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Announcement, reminders

• Homework, group projects are due next Friday. 
I will apply penalty to late groups…
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Definition of the  
Scattering Transform
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Let us fix mother wavelet     and low-pass filter   , smooth, with fast decay.
<latexit sha1_base64="AlY3sfFu53QYzdVFWTjqOL/Zul4=">AAAB/HicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3bo5MHMjVBD/QS3+gHuxK3/4tofcdJWsKIHLhzOuZd77/ETwRVY1oexsrq2vrFZ2Cpu7+zu7ZcODlsqTiVlTRqLWHZ8opjgEWsCB8E6iWQk9AVr++Or3G/fMal4HN3CJGFeSIYRDzglkEu9RPF+qWyZF7WK41awZVpW1XbsnDhV99zFtlZylNECjX7pszeIaRqyCKggSnVtKwEvIxI4FWxa7KWKJYSOyZB1NY1IyJSXzW6d4lOtDHAQS10R4Jn6cyIjoVKT0NedIYGR+u3l4l9eN4Wg5mU8SlJgEZ0vClKBIcb543jAJaMgJpoQKrm+FdMRkYSCjmdpC/Dx/VSn8v06/p+0HNOumPaNW65fLvIpoGN0gs6Qjaqojq5RAzURRSP0iJ7Qs/FgvBivxtu8dcVYzByhJRjvX8XXlic=</latexit>

 
<latexit sha1_base64="jZERqr2HzqmjAIEM5x45IQE/7TI=">AAAB/HicdVDLSsNAFJ34rPVVdelmsAiuQlJDW3dFNy4r2Ae0oUymk2bo5MHMjVBD/QS3+gHuxK3/4tofcdJWsKIHLhzOuZd77/ESwRVY1oexsrq2vrFZ2Cpu7+zu7ZcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreOOr3O/cMal4HN3CJGFuSEYR9zklkEv9JOCDUtkyL+rVilPFlmlZNbti56RSc84dbGslRxkt0ByUPvvDmKYhi4AKolTPthJwMyKBU8GmxX6qWELomIxYT9OIhEy52ezWKT7VyhD7sdQVAZ6pPycyEio1CT3dGRII1G8vF//yein4dTfjUZICi+h8kZ8KDDHOH8dDLhkFMdGEUMn1rZgGRBIKOp6lLcDH91Odyvfr+H/Srph21bRvnHLjcpFPAR2jE3SGbFRDDXSNmqiFKArQI3pCz8aD8WK8Gm/z1hVjMXOElmC8fwG0ZZYc</latexit>

�

Definition: The Scattering path of                        is given by:
<latexit sha1_base64="h3jhw/75U2C2H4foelhlr5AO9NQ="></latexit>

SJ [�1, ...,�n]x

<latexit sha1_base64="xRxZ2Yj5nzfrp0OxAvyYzIGF/A8="></latexit>

SJ [�1, ...,�n]x , ||...|x ?  �1 | ? ...| ?  �n | ? �J
Definition: Scattering Transform of order n:

<latexit sha1_base64="n7TuSa+PfKoEBjCYkIyn16TFEqI="></latexit>

kSn
Jxk2 =

X

�1,...,�k,kn

kSJ [�1, ...,�k]xk2
Its norm si given by:

<latexit sha1_base64="KcXzK2cY+7r4MqK2r9X9ndTL6yU="></latexit>

Sn
Jx , {SJ [�1, ...,�k]x}�1,...,�k,kn

Define a path of length n as
<latexit sha1_base64="ZV98H+MtVBeePIEPGoPZsw8Y8rM="></latexit>

(�1, ...,�n)
where

<latexit sha1_base64="KiN0/wOxuknW6skfh9L8bd2jV5o="></latexit>

� = (✓, 2�j), |�| = 2�j

<latexit sha1_base64="LhoY9jCn6mQLD7V32jfTt2V2aU8=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6kDWUymbRDZ5IwMxFq6MpPcKsf4E7c+iWu/REnbQUreuDC4ZxzuQ8/YVQqy/owCiura+sbxc3S1vbO7l55/6At41Rg0sIxi0XXR5IwGpGWooqRbiII4j4jHX98mfudOyIkjaMbNUmIx9EwoiHFSGnpts90NEADe1CuWOZ5veq4VWiZllWzHTsnTs09c6GtlRwVsEBzUP7sBzFOOYkUZkjKnm0lysuQUBQzMi31U0kShMdoSHqaRogT6WWzhafwRCsBDGOhK1Jwpv7syBCXcsJ9neRIjeRvLxf/8nqpCuteRqMkVSTC80FhyqCKYX49DKggWLGJJggLqneFeIQEwkr/aGmKouP7qf7K9+nwf9J2TLtq2tdupXGx+E8RHIFjcApsUAMNcAWaoAUw4OARPIFn48F4MV6Nt3m0YCx6DsESjPcvJMCX/g==</latexit>

�1

<latexit sha1_base64="f5HM3RBbsQxrQOpyrJ0kWh6POjE=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6kDWUymbRDZ5IwMxFq6MpPcKsf4E7c+iWu/REnbQUreuDC4ZxzuQ8/YVQqy/owCiura+sbxc3S1vbO7l55/6At41Rg0sIxi0XXR5IwGpGWooqRbiII4j4jHX98mfudOyIkjaMbNUmIx9EwoiHFSGnpts90NEADZ1CuWOZ5veq4VWiZllWzHTsnTs09c6GtlRwVsEBzUP7sBzFOOYkUZkjKnm0lysuQUBQzMi31U0kShMdoSHqaRogT6WWzhafwRCsBDGOhK1Jwpv7syBCXcsJ9neRIjeRvLxf/8nqpCuteRqMkVSTC80FhyqCKYX49DKggWLGJJggLqneFeIQEwkr/aGmKouP7qf7K9+nwf9J2TLtq2tdupXGx+E8RHIFjcApsUAMNcAWaoAUw4OARPIFn48F4MV6Nt3m0YCx6DsESjPcvJlWX/w==</latexit>

�2

<latexit sha1_base64="7U4YlChxb3AXByUz+3MasF76ovg=">AAACAHicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3boZCbMTIQauvET3OoHuBO3/olrf8RJW8GKHrhwOOde7r0nTBhV2nE+rJXVtfWNzcJWcXtnd2+/dHDYUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nfviNSUcFv9SQhQYyGnEYUI22kTk/EZIj6br9UduyLWsXzK9CxHafqem5OvKp/7kPXKDnKYIFGv/TZGwicxoRrzJBSXddJdJAhqSlmZFrspYokCI/RkHQN5SgmKshm907hqVEGMBLSFNdwpv6cyFCs1CQOTWeM9Ej99nLxL6+b6qgWZJQnqSYczxdFKYNawPx5OKCSYM0mhiAsqbkV4hGSCGsT0dIWTcf3U5PK9+vwf9LybLdiuzd+uX65yKcAjsEJOAMuqII6uAYN0AQYMPAInsCz9WC9WK/W27x1xVrMHIElWO9fcY+XnA==</latexit>!1

