAH2IGAlnVSqutPdFUSMKu0431ZmZXVtfSO7mdva3tndy+8f1JSIJSZVLJiQjQApwignVU01I41IEhQGjNSD/u3Erz8SqajgD3oYET9EXU47FCNtJK8pe6I4OL0eDUatfMEpOVPYy8RNSQFSVFr5n2Zb4DgkXGOGlPJcJ9J+gqSmmJFxrhkrEiHcR13iGcpRSJSfTE8e2ydGadsdIU1xbU/VvxMJCpUahoHpDJHuqUVvIv7nebHuXPkJ5VGsCcezRZ2Y2VrYk//tNpUEazY0BGFJza027iGJsDYpzW3RtP80Nqm4ixksk9pZyb0oOffnhfJNmk8WjuAYiuDCJZThDipQBQwCXuAV3qxn6936sD5nrRkrnTmEOVhfv1WQmJw=</latexit>

⇢(x) = |x|

<latexit sha1_base64="FAovtfBf7nXtd4H2FJHuHNQTiRI="></latexit>

9⇢ : R ! C : 8u 2 Rd,Mx(u) = ⇢(x(u))

<latexit sha1_base64="Rw7tHLBA4Fcpao29qQ+U5Eqv0KY=">AAACHnicbVDLTsJAFJ3iC/GFunTTiCYYE9IajW5MiG5cYiKPhBIyHQaYMJ3WmVsDlv6AX+EnuNUPcGfc6tofcQosBDzJTc6cc2/u3OMGnCmwrG8jtbC4tLySXs2srW9sbmW3dyrKDyWhZeJzX9ZcrChngpaBAae1QFLsuZxW3d514lcfqFTMF3cwCGjDwx3B2oxg0FIze+DIrp/vH106QPsQKdYRsX466l5CNOwPj62CHTezOatgjWDOE3tCcmiCUjP747R8EnpUAOFYqbptBdCIsARGOI0zTqhogEkPd2hdU4E9qhrR6JrYPNRKy2z7UpcAc6T+nYiwp9TAc3Wnh6GrZr1E/M+rh9C+aERMBCFQQcaL2iE3wTeTaMwWk5QAH2iCiWT6rybpYokJ6ACntgDrPSap2LMZzJPKScE+K1i3p7ni1SSfNNpD+yiPbHSOiugGlVAZEfSEXtArejOejXfjw/gct6aMycwumoLx9Qs1MKMy</latexit>

⇢(x) = sign(x)
p

|x|+ 0.1 Ref.: Building a Regular Decision Boundary 
with Deep Networks, 2017



The Scattering Transform
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Definition of the  
Scattering Transform

27

Let us fix mother wavelet     and low-pass filter   , smooth, with fast decay.
<latexit sha1_base64="AlY3sfFu53QYzdVFWTjqOL/Zul4=">AAAB/HicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3bo5MHMjVBD/QS3+gHuxK3/4tofcdJWsKIHLhzOuZd77/ETwRVY1oexsrq2vrFZ2Cpu7+zu7ZcODlsqTiVlTRqLWHZ8opjgEWsCB8E6iWQk9AVr++Or3G/fMal4HN3CJGFeSIYRDzglkEu9RPF+qWyZF7WK41awZVpW1XbsnDhV99zFtlZylNECjX7pszeIaRqyCKggSnVtKwEvIxI4FWxa7KWKJYSOyZB1NY1IyJSXzW6d4lOtDHAQS10R4Jn6cyIjoVKT0NedIYGR+u3l4l9eN4Wg5mU8SlJgEZ0vClKBIcb543jAJaMgJpoQKrm+FdMRkYSCjmdpC/Dx/VSn8v06/p+0HNOumPaNW65fLvIpoGN0gs6Qjaqojq5RAzURRSP0iJ7Qs/FgvBivxtu8dcVYzByhJRjvX8XXlic=</latexit>

 
<latexit sha1_base64="jZERqr2HzqmjAIEM5x45IQE/7TI=">AAAB/HicdVDLSsNAFJ34rPVVdelmsAiuQlJDW3dFNy4r2Ae0oUymk2bo5MHMjVBD/QS3+gHuxK3/4tofcdJWsKIHLhzOuZd77/ESwRVY1oexsrq2vrFZ2Cpu7+zu7ZcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreOOr3O/cMal4HN3CJGFuSEYR9zklkEv9JOCDUtkyL+rVilPFlmlZNbti56RSc84dbGslRxkt0ByUPvvDmKYhi4AKolTPthJwMyKBU8GmxX6qWELomIxYT9OIhEy52ezWKT7VyhD7sdQVAZ6pPycyEio1CT3dGRII1G8vF//yein4dTfjUZICi+h8kZ8KDDHOH8dDLhkFMdGEUMn1rZgGRBIKOp6lLcDH91Odyvfr+H/Srph21bRvnHLjcpFPAR2jE3SGbFRDDXSNmqiFKArQI3pCz8aD8WK8Gm/z1hVjMXOElmC8fwG0ZZYc</latexit>

�

Definition: The Scattering path of                        is given by:
<latexit sha1_base64="h3jhw/75U2C2H4foelhlr5AO9NQ="></latexit>

SJ [�1, ...,�n]x

<latexit sha1_base64="xRxZ2Yj5nzfrp0OxAvyYzIGF/A8="></latexit>

SJ [�1, ...,�n]x , ||...|x ?  �1 | ? ...| ?  �n | ? �J
Definition: Scattering Transform of order n:

<latexit sha1_base64="n7TuSa+PfKoEBjCYkIyn16TFEqI="></latexit>

kSn
Jxk2 =

X

�1,...,�k,kn

kSJ [�1, ...,�k]xk2
Its norm si given by:

<latexit sha1_base64="KcXzK2cY+7r4MqK2r9X9ndTL6yU="></latexit>

Sn
Jx , {SJ [�1, ...,�k]x}�1,...,�k,kn

Define a path of length n as
<latexit sha1_base64="ZV98H+MtVBeePIEPGoPZsw8Y8rM="></latexit>

(�1, ...,�n)
where

<latexit sha1_base64="KiN0/wOxuknW6skfh9L8bd2jV5o="></latexit>

� = (✓, 2�j), |�| = 2�j

<latexit sha1_base64="LhoY9jCn6mQLD7V32jfTt2V2aU8=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6kDWUymbRDZ5IwMxFq6MpPcKsf4E7c+iWu/REnbQUreuDC4ZxzuQ8/YVQqy/owCiura+sbxc3S1vbO7l55/6At41Rg0sIxi0XXR5IwGpGWooqRbiII4j4jHX98mfudOyIkjaMbNUmIx9EwoiHFSGnpts90NEADe1CuWOZ5veq4VWiZllWzHTsnTs09c6GtlRwVsEBzUP7sBzFOOYkUZkjKnm0lysuQUBQzMi31U0kShMdoSHqaRogT6WWzhafwRCsBDGOhK1Jwpv7syBCXcsJ9neRIjeRvLxf/8nqpCuteRqMkVSTC80FhyqCKYX49DKggWLGJJggLqneFeIQEwkr/aGmKouP7qf7K9+nwf9J2TLtq2tdupXGx+E8RHIFjcApsUAMNcAWaoAUw4OARPIFn48F4MV6Nt3m0YCx6DsESjPcvJMCX/g==</latexit>

�1

<latexit sha1_base64="f5HM3RBbsQxrQOpyrJ0kWh6POjE=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6kDWUymbRDZ5IwMxFq6MpPcKsf4E7c+iWu/REnbQUreuDC4ZxzuQ8/YVQqy/owCiura+sbxc3S1vbO7l55/6At41Rg0sIxi0XXR5IwGpGWooqRbiII4j4jHX98mfudOyIkjaMbNUmIx9EwoiHFSGnpts90NEADZ1CuWOZ5veq4VWiZllWzHTsnTs09c6GtlRwVsEBzUP7sBzFOOYkUZkjKnm0lysuQUBQzMi31U0kShMdoSHqaRogT6WWzhafwRCsBDGOhK1Jwpv7syBCXcsJ9neRIjeRvLxf/8nqpCuteRqMkVSTC80FhyqCKYX49DKggWLGJJggLqneFeIQEwkr/aGmKouP7qf7K9+nwf9J2TLtq2tdupXGx+E8RHIFjcApsUAMNcAWaoAUw4OARPIFn48F4MV6Nt3m0YCx6DsESjPcvJlWX/w==</latexit>