<latexit sha1_base64="iERt0Stp+rUmI7bYTwm2oY3kaLY=">AAACAHicdVDLSsNAFJ34rPVVdelmsAiuQhJDW3dFNy4r2Ae0oUymk3boZCbMTIQauvET3OoHuBO3/olrf8RJW8GKHrhwOOde7r0nTBhV2nE+rJXVtfWNzcJWcXtnd2+/dHDYUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g7HV7nfviNSUcFv9SQhQYyGnEYUI22kTk/EZIj6Xr9UduyLWsXzK9CxHafqem5OvKp/7kPXKDnKYIFGv/TZGwicxoRrzJBSXddJdJAhqSlmZFrspYokCI/RkHQN5SgmKshm907hqVEGMBLSFNdwpv6cyFCs1CQOTWeM9Ej99nLxL6+b6qgWZJQnqSYczxdFKYNawPx5OKCSYM0mhiAsqbkV4hGSCGsT0dIWTcf3U5PK9+vwf9LybLdiuzd+uX65yKcAjsEJOAMuqII6uAYN0AQYMPAInsCz9WC9WK/W27x1xVrMHIElWO9fcySXnQ==</latexit>!2

We will also write the Scattering Transform as:
<latexit sha1_base64="tzAkcfQZfNFdIJRN6EDaHpL8kFY=">AAACHHicbVA9SwNBEN3zM8avqKXNYhCswp2IWgZtxCqiUSEXj73NJC7Z27vszknikd5f4U+w1R9gJ7aCtX/ETUyhiQ8G3r43w+y8MJHCoOt+OlPTM7Nz87mF/OLS8spqYW390sSp5lDlsYz1dcgMSKGgigIlXCcaWBRKuArbxwP/6g60EbG6wF4C9Yi1lGgKztBKQWHrPDjt+qgFUy0JHT+z7xvV9ftBpvwWdKjbDwpFt+QOQSeJNyJFMkIlKHz5jZinESjkkhlT89wE6xnTKLiEft5PDSSMt1kLapYqFoGpZ8Nb+nTbKg3ajLUthXSo/p7IWGRMLwptZ8Tw1ox7A/E/r5Zi87CeCZWkCIr/LGqmkmJMB8HQhtDAUfYsYVwL+1fKb5lmHG18f7agaN8PUvHGM5gkl7slb7/kne0Vy0ejfHJkk2yRHeKRA1ImJ6RCqoSTB/JEnsmL8+i8Om/O+0/rlDOa2SB/4Hx8A1hTos8=</latexit>

SJx , {Sn
Jx}n�0



The Scattering Transform
• Main principle: cascade wavelets AND modulus non-linearity. 

Depth: "order" (in practice order 2) ; J: "Scale"

4

x

<latexit sha1_base64="wYl64QIyghs+B3ZJm208sXneOfk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdVl047KCfUAbwmQ6aYdOJmHmRqxpv8BPcKsf4E7c+hWu/RGnbRa29cCFwzn3ci4nSATX4Djf1srq2vrGZmGruL2zu1ey9w8aOk4VZXUai1i1AqKZ4JLVgYNgrUQxEgWCNYPBzcRvPjCleSzvYZgwLyI9yUNOCRjJt0ujx44GonAn0dx3R75ddirOFHiZuDkpoxw13/7pdGOaRkwCFUTrtusk4GVEAaeCjYudVLOE0AHpsbahkkRMe9n08TE+MUoXh7EyIwFP1b8XGYm0HkaB2YwI9PWiNxH/89ophFdexmWSApN0FhSmAkOMJy3gLleMghgaQqji5ldM+0QRCqaruRTgg6exacVd7GCZNM4q7kXFvTsvV6/zfgroCB2jU+SiS1RFt6iG6oiiFL2gV/RmPVvv1of1OVtdsfKbQzQH6+sXRL+aug==</latexit>

|x ?  1| <latexit sha1_base64="GZs3jLem5d6szXLsuEk20tQTeyg=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuiG3FVwT6gCWEynbRDJw9mbsSa9gv8BLf6Ae7ErV/h2h9x2mZhWw9cOJxzL+dy/ERwBZb1bRRWVtfWN4qbpa3tnd2yubffVHEqKWvQWMSy7RPFBI9YAzgI1k4kI6EvWMsfXE/81gOTisfRPQwT5oakF/GAUwJa8szy6NFRQCR2EsW925FnVqyqNQVeJnZOKihH3TN/nG5M05BFQAVRqmNbCbgZkcCpYOOSkyqWEDogPdbRNCIhU242fXyMj7XSxUEs9USAp+rfi4yESg1DX2+GBPpq0ZuI/3mdFIJLN+NRkgKL6CwoSAWGGE9awF0uGQUx1IRQyfWvmPaJJBR0V3MpwAdPY92KvdjBMmmeVu3zqn13Vqld5f0U0SE6QifIRheohm5QHTUQRSl6Qa/ozXg23o0P43O2WjDymwM0B+PrF2xlmtM=</latexit>

|x ?  J |
…

<latexit sha1_base64="o3q2v8EBW+IH/OhhHqCOJCt2C90=">AAACF3icbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLoxmUF+4AmhMl00g6dPJi5EWvalV/hJ7jVD3Anbl269kectlnY1gMXzpxzL3fu8RPBFVjWt1FYWl5ZXSuulzY2t7Z3zN29hopTSVmdxiKWLZ8oJnjE6sBBsFYiGQl9wZp+/3rsN++ZVDyO7mCQMDck3YgHnBLQkmceDocPjgIisZMo7tnDmYdnlq2KNQFeJHZOyihHzTN/nE5M05BFQAVRqm1bCbgZkcCpYKOSkyqWENonXdbWNCIhU242OWOEj7XSwUEsdUWAJ+rfiYyESg1CX3eGBHpq3huL/3ntFIJLN+NRkgKL6HRRkAoMMR5ngjtcMgpioAmhkuu/YtojklDQyc1sAd5/HOlU7PkMFknjtGKfV+zbs3L1Ks+niA7QETpBNrpAVXSDaqiOKHpCL+gVvRnPxrvxYXxOWwtGPrOPZmB8/QJQ3qCs</latexit>

||x ?  1| ?  1|
<latexit sha1_base64="mDyQfeOmljYUuSztMAKctZTGxRs=">AAACF3icbVC7SgNBFJ2Nrxhfq5YiDAbBKuyKqGXQRqwimAdklzA7mSRDZh/M3BXjbiq/wk+w1Q+wE1tLa3/ESbJFHh64cOace7lzjxcJrsCyfozc0vLK6lp+vbCxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+tcjv/7ApOJhcA+DiLk+6Qa8wykBLbXMwzR9dBQQiZ1I8ZadTj1u05ZZtErWGHiR2BkpogyVlvnrtEMa+ywAKohSTduKwE2IBE4FGxacWLGI0D7psqamAfGZcpPxGUN8rJU27oRSVwB4rE5PJMRXauB7utMn0FPz3kj8z2vG0Ll0Ex5EMbCAThZ1YoEhxKNMcJtLRkEMNCFUcv1XTHtEEgo6uZktwPtPQ52KPZ/BIqmdluzzkn13VixfZfnk0QE6QifIRheojG5QBVURRc/oFb2hd+PF+DA+ja9Ja87IZvbRDIzvP3iEoMU=</latexit>