�2

<latexit sha1_base64="7U4YlChxb3AXByUz+3MasF76ovg=">AAACAHicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3boZCbMTIQauvET3OoHuBO3/olrf8RJW8GKHrhwOOde7r0nTBhV2nE+rJXVtfWNzcJWcXtnd2+/dHDYUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nfviNSUcFv9SQhQYyGnEYUI22kTk/EZIj6br9UduyLWsXzK9CxHafqem5OvKp/7kPXKDnKYIFGv/TZGwicxoRrzJBSXddJdJAhqSlmZFrspYokCI/RkHQN5SgmKshm907hqVEGMBLSFNdwpv6cyFCs1CQOTWeM9Ej99nLxL6+b6qgWZJQnqSYczxdFKYNawPx5OKCSYM0mhiAsqbkV4hGSCGsT0dIWTcf3U5PK9+vwf9LybLdiuzd+uX65yKcAjsEJOAMuqII6uAYN0AQYMPAInsCz9WC9WK/W27x1xVrMHIElWO9fcY+XnA==</latexit>!1

<latexit sha1_base64="iERt0Stp+rUmI7bYTwm2oY3kaLY=">AAACAHicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3boZCbMTIQauvET3OoHuBO3/olrf8RJW8GKHrhwOOde7r0nTBhV2nE+rJXVtfWNzcJWcXtnd2+/dHDYUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nfviNSUcFv9SQhQYyGnEYUI22kTk/EZIj6Xr9UduyLWsXzK9CxHafqem5OvKp/7kPXKDnKYIFGv/TZGwicxoRrzJBSXddJdJAhqSlmZFrspYokCI/RkHQN5SgmKshm907hqVEGMBLSFNdwpv6cyFCs1CQOTWeM9Ej99nLxL6+b6qgWZJQnqSYczxdFKYNawPx5OKCSYM0mhiAsqbkV4hGSCGsT0dIWTcf3U5PK9+vwf9LybLdiuzd+uX65yKcAjsEJOAMuqII6uAYN0AQYMPAInsCz9WC9WK/W27x1xVrMHIElWO9fcySXnQ==</latexit>!2

We will also write the Scattering Transform as:
<latexit sha1_base64="tzAkcfQZfNFdIJRN6EDaHpL8kFY=">AAACHHicbVA9SwNBEN3zM8avqKXNYhCswp2IWgZtxCqiUSEXj73NJC7Z27vszknikd5f4U+w1R9gJ7aCtX/ETUyhiQ8G3r43w+y8MJHCoOt+OlPTM7Nz87mF/OLS8spqYW390sSp5lDlsYz1dcgMSKGgigIlXCcaWBRKuArbxwP/6g60EbG6wF4C9Yi1lGgKztBKQWHrPDjt+qgFUy0JHT+z7xvV9ftBpvwWdKjbDwpFt+QOQSeJNyJFMkIlKHz5jZinESjkkhlT89wE6xnTKLiEft5PDSSMt1kLapYqFoGpZ8Nb+nTbKg3ajLUthXSo/p7IWGRMLwptZ8Tw1ox7A/E/r5Zi87CeCZWkCIr/LGqmkmJMB8HQhtDAUfYsYVwL+1fKb5lmHG18f7agaN8PUvHGM5gkl7slb7/kne0Vy0ejfHJkk2yRHeKRA1ImJ6RCqoSTB/JEnsmL8+i8Om/O+0/rlDOa2SB/4Hx8A1hTos8=</latexit>

SJx , {Sn
Jx}n�0



The Scattering Transform
• Main principle: cascade wavelets AND modulus non-linearity. 

Depth: "order" (in practice order 2) ; J: "Scale"

28

x

<latexit sha1_base64="wYl64QIyghs+B3ZJm208sXneOfk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdVl047KCfUAbwmQ6aYdOJmHmRqxpv8BPcKsf4E7c+hWu/RGnbRa29cCFwzn3ci4nSATX4Djf1srq2vrGZmGruL2zu1ey9w8aOk4VZXUai1i1AqKZ4JLVgYNgrUQxEgWCNYPBzcRvPjCleSzvYZgwLyI9yUNOCRjJt0ujx44GonAn0dx3R75ddirOFHiZuDkpoxw13/7pdGOaRkwCFUTrtusk4GVEAaeCjYudVLOE0AHpsbahkkRMe9n08TE+MUoXh7EyIwFP1b8XGYm0HkaB2YwI9PWiNxH/89ophFdexmWSApN0FhSmAkOMJy3gLleMghgaQqji5ldM+0QRCqaruRTgg6exacVd7GCZNM4q7kXFvTsvV6/zfgroCB2jU+SiS1RFt6iG6oiiFL2gV/RmPVvv1of1OVtdsfKbQzQH6+sXRL+aug==</latexit>

|x ?  1| <latexit sha1_base64="GZs3jLem5d6szXLsuEk20tQTeyg=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuiG3FVwT6gCWEynbRDJw9mbsSa9gv8BLf6Ae7ErV/h2h9x2mZhWw9cOJxzL+dy/ERwBZb1bRRWVtfWN4qbpa3tnd2yubffVHEqKWvQWMSy7RPFBI9YAzgI1k4kI6EvWMsfXE/81gOTisfRPQwT5oakF/GAUwJa8szy6NFRQCR2EsW925FnVqyqNQVeJnZOKihH3TN/nG5M05BFQAVRqmNbCbgZkcCpYOOSkyqWEDogPdbRNCIhU242fXyMj7XSxUEs9USAp+rfi4yESg1DX2+GBPpq0ZuI/3mdFIJLN+NRkgKL6CwoSAWGGE9awF0uGQUx1IRQyfWvmPaJJBR0V3MpwAdPY92KvdjBMmmeVu3zqn13Vqld5f0U0SE6QifIRheohm5QHTUQRSl6Qa/ozXg23o0P43O2WjDymwM0B+PrF2xlmtM=</latexit>

|x ?  J |
…

<latexit sha1_base64="o3q2v8EBW+IH/OhhHqCOJCt2C90=">AAACF3icbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLoxmUF+4AmhMl00g6dPJi5EWvalV/hJ7jVD3Anbl269kectlnY1gMXzpxzL3fu8RPBFVjWt1FYWl5ZXSuulzY2t7Z3zN29hopTSVmdxiKWLZ8oJnjE6sBBsFYiGQl9wZp+/3rsN++ZVDyO7mCQMDck3YgHnBLQkmceDocPjgIisZMo7tnDmYdnlq2KNQFeJHZOyihHzTN/nE5M05BFQAVRqm1bCbgZkcCpYKOSkyqWENonXdbWNCIhU242OWOEj7XSwUEsdUWAJ+rfiYyESg1CX3eGBHpq3huL/3ntFIJLN+NRkgKL6HRRkAoMMR5ngjtcMgpioAmhkuu/YtojklDQyc1sAd5/HOlU7PkMFknjtGKfV+zbs3L1Ks+niA7QETpBNrpAVXSDaqiOKHpCL+gVvRnPxrvxYXxOWwtGPrOPZmB8/QJQ3qCs</latexit>

||x ?  1| ?  1|
<latexit sha1_base64="mDyQfeOmljYUuSztMAKctZTGxRs=">AAACF3icbVC7SgNBFJ2Nrxhfq5YiDAbBKuyKqGXQRqwimAdklzA7mSRDZh/M3BXjbiq/wk+w1Q+wE1tLa3/ESbJFHh64cOace7lzjxcJrsCyfozc0vLK6lp+vbCxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+tcjv/7ApOJhcA+DiLk+6Qa8wykBLbXMwzR9dBQQiZ1I8ZadTj1u05ZZtErWGHiR2BkpogyVlvnrtEMa+ywAKohSTduKwE2IBE4FGxacWLGI0D7psqamAfGZcpPxGUN8rJU27oRSVwB4rE5PJMRXauB7utMn0FPz3kj8z2vG0Ll0Ex5EMbCAThZ1YoEhxKNMcJtLRkEMNCFUcv1XTHtEEgo6uZktwPtPQ52KPZ/BIqmdluzzkn13VixfZfnk0QE6QifIRheojG5QBVURRc/oFb2hd+PF+DA+ja9Ja87IZvbRDIzvP3iEoMU=</latexit>

||x ?  1| ?  J |

…

<latexit sha1_base64="WFsn+astI/nR+7tehae+oVHlWtA=">AAACF3icbVC7SgNBFJ2Nrxhfq5YiDAbBKuyKqGXQRqwimAdklzA7mSRDZh/M3BXjbiq/wk+w1Q+wE1tLa3/ESbJFHh64cOace7lzjxcJrsCyfozc0vLK6lp+vbCxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+tcjv/7ApOJhcA+DiLk+6Qa8wykBLbXMwzR9dBQQiZ1I8dZtOvWw05ZZtErWGHiR2BkpogyVlvnrtEMa+ywAKohSTduKwE2IBE4FGxacWLGI0D7psqamAfGZcpPxGUN8rJU27oRSVwB4rE5PJMRXauB7utMn0FPz3kj8z2vG0Ll0Ex5EMbCAThZ1YoEhxKNMcJtLRkEMNCFUcv1XTHtEEgo6uZktwPtPQ52KPZ/BIqmdluzzkn13VixfZfnk0QE6QifIRheojG5QBVURRc/oFb2hd+PF+DA+ja9Ja87IZvbRDIzvP3nJoMU=</latexit>

||x ?  J | ?  1|
<latexit sha1_base64="ix/yMBOYYthGj2ZZYXnGoxvsvwo=">AAACF3icbVDLSsNAFJ34rPUVdSnCYBFclUREXRbdiKsK9gFNCJPppB06eTBzI9a0K7/CT3CrH+BO3Lp07Y84bbOwrQcunDnnXu7c4yeCK7Csb2NhcWl5ZbWwVlzf2NzaNnd26ypOJWU1GotYNn2imOARqwEHwZqJZCT0BWv4vauR37hnUvE4uoN+wtyQdCIecEpAS555MBg8OAqIxE6iuHczmHp4ZskqW2PgeWLnpIRyVD3zx2nHNA1ZBFQQpVq2lYCbEQmcCjYsOqliCaE90mEtTSMSMuVm4zOG+EgrbRzEUlcEeKz+nchIqFQ/9HVnSKCrZr2R+J/XSiG4cDMeJSmwiE4WBanAEONRJrjNJaMg+poQKrn+K6ZdIgkFndzUFuC9x6FOxZ7NYJ7UT8r2Wdm+PS1VLvN8CmgfHaJjZKNzVEHXqIpqiKIn9IJe0ZvxbLwbH8bnpHXByGf20BSMr1+hb6De</latexit>

||x ?  J | ?  J |

… …

<latexit sha1_base64="2Db8o3GQTydtvMBxIFKR63k/nBk="></latexit>

SJx = {x ? �J ,
|x ?  1| ? �J , ..., |x ?  J | ? �J ,
||x ?  1| ?  1| ? �J , ..., ||x ?  J | ?  J || ? �J , ...}

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
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Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat 
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Properties of the Scattering 
Transform:

30

• A non-linear representation which depends on an invariance 
parameter J and n wavelet transforms. 

• As it cascades unitary operators, Scattering is stable: 

• Thanks to wavelets, it linearizes small deformations: 

• Thanks to low-pass filter, it is invariant to local translation:

<latexit sha1_base64="wIB4Odvb+AuwHJp8ajBlTyqOiOA=">AAACJXicbZDLSgMxFIYzXmu9VV26CRZBkJYZEXVZdCOuKtoLtLVk0lMNzWTG5Iy0lj6ET+EjuNUHcCeCKxe+iOm0C60eCPn5/nM4ye9HUhh03Q9nanpmdm4+tZBeXFpeWc2srZdNGGsOJR7KUFd9ZkAKBSUUKKEaaWCBL6Hid06GfuUOtBGhusReBI2AXSvRFpyhRc3Mbr0MGulF8+xKdXPJ1UtQXcItHZnd3Ag1M1k37yZF/wpvLLJkXMVm5qveCnkcgEIumTE1z42w0WcaBZcwSNdjAxHjHXYNNSsVC8A0+smnBnTbkhZth9oehTShPyf6LDCmF/i2M2B4Yya9IfzPq8XYPmr0hYpiBMVHi9qxpBjSYUK0JTRwlD0rGNfCvpXyG6YZR5vjry0oOvcDm4o3mcFfUd7Lewd573w/Wzge55Mim2SL7BCPHJICOSVFUiKcPJAn8kxenEfn1Xlz3ketU854ZoP8KufzGxS6pbI=</latexit>

kSn
Jx� Sn

J yk  kx� yk

<latexit sha1_base64="Udg5+oz9QVnpQT2Iee/N6UAkBG4="></latexit>

kSn
Jx� Sn

JL⌧xk  Cnkr⌧kkxk

<latexit sha1_base64="AKa5IcSZ1JjAObdjpacE7zqbYwk="></latexit>

kak ⌧ 2J ) Sn
JLax ⇡ Sn

Jx



Non-expansivity?

• NNs are super sensitive to input noise 

• Indeed, the NN is at most                   -Lipschitz

31

inf
�(x) 6=�(x+✏)

k✏k
<latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit>

Or even for every class, there are 
 algorithms with parameters         s.t.:

Ref.: Universal adversarial perturbations, 
Moosavi et al.

k�k  ✏
<latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit>

P
✓
�(X + �) 6= �(X)

◆
� 1� 

<latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit>{
<latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit>

(✏,)
<latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit>

Ref.: Lipschitz Regularity of deep neural 
networks, Scaman and Virmaux

<latexit sha1_base64="m32vCH+kqLvmns2BCixEG4U5owk="></latexit>

kW1k...kWJk



Feature map

• Several features map

Ref.: Xxxx, Machin et al.

Ex.: 

3232

x ? �
<lat

exit
 sha

1_ba
se64

="oP
27VG

R2X2
TA/4

MKMQ
73CW

5eNz
I=">

AAAB
8Xic

bZC7
SgNB

FIbP
xluM

t6il
FoNB

sAq7
FmoZ

tLFM
wDXC

7hJm
J7PJ

kNkL
M2fF

sOQx
bCxU

bH0B
n8PO

zkdx
cik0

8YeB
j/8/

hznn
hJkU

Gm37
yyot

La+s
rpXX

Kxub
W9s7

1d29
W53m

inGX
pTJV

dyHV
XIqE

uyhQ
8rtM

cRqH
krfD

wdU4
b99z

pUWa
3OAw

40FM
e4mI

BKNo
LO/B

10gV
8bO+

6FRr
dt2e

iCyC
M4Na

4/Cj
9Q0A

zU71
0++m

LI95
gkxS

rT3H
zjAo

qELB
JB9V

/Fzz
jLIB

7XHP
YEJj

roNi
MvKI

HBun
S6JU

mZcg
mbi/

Owoa
az2M

Q1MZ
U+zr

+Wxs
/pd5

OUYX
QSGS

LEee
sOlH

US4J
pmS8

P+kK
xRnK

oQHK
lDCz

Etan
ijI0

V6qY
Izjz

Ky+C
e1o/

q9st
p9a4

hKnK
cABH

cAIO
nEMD

rqEJ
LjBI

4RGe
4cVC

68l6
td6m

pSVr
1rMP

f2S9
/wCv

vJNF
</la

texi
t>

<lat
exit

 sha
1_ba

se64
="B6

t5L4
P5Wm

CHNz
oLV7

UGUq
h4NK

s=">
AAAB

8Xic
bZDL

SsNA
FIYn

9Vbr
repS

kcEi
uCqJ

C3VZ
dOOy

BWML
SSiT

6aQd
OpmE

mROx
hC59

BDcu
VNz6

An0O
dz6D

L+H0
stDW

HwY+
/v8c

5pwT
poJr

sO0v
q7C0

vLK6
Vlwv

bWxu
be+U

d/fu
dJIp

ylya
iES1

QqKZ
4JK5

wEGw
VqoY

iUPB
mmH/

epw3
75nS

PJG3
MEhZ

EJOu
5BGn

BIzl
Pfga

iMJ+
2uPt

csWu
2hPh

RXBm
UKkd

jhrf
j0ej

erv8
6XcS

msVM
AhVE

a8+x
Uwhy

ooBT
wYYl

P9Ms
JbRP

uswz
KEnM

dJBP
Rh7i

E+N0
cJQo

8yTg
ifu7

Iyex
1oM4

NJUx
gZ6e

z8bm
f5mX

QXQZ
5Fym

GTBJ
px9F

mcCQ
4PH+

uMMV
oyAG

BghV
3MyK

aY8o
QsFc

qWSO
4Myv

vAju
WfW8

ajec
Su0K

TVVE
B+gY

nSIH
XaAa

ukF1
5CKK

EvSE
XtCr

Bdaz
9Wa9

T0sL
1qxn

H/2R
9fED

jJuU
qw==

</la
texi

t>

x
<latexit sha1_base64="vBWJA9LY6QPbamOLKKoS3HETMkM=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3FmojBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHp37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclxx6m65egFTFWEP9uEQXDiBKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3v8yOlg==</latexit><latexit sha1_base64="A9ccdmxJ8Bhrzemvz5zk/mcv4S8=">AAAB53icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaWCbgmkIQwOzmbjJm9MDMrhiVPYGOhYis+jL2N+DZOLoUm/jDw8f/nMOccPxFcacf5tnILi0vLK/lVe219Y3OrsL1zo+JUMvRYLGJZ96lCwSP0NNcC64lEGvoCa37/cpTX7lAqHkfXepBgK6TdiAecUW2s6n27UHRKzlhkHtwpFM8/7LPk/cuutAufzU7M0hAjzQRVquE6iW5lVGrOBA7tZqowoaxPu9gwGNEQVSsbDzokB8bpkCCW5kWajN3fHRkNlRqEvqkMqe6p2Wxk/pc1Uh2ctjIeJanGiE0+ClJBdExGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7u/I8eEel45JTdYvlC5goD3uwD4fgwgmU4Qoq4AEDhAd4gmfr1nq0XqzXSWnOmvbswh9Zbz+v55AK</latexit>