||x ?  1| ?  J |

…

<latexit sha1_base64="WFsn+astI/nR+7tehae+oVHlWtA=">AAACF3icbVC7SgNBFJ2Nrxhfq5YiDAbBKuyKqGXQRqwimAdklzA7mSRDZh/M3BXjbiq/wk+w1Q+wE1tLa3/ESbJFHh64cOace7lzjxcJrsCyfozc0vLK6lp+vbCxubW9Y+7u1VQYS8qqNBShbHhEMcEDVgUOgjUiyYjvCVb3+tcjv/7ApOJhcA+DiLk+6Qa8wykBLbXMwzR9dBQQiZ1I8dZtOvWw05ZZtErWGHiR2BkpogyVlvnrtEMa+ywAKohSTduKwE2IBE4FGxacWLGI0D7psqamAfGZcpPxGUN8rJU27oRSVwB4rE5PJMRXauB7utMn0FPz3kj8z2vG0Ll0Ex5EMbCAThZ1YoEhxKNMcJtLRkEMNCFUcv1XTHtEEgo6uZktwPtPQ52KPZ/BIqmdluzzkn13VixfZfnk0QE6QifIRheojG5QBVURRc/oFb2hd+PF+DA+ja9Ja87IZvbRDIzvP3nJoMU=</latexit>

||x ?  J | ?  1|
<latexit sha1_base64="ix/yMBOYYthGj2ZZYXnGoxvsvwo=">AAACF3icbVDLSsNAFJ34rPUVdSnCYBFclUREXRbdiKsK9gFNCJPppB06eTBzI9a0K7/CT3CrH+BO3Lp07Y84bbOwrQcunDnnXu7c4yeCK7Csb2NhcWl5ZbWwVlzf2NzaNnd26ypOJWU1GotYNn2imOARqwEHwZqJZCT0BWv4vauR37hnUvE4uoN+wtyQdCIecEpAS555MBg8OAqIxE6iuHczmHp4ZskqW2PgeWLnpIRyVD3zx2nHNA1ZBFQQpVq2lYCbEQmcCjYsOqliCaE90mEtTSMSMuVm4zOG+EgrbRzEUlcEeKz+nchIqFQ/9HVnSKCrZr2R+J/XSiG4cDMeJSmwiE4WBanAEONRJrjNJaMg+poQKrn+K6ZdIgkFndzUFuC9x6FOxZ7NYJ7UT8r2Wdm+PS1VLvN8CmgfHaJjZKNzVEHXqIpqiKIn9IJe0ZvxbLwbH8bnpHXByGf20BSMr1+hb6De</latexit>

||x ?  J | ?  J |

… …

<latexit sha1_base64="2Db8o3GQTydtvMBxIFKR63k/nBk="></latexit>

SJx = {x ? �J ,
|x ?  1| ? �J , ..., |x ?  J | ? �J ,
||x ?  1| ?  1| ? �J , ..., ||x ?  J | ?  J || ? �J , ...}

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J

<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J
<latexit sha1_base64="pnPLhDB1IIMYeAoDZY7bhoQEeCA="></latexit>

?�J



Scattering Transform 
Theory
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Useful technical lemma
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Technical Lemma 7

Lemma (Non-expansivity):  for                      : 
<latexit sha1_base64="0bf2ej85jQD3EF+U+npHgyLK7As=">AAACIHicbZDLTgIxFIY7eEO8oS7dNBKNG8iMMeqS6MYlJnJJgJBOOUBD52J7xjACb+BT+Ahu9QHcGZe69UUsl4WAf9Lk63/OyWl/N5RCo21/WYml5ZXVteR6amNza3snvbtX0kGkOBR5IANVcZkGKXwookAJlVAB81wJZbd7PaqXH0BpEfh3GIdQ91jbFy3BGRqrkT6ulUAhHfQG2UE8mFxqEu7pBHvZeAyNdMbO2WPRRXCmkCFTFRrpn1oz4JEHPnLJtK46doj1PlMouIRhqhZpCBnvsjZUDfrMA13vj/8zpEfGadJWoMzxkY7dvxN95mkde67p9Bh29HxtZP5Xq0bYuqz3hR9GCD6fLGpFkmJAR+HQplDAUcYGGFfCvJXyDlOMo4lwZguK7uPQpOLMZ7AIpdOcc55zbs8y+atpPklyQA7JCXHIBcmTG1IgRcLJE3khr+TNerberQ/rc9KasKYz+2RG1vcvvgKkAA==</latexit>

k|x|� |y|k  kx� yk
<latexit sha1_base64="wSZrrceTSMKyJcxGBLXLIe2uCMc=">AAACEnicbVDLSsNAFJ3UV62vqhvBzWARKkhJiqjLohsXLqrYB/TFZDJph04mYWYixhC/wk9wqx/gTtz6A679EadtFrb1wIXDOfdy7z12wKhUpvltZBYWl5ZXsqu5tfWNza389k5d+qHApIZ95oumjSRhlJOaooqRZiAI8mxGGvbwcuQ37omQ1Od3KgpIx0N9Tl2KkdJSL7/3cBy1KYfX3XKx7SE1sO34Nuk6R718wSyZY8B5YqWkAFJUe/mftuPj0CNcYYakbFlmoDoxEopiRpJcO5QkQHiI+qSlKUcekZ14/EECD7XiQNcXuriCY/XvRIw8KSPP1p2jI+WsNxL/81qhcs87MeVBqAjHk0VuyKDy4SgO6FBBsGKRJggLqm+FeIAEwkqHNrVF0eFjolOxZjOYJ/VyyTotWTcnhcpFmk8W7IMDUAQWOAMVcAWqoAYweAIv4BW8Gc/Gu/FhfE5aM0Y6swumYHz9At6inak=</latexit>

x, y 2 L2(Rd)then

<latexit sha1_base64="pjby9iKH2tdpP03yM98XIJOspr0=">AAACFXicbVDLSgNBEJyNrxhfUY+5DAZBIYRdEfUo5uIxgnlANiyzk0kyZHZ2nekRYpKDX+EneNUP8CZePXv2R5w8DiZa0FBUddPdFSaCa3DdLye1tLyyupZez2xsbm3vZHf3qjo2irIKjUWs6iHRTHDJKsBBsHqiGIlCwWphrzT2a/dMaR7LW+gnrBmRjuRtTglYKcjmfC4hMHjYOzKF++OhX2gZX7A7XAq8IJt3i+4E+C/xZiSPZigH2W+/FVMTMQlUEK0bnptAc0AUcCrYKOMbzRJCe6TDGpZKEjHdHEyeGOFDq7RwO1a2JOCJ+ntiQCKt+1FoOyMCXb3ojcX/vIaB9kVzwGVigEk6XdQ2AkOMx4ngFleMguhbQqji9lZMu0QRCja3uS3Aew8jm4q3mMFfUj0pemdF7+Y0f3k1yyeNcugAHSEPnaNLdI3KqIIoekTP6AW9Ok/Om/PufExbU85sZh/Nwfn8Adg7nqw=</latexit>Z