1st order 
 coefficients

Example of Scattering coefficients
|x
?
 | ?

�

<latexit sha1_base64="UKn0LYwiDnxBHx5LbGPech2pnps=">AAAB/3icbZDLSsNAFIZPvNZ6i7pw4WZoEQShJC7UZdGNywrGFppQJtNJO3QyCTMTsaTd+CSCGxcqbn0Nd76N04ugrT8MfPznHM6cP0w5U9pxvqyFxaXlldXCWnF9Y3Nr297ZvVVJJgn1SMIT2QixopwJ6mmmOW2kkuI45LQe9i5H9fodlYol4kb3UxrEuCNYxAjWxmrZ+4N7X2kskZ8qNvjBLmvZZafijIXmwZ1CuVryjx8BoNayP/12QrKYCk04VqrpOqkOciw1I5wOi36maIpJD3do06DAMVVBPj5giA6N00ZRIs0TGo3d3xM5jpXqx6HpjLHuqtnayPyv1sx0dB7kTKSZpoJMFkUZRzpBozRQm0lKNO8bwEQy81dEulhiok1mRROCO3vyPHgnldOKc+2WqxcwUQEOoARH4MIZVOEKauABgSE8wQu8Wg/Ws/VmvU9aF6zpzB78kfXxDYhUmAg=</latexit>

<latexit sha1_base64="DAbp+PLfwEoNH5yLdJzXJ4CKPkE=">AAAB/3icbZDLSsNAFIYn9VbrLerChZuhRRCEkrhQl0E3LisYW2hCmUwn7dDJhZkTMbTd+Ay+gRsXKm59DXd9G6cXQVt/GPj4zzmcOX+QCq7AskZGYWl5ZXWtuF7a2Nza3jF39+5UkknKXJqIRDYCopjgMXOBg2CNVDISBYLVg97VuF6/Z1LxJL6FPGV+RDoxDzkloK2WeTB48BQQib1U8cEPdnnLrFhVayK8CPYMKk7ZO3kaOXmtZX557YRmEYuBCqJU07ZS8PtEAqeCDUteplhKaI90WFNjTCKm/P7kgCE+0k4bh4nULwY8cX9P9EmkVB4FujMi0FXztbH5X62ZQXjh93mcZsBiOl0UZgJDgsdp4DaXjILINRAquf4rpl0iCQWdWUmHYM+fvAjuafWsat3YFecSTVVEh6iMjpGNzpGDrlENuYiiIXpGr+jNeDRejHfjY9paMGYz++iPjM9vkDiZjg==</latexit>



Scaling scattering on GPUs 33

Modulus

Lowpass
1st wavelet
2nd wavelet

Naive algorithm

Efficient algorithm

Save a lot of memory! 
x100 speed-up on GPU

Ref.: Thesis, EO



Scattering Transform 
Theory

34



Definition & non-
expansivity

35



Scattering Transform 
defined via Integral Operators

36

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

Coefficients of the scattering transform are given by:

…
<latexit sha1_base64="hgEQDZOuH6mqyhe1Q1CRATKJduA="></latexit>

SJ [�1,�2]

<latexit sha1_base64="7XGeczwdyCDPQIvEZ5kzUWcUjTA=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQhL7yq7oRlxVtA9IY5hMJu3QyYOZiVBL936CW/0Ad+LW33Dtjzh9CFb0wMDhnHO5d46fMiqkYXxoS8srq2vruY385tb2zm5hb78lkoxj0sQJS3jHR4IwGpOmpJKRTsoJinxG2v7gfOK37wgXNIlv5DAlboR6MQ0pRlJJt9fepdNlKh4gz3S9QtHQrYpplyxo6OWqfVqxFbGrRs2yoKkbUxTBHA2v8NkNEpxFJJaYISEc00ilO0JcUszION/NBEkRHqAecRSNUUSEO5pePYbHSglgmHD1Ygmn6s+JEYqEGEa+SkZI9sVvbyL+5TmZDGvuiMZpJkmMZ4vCjEGZwEkFMKCcYMmGiiDMqboV4j7iCEtV1MIWSQf3Y9XK99fh/6Rl6WZZN65KxfrZvJ8cOARH4ASYoArq4AI0QBNgwMEjeALP2oP2or1qb7PokjafOQAL0N6/AMckmfs=</latexit>

SJ [�1]

<latexit sha1_base64="tb8lecXzhYEYpp+bZwP54vtLC/k=">AAACBnicdVDLSgNBEJz1Gd9Rj14Gg+Bp2V3zMDfRi3iKaBIhWcPspJMMmX0w0yvEkLuf4FU/wJt49Tc8+yNOYgQVLWgoqrrp7goSKTQ6zps1Mzs3v7CYWVpeWV1b38hubtV0nCoOVR7LWF0FTIMUEVRRoISrRAELAwn1oH8y9us3oLSIo0scJOCHrBuJjuAMjXR90TprNCFMcKAB/VY259he0S3nPerYhVL5oFg2pFxyDj2Pur YzQY5MUWll35vtmKchRMgl07rhOgn6Q6ZQcAmj5WaqIWG8z7rQMDRiIWh/OLl6RPeM0qadWJmKkE7U7xNDFmo9CAPTGTLs6d/eWPzLa6TYOfSHIkpShIh/LuqkkmJMxxHQtlDAUQ4MYVwJcyvlPaYYRxPUjy0o+rcjk8rX6/R/UvNst2A75/nc0fE0nwzZIbtkn7ikRI7IKamQKuFEkXvyQB6tO+vJerZePltnrOnMNvkB6/UDouaahQ==</latexit>

SJ [;]

<latexit sha1_base64="BKHA3EL6A55HugVjUdX8aZjIiYU="></latexit>

Sn
Jx = {[�1,...,�j2⇤,jnSJ [�1, ...,�j ]}

Scattering of order n:

<latexit sha1_base64="xl0QhBkLl8ahuFZxjBIoXFyWqZo=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4xcYEENmR2mIUJs4/M9BqR4Cd41Q/wZrz6L579EWdhDwJW0kmlqjvdXX4ihUbb/rYKK6tr6xvFzdLW9s7uXnn/oKHjVDHusljGquVTzaWIuIsCJW8litPQl7zpD28yv/nAlRZxdI+jhHsh7UciEIxiJrld57FbrthVewqyTJycVCBHvVv+6fRiloY8Qiap1m3HTtAbU4WCST4pdVLNE8qGtM/bhkY05NobT2+dkBOj9EgQK1MRkqn6d2JMQ61HoW86Q4oDvehl4n9eO8XgyhuLKEmRR2y2KEglwZhkj5OeUJyhHBlCmRLmVsIGVFGGJp65LSiGTxOTirOYwTJpnFWdi6p9d16pXef5FOEIjuEUHLiEGtxCHVxgMIAXeIU369l6tz6sz1lrwcpnDmEO1tcv6ZGVmA==</latexit>

U1x

<latexit sha1_base64="O3jKdR4lmfOxQDPM4y2l0L7/sbA=">AAAB/HicbVBNT8JAEJ36ifiFevTSSEw8kZZo9Ej04hETCyTQkO2ywIbtttmdGrHBn+BVf4A349X/4tk/4hZ6EPAlk7y8N5OZeUEsuEbH+bZWVtfWNzYLW8Xtnd29/dLBYUNHiaLMo5GIVCsgmgkumYccBWvFipEwEKwZjG4yv/nAlOaRvMdxzPyQDCTvc0owk7xu9bFbKjsVZwp7mbg5KUOOerf00+lFNAmZRCqI1m3XidFPiUJOBZsUO4lmMaEjMmBtQyUJmfbT6a0T+9QoPbsfKVMS7an6dyIlodbjMDCdIcGhXvQy8T+vnWD/yk+5jBNkks4W9RNhY2Rnj9s9rhhFMTaEUMXNrTYdEkUomnjmtiAfPU1MKu5iBsukUa24FxXn7rxcu87zKcAxnMAZuHAJNbiFOnhAYQgv8Apv1rP1bn1Yn7PWFSufOYI5WF+/6yeVmQ==</latexit>

U2x

<latexit sha1_base64="87poiD9JHlttrADDjc5o0pF3HiU=">AAACCnicbVDLTsJAFJ36RHxVXbqZSExckdZodEl04xITCyRAmukwhQnTaZ25JWDDH/gJbvUD3Bm3/oRrf8QBuhDwJDc5OefenJsTJIJrcJxva2V1bX1js7BV3N7Z3du3Dw5rOk4VZR6NRawaAdFMcMk84CBYI1GMRIFg9aB/O/HrA6Y0j+UDjBLWjkhX8pBTAkbybdvznWELFCeyK9gjHvp2ySk7U+Bl4uakhHJUffun1YlpGjEJVBCtm66TQDsjCjgVbFxspZolhPZJlzUNlSRiup1NPx/jU6N0cBgrMxLwVP17kZFI61EUmM2IQE8vehPxP6+ZQnjdzrhMUmCSzoLCVGCI8aQG3OGKURAjQwhV3PyKaY8oQsGUNZcCvP80Nq24ix0sk9p52b0sO/cXpcpN3k8BHaMTdIZcdIUq6A5VkYcoGqAX9IrerGfr3fqwPmerK1Z+c4TmYH39AsXImvs=</latexit>

U0x , x
<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="tCcMreBzTBoXWG8BI/hmjb8Qx2o=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgqiSi6EaoupGuKtgHNCFMppN26OTBzI20lv6Cn+BWP8CduPUfXPsjTtssbOuBC4dz7uVcjp8IrsCyvo3cyura+kZ+s7C1vbO7Z+4XGypOJWV1GotYtnyimOARqwMHwVqJZCT0BWv6/duJ33xkUvE4eoBhwtyQdCMecEpAS55ZvPaqg6uBo4BI7CQ97lU9s2SVrSnwMrEzUkIZap7543RimoYsAiqIUm3bSsAdEQmcCjYuOKliCaF90mVtTSMSMuWOpr+P8bFWOjiIpZ4I8FT9ezEioVLD0NebIYGeWvQm4n9eO4Xg0h3xKEmBRXQWFKQCQ4wnReAOl4yCGGpCqOT6V0x7RBIKuq65FOD9p7FuxV7sYJk0Tsv2edm6PytVbrJ+8ugQHaETZKMLVEF3qIbqiKIBekGv6M14Nt6ND+NztpozspsDNAfj6xfeiJuL</latexit>

AJx = x ? �J

<latexit sha1_base64="Bb3vacQUtUo7KR9l6zngY7zs/1I=">AAACLXicbVDLSgMxFM34tr5GXboJFsFVmfGBbgTRjYgLBfuApgyZNK2hmcyQ3BHrMB/iV/gJbvUDXAjixoW/YfpAbPVA4HDOPdybEyZSGPC8N2dicmp6ZnZuvrCwuLS84q6uVUycasbLLJaxroXUcCkUL4MAyWuJ5jQKJa+GndOeX73l2ohYXUM34Y2ItpVoCUbBSoG7WwnO745IdkcMUE0SI4KMSJtv0pzkPxwToTC5GOiBW/RKXh/4L/GHpIiGuAzcT9KMWRpxBUxSY+q+l0AjoxoEkzwvkNTwhLIObfO6pYpG3DSy/udyvGWVJm7F2j4FuK/+TmQ0MqYbhXYyonBjxr2e+J9XT6F12MiESlLgig0WtVKJIca9pnBTaM5Adi2hTAt7K2Y3VFMGts+RLSA6971W/PEO/pLKTsnfL3lXe8Xjk2E/c2gDbaJt5KMDdIzO0CUqI4Ye0BN6Ri/Oo/PqvDsfg9EJZ5hZRyNwvr4BY+aqFA==</latexit>

VJx = {x ?  �}�2⇤

<latexit sha1_base64="UNkHqgmjMBIY7U5FU3C2nIfjl+U=">AAACDXicbZDLSsNAFIYn9VbrLdqlm8EiuCqJKLoRqm7EVQV7gTaEyXTSDp1cmDkRY+gz+Ahu9QHciVufwbUv4rTNwrYemOHj/8/hHH4vFlyBZX0bhaXlldW14nppY3Nre8fc3WuqKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2vx37rgUnFo/Ae0pg5AemH3OeUgJZcs9xybx8vmvrDXZrE+FKTa1asqjUpvAh2DhWUV901f7q9iCYBC4EKolTHtmJwMiKBU8FGpW6iWEzokPRZR2NIAqacbHL8CB9qpYf9SOoXAp6ofycyEiiVBp7uDAgM1Lw3Fv/zOgn4507GwzgBFtLpIj8RGCI8TgL3uGQURKqBUMn1rZgOiCQUdF4zW4APn0Y6FXs+g0VoHlft06p1d1KpXeX5FNE+OkBHyEZnqIZuUB01EEUpekGv6M14Nt6ND+Nz2low8pkyminj6xfSUZt0</latexit>

WJx = VJx [AJx

and

s.t.:

Here:
SJ [λ1, ...,λn]x = ||...|x " ψλ1 | " ...| " ψλn | " φJ

= AJUn[λ1, ...,λn]x



Non-expansivity of 
Scattering Transform

• Proposition: Given                                  we 
have, if              : 
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<latexit sha1_base64="ZdiPrlW2k+lmvVJWcI3zaedSruE="></latexit>

x 2 L2(Rd), y 2 L2(Rd)

<latexit sha1_base64="LhKZQL8Q3kBMBngkJyqpP42kZzQ="></latexit>

kSJx� SJyk  kx� yk

<latexit sha1_base64="sVJSLUH1QgLr/DVE2grMGELARqU=">AAACDnicdVDLSgNBEJz1bXytj5uXwSB4CrsbTfQW9CKeIphEyIYwO+nokNmHM71CDPkHP8GrfoA38eovePZHnE0iqGhBQ1HVTXdXkEih0XHeranpmdm5+YXF3NLyyuqavb5R13GqONR4LGN1GTANUkRQQ4ESLhMFLAwkNILeSeY3bkFpEUcX2E+gFbKrSHQFZ2iktr3l10EhbbTPRsSXcEPdtp13CkeHJe/Ao07BccpesZQRr7zvFalrlAx5MkG1bX/4nZinIUTIJdO66ToJtgZMoeAShjk/1ZAw3mNX0DQ0YiHo1mB0/ZDuGqVDu7EyFSEdqd8nBizUuh8GpjNkeK1/e5n4l9dMsXvYGogoSREiPl7UTSXFmGZR0I5QwFH2DWFcCXMr5ddMMY4msB9bUPTuhiaVr9fp/6TuFdxSwT3fz1eOJ/kskG2yQ/aIS8qkQk5JldQIJ3fkgTySJ+veerZerNdx65Q1mdkkP2C9fQJZK5xb</latexit>

kWJk  1

Lemma:  for                      : 
<latexit sha1_base64="0bf2ej85jQD3EF+U+npHgyLK7As=">AAACIHicbZDLTgIxFIY7eEO8oS7dNBKNG8iMMeqS6MYlJnJJgJBOOUBD52J7xjACb+BT+Ahu9QHcGZe69UUsl4WAf9Lk63/OyWl/N5RCo21/WYml5ZXVteR6amNza3snvbtX0kGkOBR5IANVcZkGKXwookAJlVAB81wJZbd7PaqXH0BpEfh3GIdQ91jbFy3BGRqrkT6ulUAhHfQG2UE8mFxqEu7pBHvZeAyNdMbO2WPRRXCmkCFTFRrpn1oz4JEHPnLJtK46doj1PlMouIRhqhZpCBnvsjZUDfrMA13vj/8zpEfGadJWoMzxkY7dvxN95mkde67p9Bh29HxtZP5Xq0bYuqz3hR9GCD6fLGpFkmJAR+HQplDAUcYGGFfCvJXyDlOMo4lwZguK7uPQpOLMZ7AIpdOcc55zbs8y+atpPklyQA7JCXHIBcmTG1IgRcLJE3khr+TNerberQ/rc9KasKYz+2RG1vcvvgKkAA==</latexit>