u
|k(u, v)| du  C1

<latexit sha1_base64="0GyBFk7hEqRao8uycs3wYJ8wnss=">AAACFXicbVDLTgJBEJz1ifhCPXKZSEwwIWSXGPVI5OIRE3kkLNnMDgNMmJ1dZ3pJEDj4FX6CV/0Ab8arZ8/+iMPjIGAlnVSqutPd5UeCa7Dtb2ttfWNzazuxk9zd2z84TB0dV3UYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5vdLEr/WZ0jyU9zCIWDMgHcnbnBIwkpdKu1yC18ejXjbO9c9Hbq7VdwV7wCWv4KUydt6eAq8SZ04yaI6yl/pxWyGNAyaBCqJ1w7EjaA6JAk4FGyfdWLOI0B7psIahkgRMN4fTJ8b4zCgt3A6VKQl4qv6dGJJA60Hgm86AQFcvexPxP68RQ/u6OeQyioFJOlvUjgWGEE8SwS2uGAUxMIRQxc2tmHaJIhRMbgtbgPcexyYVZzmDVVIt5J3LvHN3kSnezPNJoDQ6RVnkoCtURLeojCqIoif0gl7Rm/VsvVsf1uesdc2az5ygBVhfv90Xnq8=</latexit>Z

v
|k(u, v)| dv  C2

<latexit sha1_base64="IXv0yoHGK7QI8aFeR3QHrQF4K6A=">AAACFXicbVDLSgNBEJyNrxhfUY+5DAYhgRB2RdSLEPQieIlgHpCEMDuZTYbMzi4zvQsx5OBX+Ale9QO8iVfPnv0RJ8keNLGgoajqprvLDQXXYNtfVmpldW19I72Z2dre2d3L7h/UdRApymo0EIFqukQzwSWrAQfBmqFixHcFa7jD66nfiJnSPJD3MApZxyd9yT1OCRipm83deoWoeNnmEroxHhaiUlz0CnGxXerF3WzeLtsz4GXiJCSPElS72e92L6CRzyRQQbRuOXYInTFRwKlgk0w70iwkdEj6rGWoJD7TnfHsiQk+NkoPe4EyJQHP1N8TY+JrPfJd0+kTGOhFbyr+57Ui8C46Yy7DCJik80VeJDAEeJoI7nHFKIiRIYQqbm7FdEAUoWBy+7MF+PBhYlJxFjNYJvWTsnNWdu5O85WrJJ80yqEjVEAOOkcVdIOqqIYoekTP6AW9Wk/Wm/VufcxbU1Yyc4j+wPr8AcPMngY=</latexit>

Kf(u) =

Z

v
k(u, v)f(v) dvLemma (Schur Lemma):  Let                      : 

and
<latexit sha1_base64="gSTSjI1HkfBBJfFes5ZyahIC4Qg=">AAACJXicbVDJSgNBEO2JW4xb1KOXxiAIQpgJoh6DuQheopgFMmHo6VSSJj1LumuUOOQj/Ao/wat+gDcRPHnwR5wsB5P4oKjHe1VU93NDKTSa5peRWlpeWV1Lr2c2Nre2d7K7e1UdRIpDhQcyUHWXaZDChwoKlFAPFTDPlVBze6WRX7sHpUXg3+EghKbHOr5oC84wkZzsiX0rOl1kSgUP1K6CQno9abaEPrV1X2FccqySUxg62ZyZN8egi8SakhyZouxkf+xWwCMPfOSSad2wzBCbMVMouIRhxo40hIz3WAcaCfWZB7oZjz81pEeJ0qLtQCXlIx2rfzdi5mk98Nxk0mPY1fPeSPzPa0TYvmjGwg8jBJ9PDrUjSTGgo4RoSyjgKAcJYVyJ5K2Ud5liHJMcZ66g6D2OUrHmM1gk1ULeOstbN6e54uU0nzQ5IIfkmFjknBTJFSmTCuHkibyQV/JmPBvvxofxORlNGdOdfTID4/sXBDOloQ==</latexit>

) kKk 
p
C1C2

Lemma (Diffeomorphisms): If                   then:
<latexit sha1_base64="ijknmKrt/wGVahO7zKhzNGfqU+E="></latexit>

|1� det(I�r (u))|  dkr⌧k1

<latexit sha1_base64="+F/t/8T26Q5SQfvARwoDCe8b7Hg=">AAACE3icbZDJSgNBEIZ7XGPcRj2Jl8YgeAozQdRj0IsHDxHMApkx9HQqSZOexe4aIYbgU/gIXvUBvIlXH8CzL2JnOZjEHxo+/qqiqv8gkUKj43xbC4tLyyurmbXs+sbm1ra9s1vRcao4lHksY1ULmAYpIiijQAm1RAELAwnVoHs5rFcfQGkRR7fYS8APWTsSLcEZGqth73sVUEivGx6ydMSehHtauGs27JyTd0ai8+BOIEcmKjXsH68Z8zSECLlkWtddJ0G/zxQKLmGQ9VINCeNd1oa6wYiFoP3+6AsDemScJm3FyrwI6cj9O9Fnoda9MDCdIcOOnq0Nzf9q9RRb535fREmKEPHxolYqKcZ0mAdtCgUcZc8A40qYWynvMMU4mtSmtqDoPg5MKu5sBvNQKeTd07x7c5IrXkzyyZADckiOiUvOSJFckRIpE06eyAt5JW/Ws/VufVif49YFazKzR6Zkff0CIAKeXQ==</latexit>

kL⌧k  2d

<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

and

<latexit sha1_base64="qjDPwIrzmzIW7Td8Lb/nHID9rbQ="></latexit>

 2 L1(Rd) )  ̂ 2 L1(Rd)

<latexit sha1_base64="5kl8zOOZGJOSxfDckf/E2qK8PkI="></latexit>

 is C1, 2 L1(Rd), kr k 2 L1(Rd) ) (! ! k!k ̂(!)) 2 L1(Rd) \ L1(Rd)

<latexit sha1_base64="AYwZpR3OoTYrBGhKlvOfWvESB7w="></latexit>

 2 L1(Rd), (u ! kuk ) 2 L1(Rd) )  ̂ 2 C1

Lemma(Derivation, Fourier):

and

Lemma (Littlewood Paley): If     is     and             and if
<latexit sha1_base64="IS3CYqxZI8fJlvgPH0qptCpr4nc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuAzlAyaaYNzSRDkhHq0KWf4FY/wJ249UNc+yOm7Sxs64HA4Zx7uScnTDjTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYXD24nfeqRKMykezCihQYz7gkWMYGOljs+EQX6i2bXbLVfcqjsFWiZeTiqQo94t//g9SdKYCkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KBY6qDbBp5jE6s0kORVPbZCFP170aGY61HcWgnY2wGetGbiP95ndREV0HGRJIaKsjsUJRyZCSa/B/1mKLE8JElmChmsyIywAoTY1uau2LY8GlsW/EWO1gmzbOqd1H17s8rtZu8nyIcwTGcggeXUIM7qEMDCEh4gVd4c56dd+fD+ZyNFpx85xDm4Hz9AvMfmF8=</latexit>Z
 = 0