k|x|� |y|k  kx� yk

<latexit sha1_base64="wSZrrceTSMKyJcxGBLXLIe2uCMc=">AAACEnicbVDLSsNAFJ3UV62vqhvBzWARKkhJiqjLohsXLqrYB/TFZDJph04mYWYixhC/wk9wqx/gTtz6A679EadtFrb1wIXDOfdy7z12wKhUpvltZBYWl5ZXsqu5tfWNza389k5d+qHApIZ95oumjSRhlJOaooqRZiAI8mxGGvbwcuQ37omQ1Od3KgpIx0N9Tl2KkdJSL7/3cBy1KYfX3XKx7SE1sO34Nuk6R718wSyZY8B5YqWkAFJUe/mftuPj0CNcYYakbFlmoDoxEopiRpJcO5QkQHiI+qSlKUcekZ14/EECD7XiQNcXuriCY/XvRIw8KSPP1p2jI+WsNxL/81qhcs87MeVBqAjHk0VuyKDy4SgO6FBBsGKRJggLqm+FeIAEwkqHNrVF0eFjolOxZjOYJ/VyyTotWTcnhcpFmk8W7IMDUAQWOAMVcAWqoAYweAIv4BW8Gc/Gu/FhfE5aM0Y6swumYHz9At6inak=</latexit>

x, y 2 L2(Rd)
Proof:

Remark: implies boundedness



Stability to deformations

38



Main theorem statement
39

• Theorem (Adapted from Mallat, 2012): If       are regular 
enough,             and if                    , there exists C such that 
for any J, if              , then:  

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU="></latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="yxlqrG1WXm01NfrGbQXSko8jJJw=">AAACDnicdVDJTgJBEO1xRdxwuXnpSEw8kRkkgDeiF+MJE1kSIKSnKaBDz2J3jQkQ/sFP8Kof4M149Rc8+yP2ACZi9CWVvLxXlap6biiFRtv+sJaWV1bX1hMbyc2t7Z3d1N5+VQeR4lDhgQxU3WUapPChggIl1EMFzHMl1NzBZezX7kFpEfi3OAyh5bGeL7qCMzRSO3XYrIJCWmtfT0lTwh112qm0nTkv5rO5PLUztl1wsk5MsoXcWY46RomRJnOU26nPZifgkQc+csm0bjh2iK0xUyi4hEmyGWkIGR+wHjQM9ZkHujWeXj+hJ0bp0G6gTPlIp+rPiTHztB56run0GPb1by8W//IaEXaLrbHwwwjB57NF3UhSDGgcBe0IBRzl0BDGlTC3Ut5ninE0gS1sQTEYTUwq36/T/0k1m3HyGecmly5dzPNJkCNyTE6JQwqkRK5ImVQIJyPySJ7Is/VgvViv1tusdcmazxyQBVjvX1YvnFk=</latexit>

kWJk  1

<latexit sha1_base64="N6AeukwUfmHeJOqGo4KIIjU14bE="></latexit>

WJx = {x ?  j,✓, x ? �J}✓,jJRecall that:

In other words, the Scattering Transform is stable to small deformations.
Typical applications: n=2, J=3



Sketch of the proof.

• First, we note that: 

• Next, we will bound each Scattering "paths" 

• Finally, we will bound each operators: 

• In conclusion:
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<latexit sha1_base64="otju9SFuTTC1az0qPwdrN4PpPN4=">AAACA3icdVDLSsNAFJ34rPVVdelmsAguNCRpbetCaOPGZQX7gDSUyXTaDp08mJkINXTpJ7jVD3Anbv0Q1/6Ik7aCFT1w4XDOvdx7jxcxKqRhfGhLyyura+uZjezm1vbObm5vvynCmGPSwCELedtDgjAakIakkpF2xAnyPUZa3ugq9Vt3hAsaBrdyHBHXR4OA9ilGUkmOUzu13cuafWbXurm8oV9USta5BQ3dMMpWoZQSq1y0CtBUSoo8mKPezX12eiGOfRJIzJAQjmlE0k0QlxQzMsl2YkEihEdoQBxFA+QT4SbTkyfwWCk92A+5qkDCqfpzIkG+EGPfU50+kkPx20vFvzwnlv2Km9AgiiUJ8GxRP2ZQhjD9H/YoJ1iysSIIc6puhXiIOMJSpbSwRdLR/USl8v06/J80Ld0s6eZNMV+15/lkwCE4AifABGVQBdegDhoAgxA8gifwrD1oL9qr9jZrXdLmMwdgAdr7F7fFl54=</latexit>

[A,B] = AB �BA

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU=">AAAClnicdZFdb9MwFIadjI8xvsq4QeLGokIqQnRJOtpxgyYGAlVcFI12k5o2OnGdzarjBPsErUT5J/wxrvkjOG2Q2IAjWXr1Pu/RsY/jXAqDnvfDcbeuXb9xc/vWzu07d+/dbz3YnZis0IyPWSYzfRqD4VIoPkaBkp/mmkMaS34SL49qfvKVayMy9RlXOZ+lcKZEIhigtaLW93DCNdLjuYqG9GMUIhT04sVxNJwrerFhoeRfqJ qXvb2gokcbr0GdJqEglkDr5rURhUIluHre0LdcIvwNEw2sbCJXYFUG82H1LGq1ve6rg37wMqBe1/MGQa9fi2CwH/Sob5262qSpUdT6GS4yVqRcIZNgzNT3cpyVoFEwyaudsDA8B7aEMz61UkHKzaxcb7GiT62zoEmm7VFI1+6fHSWkxqzS2CZTwHNzldXmv9i0wORgVgqVF8gV2wxKCkkxo/WX0IXQnKFcWQFMC3tXys7Bbgftx12agmL5rbJb+f10+n8xCbp+v+t/2m8fvmn2s00ekyekQ3wyIIfkAxmRMWGO63Qc3wncR+5r9537fhN1nabnIblU7ugXaC7Khg==</latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

Write: which measures how A, B commute.

<latexit sha1_base64="niR2NJHHrVOc5ixkVFKtyN0QEao="></latexit>

kSn
Jx� Sn

JL⌧xk2 =
X

n

kAJUnx�AJUnL⌧xk2

and
<latexit sha1_base64="XB34jGRZGHmjO4i/+bak5W2+82s="></latexit>

k[L⌧ , VJ ]k  C2(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="BZNLun96095rAwUdXIyPPsNr/sw="></latexit>

kAJL⌧ �AJk  C1(2
�Jk⌧k1 + kr⌧k1)

‖AJUnx−AJUnLτx‖ ≤
(
c1‖AJLτ −AJ‖+ nc2‖[Lτ , Vj ]‖

)
‖x‖



Proof step 1

• Assume we proved that for      regular enough, we get: 

• Theorem: If       are regular enough,             and if                    
, there exists C such that for any J, if              , then:  
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<latexit sha1_base64="XB34jGRZGHmjO4i/+bak5W2+82s="></latexit>

k[L⌧ , VJ ]k  C2(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 

and

<latexit sha1_base64="tCcMreBzTBoXWG8BI/hmjb8Qx2o=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgqiSi6EaoupGuKtgHNCFMppN26OTBzI20lv6Cn+BWP8CduPUfXPsjTtssbOuBC4dz7uVcjp8IrsCyvo3cyura+kZ+s7C1vbO7Z+4XGypOJWV1GotYtnyimOARqwMHwVqJZCT0BWv6/duJ33xkUvE4eoBhwtyQdCMecEpAS55ZvPaqg6uBo4BI7CQ97lU9s2SVrSnwMrEzUkIZap7543RimoYsAiqIUm3bSsAdEQmcCjYuOKliCaF90mVtTSMSMuWOpr+P8bFWOjiIpZ4I8FT9ezEioVLD0NebIYGeWvQm4n9eO4Xg0h3xKEmBRXQWFKQCQ4wnReAOl4yCGGpCqOT6V0x7RBIKuq65FOD9p7FuxV7sYJk0Tsv2edm6PytVbrJ+8ugQHaETZKMLVEF3qIbqiKIBekGv6M14Nt6ND+NztpozspsDNAfj6xfeiJuL</latexit>

AJx = x ? �J
<latexit sha1_base64="Bb3vacQUtUo7KR9l6zngY7zs/1I=">AAACLXicbVDLSgMxFM34tr5GXboJFsFVmfGBbgTRjYgLBfuApgyZNK2hmcyQ3BHrMB/iV/gJbvUDXAjixoW/YfpAbPVA4HDOPdybEyZSGPC8N2dicmp6ZnZuvrCwuLS84q6uVUycasbLLJaxroXUcCkUL4MAyWuJ5jQKJa+GndOeX73l2ohYXUM34Y2ItpVoCUbBSoG7WwnO745IdkcMUE0SI4KMSJtv0pzkPxwToTC5GOiBW/RKXh/4L/GHpIiGuAzcT9KMWRpxBUxSY+q+l0AjoxoEkzwvkNTwhLIObfO6pYpG3DSy/udyvGWVJm7F2j4FuK/+TmQ0MqYbhXYyonBjxr2e+J9XT6F12MiESlLgig0WtVKJIca9pnBTaM5Adi2hTAt7K2Y3VFMGts+RLSA6971W/PEO/pLKTsnfL3lXe8Xjk2E/c2gDbaJt5KMDdIzO0CUqI4Ye0BN6Ri/Oo/PqvDsfg9EJZ5hZRyNwvr4BY+aqFA==</latexit>

VJx = {x ?  �}�2⇤and

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU="></latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

constants are suboptimal

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 
<latexit sha1_base64="BZNLun96095rAwUdXIyPPsNr/sw="></latexit>

kAJL⌧ �AJk  C1(2
�Jk⌧k1 + kr⌧k1)

<latexit sha1_base64="yxlqrG1WXm01NfrGbQXSko8jJJw=">AAACDnicdVDJTgJBEO1xRdxwuXnpSEw8kRkkgDeiF+MJE1kSIKSnKaBDz2J3jQkQ/sFP8Kof4M149Rc8+yP2ACZi9CWVvLxXlap6biiFRtv+sJaWV1bX1hMbyc2t7Z3d1N5+VQeR4lDhgQxU3WUapPChggIl1EMFzHMl1NzBZezX7kFpEfi3OAyh5bGeL7qCMzRSO3XYrIJCWmtfT0lTwh112qm0nTkv5rO5PLUztl1wsk5MsoXcWY46RomRJnOU26nPZifgkQc+csm0bjh2iK0xUyi4hEmyGWkIGR+wHjQM9ZkHujWeXj+hJ0bp0G6gTPlIp+rPiTHztB56run0GPb1by8W//IaEXaLrbHwwwjB57NF3UhSDGgcBe0IBRzl0BDGlTC3Ut5ninE0gS1sQTEYTUwq36/T/0k1m3HyGecmly5dzPNJkCNyTE6JQwqkRK5ImVQIJyPySJ7Is/VgvViv1tusdcmazxyQBVjvX1YvnFk=</latexit>

kWJk  1

<latexit sha1_base64="/pLJlcz6cRkC899wElmY7Bpy8xM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RERL0IVS/SUwX7AU0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRcmnCntON/W0vLK6tp6YaO4ubW9U7J395oqTiWhDRLzWLZDrChngjY005y2E0lxFHLaCoe3E7/1SKVisXjQo4T6Ee4L1mMEayMFdqkV1K687DqonTSDmjcO7LJTcaZAi8TNSRly1AP7y+vGJI2o0IRjpTquk2g/w1Izwum46KWKJpgMcZ92DBU4osrPpoeP0ZFRuqgXS1NCo6n6eyLDkVKjKDSdEdYDNe9NxP+8Tqp7l37GRJJqKshsUS/lSMdokgLqMkmJ5iNDMJHM3IrIAEtMtMmqaEJw519eJM3Tintece/PytWbPI4CHMAhHIMLF1CFO6hDAwik8Ayv8GY9WS/Wu/Uxa12y8pl9+APr8wdpB5JJ</latexit>

WJ = {AJ , VJ}and



Stability to deformations: 
low-pass filter
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• Proposition: Assume:                           and 
 
Then there exists C>0 such that for any J and              :             

• Proof: Here, by change of variable:

<latexit sha1_base64="kESCPqiQFLfJPHdoQ+2912MjKCY="></latexit>Z

u
kr�(u)k du < 1

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

Lemma: 
<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

<latexit sha1_base64="gKoZl8mOjLYahMgJmhyZKMh9dD0="></latexit>

kAJ �AJL⌧k  C(2�Jk⌧k1 + kr⌧k1)

<latexit sha1_base64="VdMOvkJYwL02suDvqV8/sfyMVJc="></latexit>

|1� det(I�r⌧(u))|  dkr⌧k1

(AJx−AJLτx)(u) !
∫

Rd

x(v − τ(v))φJ(u− v − τ(v)) det(I−∇τ)(v)− x(v − τ(v))φJ(u− v) dv

∫

u
|φ(u)| du < ∞



Commutation with 
deformations of high-frequencies
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• Proposition: Assume that     is regular and 
then there exists C such that for any J and               : 

• Proof: Introduce:

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="uvLRAZKGFSCEksT1dYgWoL6grfE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbbbt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZrxBotkpB8CargUijdQoOQPseY0DCRvBaObzG89cm1EpO5xHHM/pAMl+oJRzKRObES3XHGr7hRkmXg5qUCOerf80+lFLAm5QiapMW3PjdFPqUbBJJ+UOonhMWUjOuBtSxUNufHT6a0TcmKVHulH2pZCMlX/TqQ0NGYcBrYzpDg0i14m/ue1E+xf+alQcYJcsdmifiIJRiR7nPSE5gzl2BLKtLC3EjakmjK08cxtQTF6mthUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iBV3hznp1358P5nLUWnHzmEObgfP0CYWaV5Q==</latexit>

 
<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

<latexit sha1_base64="iSpxSNOvSsTI9B11VXOvlokuXsE="></latexit>

k[L⌧ , VJ ]k  C(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="WjQZU7IRYAUzr9h9/mVWzmCjwkc="></latexit>

(L⌧Kjx�KjL⌧x)(u) ,
Z

Rd

x(v) j(u� v � ⌧(u))� x(v � ⌧(v)) j(u� v) dv

<latexit sha1_base64="7l/1ueJiJo5P8gawJcizoAiqfjQ="></latexit>

8! 2 Rd,
X

j�0

| ̂(2j!)|2  CLemma 1: If          and      is regular enough:
<latexit sha1_base64="IS3CYqxZI8fJlvgPH0qptCpr4nc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuAzlAyaaYNzSRDkhHq0KWf4FY/wJ249UNc+yOm7Sxs64HA4Zx7uScnTDjTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYXD24nfeqRKMykezCihQYz7gkWMYGOljs+EQX6i2bXbLVfcqjsFWiZeTiqQo94t//g9SdKYCkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KBY6qDbBp5jE6s0kORVPbZCFP170aGY61HcWgnY2wGetGbiP95ndREV0HGRJIaKsjsUJRyZCSa/B/1mKLE8JElmChmsyIywAoTY1uau2LY8GlsW/EWO1gmzbOqd1H17s8rtZu8nyIcwTGcggeXUIM7qEMDCEh4gVd4c56dd+fD+ZyNFpx85xDm4Hz9AvMfmF8=</latexit>Z
 = 0

<latexit sha1_base64="uvLRAZKGFSCEksT1dYgWoL6grfE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbbbt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZrxBotkpB8CargUijdQoOQPseY0DCRvBaObzG89cm1EpO5xHHM/pAMl+oJRzKRObES3XHGr7hRkmXg5qUCOerf80+lFLAm5QiapMW3PjdFPqUbBJJ+UOonhMWUjOuBtSxUNufHT6a0TcmKVHulH2pZCMlX/TqQ0NGYcBrYzpDg0i14m/ue1E+xf+alQcYJcsdmifiIJRiR7nPSE5gzl2BLKtLC3EjakmjK08cxtQTF6mthUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iBV3hznp1358P5nLUWnHzmEObgfP0CYWaV5Q==</latexit>

 