<latexit sha1_base64="uvLRAZKGFSCEksT1dYgWoL6grfE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbbbt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZrxBotkpB8CargUijdQoOQPseY0DCRvBaObzG89cm1EpO5xHHM/pAMl+oJRzKRObES3XHGr7hRkmXg5qUCOerf80+lFLAm5QiapMW3PjdFPqUbBJJ+UOonhMWUjOuBtSxUNufHT6a0TcmKVHulH2pZCMlX/TqQ0NGYcBrYzpDg0i14m/ue1E+xf+alQcYJcsdmifiIJRiR7nPSE5gzl2BLKtLC3EjakmjK08cxtQTF6mthUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iBV3hznp1358P5nLUWnHzmEObgfP0CYWaV5Q==</latexit>

 
<latexit sha1_base64="iEtErR8f2k1cIg518TXxGLZJY/k="></latexit>

max(kr (u)k, | (u)|)  C
1

1 + kuk2(d+1)

<latexit sha1_base64="Iu9KStFBPaCdHmGiIIxI0sfyb9g=">AAACBXicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYjcsK9gFtLJPppB06mcSZiVBD1n6CW/0Ad+LW73Dtjzhps7CtBy4czrmXezhexJnStv1tFVZW19Y3ipulre2d3b3y/kFLhbEktElCHsqOhxXlTNCmZprTTiQpDjxO2964nvntRyoVC8WdnkTUDfBQMJ8RrI3k9gKsRwTzpJ7eO/1yxa7aU6Bl4uSkAjka/fJPbxCSOKBCE46V6jp2pN0ES80Ip2mpFysaYTLGQ9o1VOCAKjeZhk7RiVEGyA+lGaHRVP17keBAqUngmc0spFr0MvE/rxtr/8pNmIhiTQWZPfJjjnSIsgbQgElKNJ8YgolkJisiIywx0aanuS+ajZ9S04qz2MEyaZ1VnYuqc3teqV3n/RThCI7hFBy4hBrcQAOaQOABXuAV3qxn6936sD5nqwUrvzmEOVhfvxX8mZc=</latexit>

C1

<latexit sha1_base64="NIwkTP5B9H5gTwI3Qs7Jh9gG/Ks="></latexit>

8! 2 Rd,
X

j�0

| ̂(2j!)|2  C 0then, there is C’ such that:



Intermediary notations
8

<latexit sha1_base64="tCcMreBzTBoXWG8BI/hmjb8Qx2o=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgqiSi6EaoupGuKtgHNCFMppN26OTBzI20lv6Cn+BWP8CduPUfXPsjTtssbOuBC4dz7uVcjp8IrsCyvo3cyura+kZ+s7C1vbO7Z+4XGypOJWV1GotYtnyimOARqwMHwVqJZCT0BWv6/duJ33xkUvE4eoBhwtyQdCMecEpAS55ZvPaqg6uBo4BI7CQ97lU9s2SVrSnwMrEzUkIZap7543RimoYsAiqIUm3bSsAdEQmcCjYuOKliCaF90mVtTSMSMuWOpr+P8bFWOjiIpZ4I8FT9ezEioVLD0NebIYGeWvQm4n9eO4Xg0h3xKEmBRXQWFKQCQ4wnReAOl4yCGGpCqOT6V0x7RBIKuq65FOD9p7FuxV7sYJk0Tsv2edm6PytVbrJ+8ugQHaETZKMLVEF3qIbqiKIBekGv6M14Nt6ND+NztpozspsDNAfj6xfeiJuL</latexit>

AJx = x ? �J

<latexit sha1_base64="Bb3vacQUtUo7KR9l6zngY7zs/1I=">AAACLXicbVDLSgMxFM34tr5GXboJFsFVmfGBbgTRjYgLBfuApgyZNK2hmcyQ3BHrMB/iV/gJbvUDXAjixoW/YfpAbPVA4HDOPdybEyZSGPC8N2dicmp6ZnZuvrCwuLS84q6uVUycasbLLJaxroXUcCkUL4MAyWuJ5jQKJa+GndOeX73l2ohYXUM34Y2ItpVoCUbBSoG7WwnO745IdkcMUE0SI4KMSJtv0pzkPxwToTC5GOiBW/RKXh/4L/GHpIiGuAzcT9KMWRpxBUxSY+q+l0AjoxoEkzwvkNTwhLIObfO6pYpG3DSy/udyvGWVJm7F2j4FuK/+TmQ0MqYbhXYyonBjxr2e+J9XT6F12MiESlLgig0WtVKJIca9pnBTaM5Adi2hTAt7K2Y3VFMGts+RLSA6971W/PEO/pLKTsnfL3lXe8Xjk2E/c2gDbaJt5KMDdIzO0CUqI4Ye0BN6Ri/Oo/PqvDsfg9EJZ5hZRyNwvr4BY+aqFA==</latexit>

VJx = {x ?  �}�2⇤

<latexit sha1_base64="UNkHqgmjMBIY7U5FU3C2nIfjl+U=">AAACDXicbZDLSsNAFIYn9VbrLdqlm8EiuCqJKLoRqm7EVQV7gTaEyXTSDp1cmDkRY+gz+Ahu9QHciVufwbUv4rTNwrYemOHj/8/hHH4vFlyBZX0bhaXlldW14nppY3Nre8fc3WuqKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2vx37rgUnFo/Ae0pg5AemH3OeUgJZcs9xybx8vmvrDXZrE+FKTa1asqjUpvAh2DhWUV901f7q9iCYBC4EKolTHtmJwMiKBU8FGpW6iWEzokPRZR2NIAqacbHL8CB9qpYf9SOoXAp6ofycyEiiVBp7uDAgM1Lw3Fv/zOgn4507GwzgBFtLpIj8RGCI8TgL3uGQURKqBUMn1rZgOiCQUdF4zW4APn0Y6FXs+g0VoHlft06p1d1KpXeX5FNE+OkBHyEZnqIZuUB01EEUpekGv6M14Nt6ND+Nz2low8pkyminj6xfSUZt0</latexit>

WJx = VJx [AJx

and

s.t.:

We can introduce here an intermediary norm:

<latexit sha1_base64="R/tfDyUS6Iq2aGIwwg6xf2qfHVo=">AAACDXicbVDLSsNAFJ3UV62vaJduBosgCCURRTdC0Y3LCqYttCFMppN27GQSZibSmOYb/AS3+gHuxK3f4NofcfpY2OqBC4dz7uVcjh8zKpVlfRmFpeWV1bXiemljc2t7x9zda8goEZg4OGKRaPlIEkY5cRRVjLRiQVDoM9L0B9djv/lAhKQRv1NpTNwQ9TgNKEZKS55ZdryMH9v58HLU8O6h4/HhyDMrVtWaAP4l9oxUwAx1z/zudCOchIQrzJCUbduKlZshoShmJC91EklihAeoR9qachQS6WaT53N4qJUuDCKhhys4UX9fZCiUMg19vRki1ZeL3lj8z2snKrhwM8rjRBGOp0FBwqCK4LgJ2KWCYMVSTRAWVP8KcR8JhJXuay5F0cFjrluxFzv4SxonVfusat2eVmpXs36KYB8cgCNgg3NQAzegDhyAQQqewQt4NZ6MN+Pd+JiuFozZTRnMwfj8Aa/Xm/4=</latexit>

Un+1x = |VjUnx|

and:

point-wise modulus

<latexit sha1_base64="xtB2AG+sywaz560cfnEe6XLuaxw="></latexit>

Un[�1, ...�n]x , |...|x ?  �1 |... ?  �n |
or

<latexit sha1_base64="Q9B4KlwEXJeuJlRWj7+xBK6g1AE="></latexit>

kUnxk2 =
X

(�1,...,�n)

kUn[�1, ...�n]xk2



Scattering Transform 
defined via Integral Operators

9

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

<latexit sha1_base64="OHLQi8FAR49qef9G8TzDOLixeFc="></latexit>

AJ

Coefficients of the scattering transform are given by:

…
<latexit sha1_base64="hgEQDZOuH6mqyhe1Q1CRATKJduA="></latexit>

SJ [�1,�2]

<latexit sha1_base64="7XGeczwdyCDPQIvEZ5kzUWcUjTA=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQhL7yq7oRlxVtA9IY5hMJu3QyYOZiVBL936CW/0Ad+LW33Dtjzh9CFb0wMDhnHO5d46fMiqkYXxoS8srq2vruY385tb2zm5hb78lkoxj0sQJS3jHR4IwGpOmpJKRTsoJinxG2v7gfOK37wgXNIlv5DAlboR6MQ0pRlJJt9fepdNlKh4gz3S9QtHQrYpplyxo6OWqfVqxFbGrRs2yoKkbUxTBHA2v8NkNEpxFJJaYISEc00ilO0JcUszION/NBEkRHqAecRSNUUSEO5pePYbHSglgmHD1Ygmn6s+JEYqEGEa+SkZI9sVvbyL+5TmZDGvuiMZpJkmMZ4vCjEGZwEkFMKCcYMmGiiDMqboV4j7iCEtV1MIWSQf3Y9XK99fh/6Rl6WZZN65KxfrZvJ8cOARH4ASYoArq4AI0QBNgwMEjeALP2oP2or1qb7PokjafOQAL0N6/AMckmfs=</latexit>

SJ [�1]

<latexit sha1_base64="tb8lecXzhYEYpp+bZwP54vtLC/k=">AAACBnicdVDLSgNBEJz1Gd9Rj14Gg+Bp2V3zMDfRi3iKaBIhWcPspJMMmX0w0yvEkLuf4FU/wJt49Tc8+yNOYgQVLWgoqrrp7goSKTQ6zps1Mzs3v7CYWVpeWV1b38hubtV0nCoOVR7LWF0FTIMUEVRRoISrRAELAwn1oH8y9us3oLSIo0scJOCHrBuJjuAMjXR90TprNCFMcKAB/VY259he0S3nPerYhVL5oFg2pFxyDj2Pur YzQY5MUWll35vtmKchRMgl07rhOgn6Q6ZQcAmj5WaqIWG8z7rQMDRiIWh/OLl6RPeM0qadWJmKkE7U7xNDFmo9CAPTGTLs6d/eWPzLa6TYOfSHIkpShIh/LuqkkmJMxxHQtlDAUQ4MYVwJcyvlPaYYRxPUjy0o+rcjk8rX6/R/UvNst2A75/nc0fE0nwzZIbtkn7ikRI7IKamQKuFEkXvyQB6tO+vJerZePltnrOnMNvkB6/UDouaahQ==</latexit>

SJ [;]

<latexit sha1_base64="BKHA3EL6A55HugVjUdX8aZjIiYU="></latexit>

Sn
Jx = {[�1,...,�j2⇤,jnSJ [�1, ...,�j ]}

Scattering of order n:

<latexit sha1_base64="xl0QhBkLl8ahuFZxjBIoXFyWqZo=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4xcYEENmR2mIUJs4/M9BqR4Cd41Q/wZrz6L579EWdhDwJW0kmlqjvdXX4ihUbb/rYKK6tr6xvFzdLW9s7uXnn/oKHjVDHusljGquVTzaWIuIsCJW8litPQl7zpD28yv/nAlRZxdI+jhHsh7UciEIxiJrld57FbrthVewqyTJycVCBHvVv+6fRiloY8Qiap1m3HTtAbU4WCST4pdVLNE8qGtM/bhkY05NobT2+dkBOj9EgQK1MRkqn6d2JMQ61HoW86Q4oDvehl4n9eO8XgyhuLKEmRR2y2KEglwZhkj5OeUJyhHBlCmRLmVsIGVFGGJp65LSiGTxOTirOYwTJpnFWdi6p9d16pXef5FOEIjuEUHLiEGtxCHVxgMIAXeIU369l6tz6sz1lrwcpnDmEO1tcv6ZGVmA==</latexit>

U1x

<latexit sha1_base64="O3jKdR4lmfOxQDPM4y2l0L7/sbA=">AAAB/HicbVBNT8JAEJ36ifiFevTSSEw8kZZo9Ej04hETCyTQkO2ywIbtttmdGrHBn+BVf4A349X/4tk/4hZ6EPAlk7y8N5OZeUEsuEbH+bZWVtfWNzYLW8Xtnd29/dLBYUNHiaLMo5GIVCsgmgkumYccBWvFipEwEKwZjG4yv/nAlOaRvMdxzPyQDCTvc0owk7xu9bFbKjsVZwp7mbg5KUOOerf00+lFNAmZRCqI1m3XidFPiUJOBZsUO4lmMaEjMmBtQyUJmfbT6a0T+9QoPbsfKVMS7an6dyIlodbjMDCdIcGhXvQy8T+vnWD/yk+5jBNkks4W9RNhY2Rnj9s9rhhFMTaEUMXNrTYdEkUomnjmtiAfPU1MKu5iBsukUa24FxXn7rxcu87zKcAxnMAZuHAJNbiFOnhAYQgv8Apv1rP1bn1Yn7PWFSufOYI5WF+/6yeVmQ==</latexit>

U2x

<latexit sha1_base64="87poiD9JHlttrADDjc5o0pF3HiU=">AAACCnicbVDLTsJAFJ36RHxVXbqZSExckdZodEl04xITCyRAmukwhQnTaZ25JWDDH/gJbvUD3Bm3/oRrf8QBuhDwJDc5OefenJsTJIJrcJxva2V1bX1js7BV3N7Z3du3Dw5rOk4VZR6NRawaAdFMcMk84CBYI1GMRIFg9aB/O/HrA6Y0j+UDjBLWjkhX8pBTAkbybdvznWELFCeyK9gjHvp2ySk7U+Bl4uakhHJUffun1YlpGjEJVBCtm66TQDsjCjgVbFxspZolhPZJlzUNlSRiup1NPx/jU6N0cBgrMxLwVP17kZFI61EUmM2IQE8vehPxP6+ZQnjdzrhMUmCSzoLCVGCI8aQG3OGKURAjQwhV3PyKaY8oQsGUNZcCvP80Nq24ix0sk9p52b0sO/cXpcpN3k8BHaMTdIZcdIUq6A5VkYcoGqAX9IrerGfr3fqwPmerK1Z+c4TmYH39AsXImvs=</latexit>