Lemma 2: If                   then:
<latexit sha1_base64="ijknmKrt/wGVahO7zKhzNGfqU+E=">AAACQHicbVBNSxxBEO1RY/yKrubopXER1oPLjIjxuCiE5KaQXYXtZanpqdFme3rG7hphHfcf5VfkJ+QWklsuuYlXT+ldNxA/HhQ83quiql5caOUoDH8EM7Nzb+bfLiwuLa+8W12rrW90XF5aiW2Z69yex+BQK4NtUqTxvLAIWazxLB4cj/2za7RO5eYLDQvsZXBhVKokkJf6tY+30a5IkBoiA7qM0+rzaFcYiDVwUTjVKHd2bo XGK56IDlri/zyCciL0hTIpDfu1etgMJ+AvSTQldTbFSb/2WyS5LDM0JDU4143CgnoVWFJS42hJlA4LkAO4wK6nBjJ0vWry74hveyXhaW59GeIT9f+JCjLnhlnsO8dfuefeWHzN65aUHvYqZYqS0MjHRWmpOeV8HB5PlEVJeugJSKv8rVxeggVJPuInW0gNbkY+leh5Bi9JZ68ZHTSj0/1662iazwLbZFuswSL2gbXYJ3bC2kyyr+w7+8l+Bd+CP8FdcP/YOhNMZ96zJwge/gLPc7Cn</latexit>

|1� det(I�r (u))|  dkr⌧k1

<latexit sha1_base64="+F/t/8T26Q5SQfvARwoDCe8b7Hg=">AAACE3icbZDJSgNBEIZ7XGPcRj2Jl8YgeAozQdRj0IsHDxHMApkx9HQqSZOexe4aIYbgU/gIXvUBvIlXH8CzL2JnOZjEHxo+/qqiqv8gkUKj43xbC4tLyyurmbXs+sbm1ra9s1vRcao4lHksY1ULmAYpIiijQAm1RAELAwnVoHs5rFcfQGkRR7fYS8APWTsSLcEZGqth73sVUEivGx6ydMSehHtauGs27JyTd0ai8+BOIEcmKjXsH68Z8zSECLlkWtddJ0G/zxQKLmGQ9VINCeNd1oa6wYiFoP3+6AsDemScJm3FyrwI6cj9O9Fnoda9MDCdIcOOnq0Nzf9q9RRb535fREmKEPHxolYqKcZ0mAdtCgUcZc8A40qYWynvMMU4mtSmtqDoPg5MKu5sBvNQKeTd07x7c5IrXkzyyZADckiOiUvOSJFckRIpE06eyAt5JW/Ws/VufVif49YFazKzR6Zkff0CIAKeXQ==</latexit>

kL⌧k  2d

<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="XF2sCBhI3ERUW2U6e8oH6ZmcyAs="></latexit>

k�⌧k1 = sup
x,y

k⌧(x)� ⌧(y)k



Summary of the Scattering’s 
properties we discussed

44

• Scattering is stable: 

• Linearize small deformations: 

• Invariant to local translation: 

• For  ,  ,              is covariant with           : 

kSJx� SJyk  kx� yk

SJx(u,�)� u

SJ(g.x)(u,�) = SJx(g
�1u, g�1�) , g.SJx(u,�)

kSJL⌧x� SJxk  Ckr⌧kkxk

8u8g 2 SO2(R), g.x(u) , x(g�1
u)if

<latexit sha1_base64="JXOY7PChzCtTs0yWpfTqGt9h00c="></latexit>

kak ⌧ 2K ) SJLax ⇡ SJx



More Scattering
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Scattering moments 46

• For a stationary process X (e.g., a texture) 

• This leads to the Expected Scattering:

…

Modulus is important 
because it can be 0!

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

can be estimated via an unbiased estimator:



Roto-translation scattering

• Then Sx is invariant to roto-translation.

Ref.: PhD of L. Sifre
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and
<latexit sha1_base64="UB8CuEFLp7GQoQzwVvd+GAeAY5E="></latexit>

Y 1
j1(u, ✓1) = |x ?  j1,✓1(u)|

<latexit sha1_base64="bw/H9Xqwt7aSdan79rwad4jUPTc="></latexit>

Y 2
j1,j2,✓2,k(✓, u) =

Z

✓0,u0
|x ?  j1,✓0(u0)| j2,✓2+✓0(u� u0) k(✓ � ✓0)du d✓

then, we get:

Let

<latexit sha1_base64="61+kj+I7RLtzVmnNEMQJGnl5gVk=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgdaYouhGKblwqWq10xiGTSdvQTGZI7oh16Gf4FX6CW/0Ad+q2P2L6EKz1wIVzz7mXm5wgEVyDbX9aE5NT0zOzc/O5hcWl5ZX86tq1jlNFWYXGIlbVgGgmuGQV4CBYNVGMRIFgN0HrtOff3DOleSyvoJ0wLyINyeucEjCSn9+79EsPxy6X4GfprgtNBqSDb+9K2z/djrsbpqYGnZ8v2EW7DzxOnCEpoCHO/XzXDWOaRkwCFUTrmmMn4GVEAaeCdXJuqllCaIs0WM1QSSKmvaz/sQ7eMkqI67EyJQH31d8bGYm0bkeBmYwINPVfryf+59VSqB95GZdJCkzSwaF6KjDEuJcSDrliFETbEEIVN2/FtEkUoWCyHLkCvPXYMak4fzMYJ9elonNQtC/2C+WTYT5zaANtom3koENURmfoHFUQRU/oBb2iN+vZerc+rK/B6IQ13FlHI7C636HApvA=</latexit>

S2x =

Z

u,✓
Y 2(u, ✓) du d✓

<latexit sha1_base64="IdoMJt4Bj75/B7rlvXUA5n8szDU=">AAACEXicbVDLSgNBEJyNrxhfUQ8evAwGIYKEXVH0IgS9eIxoHpCEZXYySYbMzi4zPZIY9iv8BK/6Ad7Eq1/g2R9x8jiYaEFDUdVNd1cQC67Bdb+c1MLi0vJKejWztr6xuZXd3qnoyCjKyjQSkaoFRDPBJSsDB8FqsWIkDASrBr3rkV99YErzSN7DIGbNkHQkb3NKwEp+du/Od3EfX+IGl+Ab3M+bo8Zxy/jZnFtwx8B/iTclOT RFyc9+N1oRNSGTQAXRuu65MTSHRAGngiWZhtEsJrRHOqxuqSQh083h+IEEH1qlhduRsiUBj9XfE0MSaj0IA9sZEujqeW8k/ufVDbQvmkMuYwNM0smithEYIjxKA7e4YhTEwBJCFbe3YtolilCwmc1sAd57TGwq3nwGf0nlpOCdFdzb01zxappPGu2jA5RHHjpHRXSDSqiMKErQM3pBr86T8+a8Ox+T1pQzndlFM3A+fwCnE5xb</latexit>

S0x =

Z

u
x(u) du

Let and

<latexit sha1_base64="YSSdLgJLLLDDVp4yEzx4DkM86uQ=">AAACLHicbVDLSgMxFM34flt16SZYhAqlzBRFN0LRjUtFayudOmTStA3NZIbkjliH/odf4Se41Q9wI+JK8DtM2xFs64EL555zLzc5fiS4Btt+t6amZ2bn5hcWl5ZXVtfWMxub1zqMFWVlGopQVX2imeCSlYGDYNVIMRL4glX8zmnfr9wxpXkor6AbsXpAWpI3OSVgJC9TvPQcfI+PscsleEmcd6HNgPTwza2T++323HwjNjXsvEzWLtgD4EnipCSLUpx7mS+3EdI4YBKoIFrXHDuCekIUcCpYb8mNNYsI7ZAWqxkqScB0PRn8rYd3jdLAzVCZkoAH6t+NhARadwPfTAYE2nrc64v/ebUYmkf1hMsoBibp8FAzFhhC3A8KN7hiFETXEEIVN2/FtE0UoWDiHLkCvPPQM6k44xlMkutiwTko2Bf72dJJms8C2kY7KIccdIhK6AydozKi6BE9oxf0aj1Zb9aH9TkcnbLSnS00Auv7B7rup2w=</latexit>

S1x =

Z

u,✓
Y 1(u, ✓) du d✓



One generalization among 
many
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• CNN that is convolutional along axis channel: 
 

• For    , we refer to the variable    as an attribute 
that discriminates previously obtained layer. 

• Representation is finally averaged: invariant along 
translations by v.

vjxj
u

xj+1(v1, ..., vj , vj+1) = ⇢j(xj ?
v1,...,vj  vj+1)(v1, ..., vj)

x1 x2

x3

xJ(vJ) =
X

v1,...,vJ�1

xJ�1(v1, ..., vJ�1, vJ)

Very similar to equivariant CNNs

Ref.: Hiearchical CNNs, Jacobsen et al.



This lecture: Examples on a 
notebook!
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