U0x , x
<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="bDcfOT4hyXzmxpywfkUPSBAiiTM=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZbtqlm03YnQg1Lf4Er/oDvIlXf4tn/4jbNgfb+mDg8d4MM/P8WHCNjvNt5VZW19Y38puFre2d3b3i/kFdR4mirEYjEammTzQTXLIachSsGStGQl+whj+4mfiNR6Y0j+QDDmPmhaQnecApQSPVRvXO3ahTLDllZwp7mbgZKUGGaqf40+5GNAmZRCqI1i3XidFLiUJOBRsX2olmMaED0mMtQyUJmfbS6bFj+8QoXTuIlCmJ9lT9O5GSUOth6JvOkGBfL3oT8T+vlWBw5aVcxgkySWeLgkTYGNmTz+0uV4yiGBpCqOLmVpv2iSIUTT5zW5APnsYmFXcxg2VSPyu7F2X3/rxUuc7yycMRHMMpuHAJFbiFKtSAAocXeIU369l6tz6sz1lrzspmDmEO1tcvBP6WPg==</latexit>

|VJ |

<latexit sha1_base64="tCcMreBzTBoXWG8BI/hmjb8Qx2o=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgqiSi6EaoupGuKtgHNCFMppN26OTBzI20lv6Cn+BWP8CduPUfXPsjTtssbOuBC4dz7uVcjp8IrsCyvo3cyura+kZ+s7C1vbO7Z+4XGypOJWV1GotYtnyimOARqwMHwVqJZCT0BWv6/duJ33xkUvE4eoBhwtyQdCMecEpAS55ZvPaqg6uBo4BI7CQ97lU9s2SVrSnwMrEzUkIZap7543RimoYsAiqIUm3bSsAdEQmcCjYuOKliCaF90mVtTSMSMuWOpr+P8bFWOjiIpZ4I8FT9ezEioVLD0NebIYGeWvQm4n9eO4Xg0h3xKEmBRXQWFKQCQ4wnReAOl4yCGGpCqOT6V0x7RBIKuq65FOD9p7FuxV7sYJk0Tsv2edm6PytVbrJ+8ugQHaETZKMLVEF3qIbqiKIBekGv6M14Nt6ND+NztpozspsDNAfj6xfeiJuL</latexit>

AJx = x ? �J

<latexit sha1_base64="Bb3vacQUtUo7KR9l6zngY7zs/1I=">AAACLXicbVDLSgMxFM34tr5GXboJFsFVmfGBbgTRjYgLBfuApgyZNK2hmcyQ3BHrMB/iV/gJbvUDXAjixoW/YfpAbPVA4HDOPdybEyZSGPC8N2dicmp6ZnZuvrCwuLS84q6uVUycasbLLJaxroXUcCkUL4MAyWuJ5jQKJa+GndOeX73l2ohYXUM34Y2ItpVoCUbBSoG7WwnO745IdkcMUE0SI4KMSJtv0pzkPxwToTC5GOiBW/RKXh/4L/GHpIiGuAzcT9KMWRpxBUxSY+q+l0AjoxoEkzwvkNTwhLIObfO6pYpG3DSy/udyvGWVJm7F2j4FuK/+TmQ0MqYbhXYyonBjxr2e+J9XT6F12MiESlLgig0WtVKJIca9pnBTaM5Adi2hTAt7K2Y3VFMGts+RLSA6971W/PEO/pLKTsnfL3lXe8Xjk2E/c2gDbaJt5KMDdIzO0CUqI4Ye0BN6Ri/Oo/PqvDsfg9EJZ5hZRyNwvr4BY+aqFA==</latexit>

VJx = {x ?  �}�2⇤

<latexit sha1_base64="UNkHqgmjMBIY7U5FU3C2nIfjl+U=">AAACDXicbZDLSsNAFIYn9VbrLdqlm8EiuCqJKLoRqm7EVQV7gTaEyXTSDp1cmDkRY+gz+Ahu9QHciVufwbUv4rTNwrYemOHj/8/hHH4vFlyBZX0bhaXlldW14nppY3Nre8fc3WuqKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2vx37rgUnFo/Ae0pg5AemH3OeUgJZcs9xybx8vmvrDXZrE+FKTa1asqjUpvAh2DhWUV901f7q9iCYBC4EKolTHtmJwMiKBU8FGpW6iWEzokPRZR2NIAqacbHL8CB9qpYf9SOoXAp6ofycyEiiVBp7uDAgM1Lw3Fv/zOgn4507GwzgBFtLpIj8RGCI8TgL3uGQURKqBUMn1rZgOiCQUdF4zW4APn0Y6FXs+g0VoHlft06p1d1KpXeX5FNE+OkBHyEZnqIZuUB01EEUpekGv6M14Nt6ND+Nz2low8pkyminj6xfSUZt0</latexit>

WJx = VJx [AJx

and

s.t.:

Here:
SJ [λ1, ...,λn]x = ||...|x " ψλ1 | " ...| " ψλn | " φJ

= AJUn[λ1, ...,λn]x



Definition & non-
expansivity
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Non-expansivity of 
Scattering Transform

• Proposition: Given                                  we 
have, if              : 

11

<latexit sha1_base64="ZdiPrlW2k+lmvVJWcI3zaedSruE="></latexit>

x 2 L2(Rd), y 2 L2(Rd)

<latexit sha1_base64="LhKZQL8Q3kBMBngkJyqpP42kZzQ="></latexit>

kSJx� SJyk  kx� yk

<latexit sha1_base64="sVJSLUH1QgLr/DVE2grMGELARqU=">AAACDnicdVDLSgNBEJz1bXytj5uXwSB4CrsbTfQW9CKeIphEyIYwO+nokNmHM71CDPkHP8GrfoA38eovePZHnE0iqGhBQ1HVTXdXkEih0XHeranpmdm5+YXF3NLyyuqavb5R13GqONR4LGN1GTANUkRQQ4ESLhMFLAwkNILeSeY3bkFpEUcX2E+gFbKrSHQFZ2iktr3l10EhbbTPRsSXcEPdtp13CkeHJe/Ao07BccpesZQRr7zvFalrlAx5MkG1bX/4nZinIUTIJdO66ToJtgZMoeAShjk/1ZAw3mNX0DQ0YiHo1mB0/ZDuGqVDu7EyFSEdqd8nBizUuh8GpjNkeK1/e5n4l9dMsXvYGogoSREiPl7UTSXFmGZR0I5QwFH2DWFcCXMr5ddMMY4msB9bUPTuhiaVr9fp/6TuFdxSwT3fz1eOJ/kskG2yQ/aIS8qkQk5JldQIJ3fkgTySJ+veerZerNdx65Q1mdkkP2C9fQJZK5xb</latexit>

kWJk  1

Lemma:  for                      : 
<latexit sha1_base64="0bf2ej85jQD3EF+U+npHgyLK7As=">AAACIHicbZDLTgIxFIY7eEO8oS7dNBKNG8iMMeqS6MYlJnJJgJBOOUBD52J7xjACb+BT+Ahu9QHcGZe69UUsl4WAf9Lk63/OyWl/N5RCo21/WYml5ZXVteR6amNza3snvbtX0kGkOBR5IANVcZkGKXwookAJlVAB81wJZbd7PaqXH0BpEfh3GIdQ91jbFy3BGRqrkT6ulUAhHfQG2UE8mFxqEu7pBHvZeAyNdMbO2WPRRXCmkCFTFRrpn1oz4JEHPnLJtK46doj1PlMouIRhqhZpCBnvsjZUDfrMA13vj/8zpEfGadJWoMzxkY7dvxN95mkde67p9Bh29HxtZP5Xq0bYuqz3hR9GCD6fLGpFkmJAR+HQplDAUcYGGFfCvJXyDlOMo4lwZguK7uPQpOLMZ7AIpdOcc55zbs8y+atpPklyQA7JCXHIBcmTG1IgRcLJE3khr+TNerberQ/rc9KasKYz+2RG1vcvvgKkAA==</latexit>

k|x|� |y|k  kx� yk

<latexit sha1_base64="wSZrrceTSMKyJcxGBLXLIe2uCMc=">AAACEnicbVDLSsNAFJ3UV62vqhvBzWARKkhJiqjLohsXLqrYB/TFZDJph04mYWYixhC/wk9wqx/gTtz6A679EadtFrb1wIXDOfdy7z12wKhUpvltZBYWl5ZXsqu5tfWNza389k5d+qHApIZ95oumjSRhlJOaooqRZiAI8mxGGvbwcuQ37omQ1Od3KgpIx0N9Tl2KkdJSL7/3cBy1KYfX3XKx7SE1sO34Nuk6R718wSyZY8B5YqWkAFJUe/mftuPj0CNcYYakbFlmoDoxEopiRpJcO5QkQHiI+qSlKUcekZ14/EECD7XiQNcXuriCY/XvRIw8KSPP1p2jI+WsNxL/81qhcs87MeVBqAjHk0VuyKDy4SgO6FBBsGKRJggLqm+FeIAEwkqHNrVF0eFjolOxZjOYJ/VyyTotWTcnhcpFmk8W7IMDUAQWOAMVcAWqoAYweAIv4BW8Gc/Gu/FhfE5aM0Y6swumYHz9At6inak=</latexit>

x, y 2 L2(Rd)
Proof:

Remark: implies existence



Stability to deformations
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Main theorem statement
13

• Theorem (Adapted from Mallat, 2012): If       are regular 
enough,             and if                    , there exists C such that 
for any J, if              , then:  

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU="></latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="yxlqrG1WXm01NfrGbQXSko8jJJw=">AAACDnicdVDJTgJBEO1xRdxwuXnpSEw8kRkkgDeiF+MJE1kSIKSnKaBDz2J3jQkQ/sFP8Kof4M149Rc8+yP2ACZi9CWVvLxXlap6biiFRtv+sJaWV1bX1hMbyc2t7Z3d1N5+VQeR4lDhgQxU3WUapPChggIl1EMFzHMl1NzBZezX7kFpEfi3OAyh5bGeL7qCMzRSO3XYrIJCWmtfT0lTwh112qm0nTkv5rO5PLUztl1wsk5MsoXcWY46RomRJnOU26nPZifgkQc+csm0bjh2iK0xUyi4hEmyGWkIGR+wHjQM9ZkHujWeXj+hJ0bp0G6gTPlIp+rPiTHztB56run0GPb1by8W//IaEXaLrbHwwwjB57NF3UhSDGgcBe0IBRzl0BDGlTC3Ut5ninE0gS1sQTEYTUwq36/T/0k1m3HyGecmly5dzPNJkCNyTE6JQwqkRK5ImVQIJyPySJ7Is/VgvViv1tusdcmazxyQBVjvX1YvnFk=</latexit>

kWJk  1

<latexit sha1_base64="N6AeukwUfmHeJOqGo4KIIjU14bE="></latexit>

WJx = {x ?  j,✓, x ? �J}✓,jJRecall that:

In other words, the Scattering Transform is stable to small deformations.
Typical applications: n=2, J=3



Sketch of the proof.

• First, we note that: 

• Next, we will bound each Scattering "paths" 

• Finally, we will bound each operators: 

• In conclusion:
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<latexit sha1_base64="otju9SFuTTC1az0qPwdrN4PpPN4=">AAACA3icdVDLSsNAFJ34rPVVdelmsAguNCRpbetCaOPGZQX7gDSUyXTaDp08mJkINXTpJ7jVD3Anbv0Q1/6Ik7aCFT1w4XDOvdx7jxcxKqRhfGhLyyura+uZjezm1vbObm5vvynCmGPSwCELedtDgjAakIakkpF2xAnyPUZa3ugq9Vt3hAsaBrdyHBHXR4OA9ilGUkmOUzu13cuafWbXurm8oV9USta5BQ3dMMpWoZQSq1y0CtBUSoo8mKPezX12eiGOfRJIzJAQjmlE0k0QlxQzMsl2YkEihEdoQBxFA+QT4SbTkyfwWCk92A+5qkDCqfpzIkG+EGPfU50+kkPx20vFvzwnlv2Km9AgiiUJ8GxRP2ZQhjD9H/YoJ1iysSIIc6puhXiIOMJSpbSwRdLR/USl8v06/J80Ld0s6eZNMV+15/lkwCE4AifABGVQBdegDhoAgxA8gifwrD1oL9qr9jZrXdLmMwdgAdr7F7fFl54=</latexit>

[A,B] = AB �BA

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU=">AAAClnicdZFdb9MwFIadjI8xvsq4QeLGokIqQnRJOtpxgyYGAlVcFI12k5o2OnGdzarjBPsErUT5J/wxrvkjOG2Q2IAjWXr1Pu/RsY/jXAqDnvfDcbeuXb9xc/vWzu07d+/dbz3YnZis0IyPWSYzfRqD4VIoPkaBkp/mmkMaS34SL49qfvKVayMy9RlXOZ+lcKZEIhigtaLW93DCNdLjuYqG9GMUIhT04sVxNJwrerFhoeRfqJ qXvb2gokcbr0GdJqEglkDr5rURhUIluHre0LdcIvwNEw2sbCJXYFUG82H1LGq1ve6rg37wMqBe1/MGQa9fi2CwH/Sob5262qSpUdT6GS4yVqRcIZNgzNT3cpyVoFEwyaudsDA8B7aEMz61UkHKzaxcb7GiT62zoEmm7VFI1+6fHSWkxqzS2CZTwHNzldXmv9i0wORgVgqVF8gV2wxKCkkxo/WX0IXQnKFcWQFMC3tXys7Bbgftx12agmL5rbJb+f10+n8xCbp+v+t/2m8fvmn2s00ekyekQ3wyIIfkAxmRMWGO63Qc3wncR+5r9537fhN1nabnIblU7ugXaC7Khg==</latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

Write: which measures how A, B commute.

and
<latexit sha1_base64="XB34jGRZGHmjO4i/+bak5W2+82s="></latexit>

k[L⌧ , VJ ]k  C2(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="BZNLun96095rAwUdXIyPPsNr/sw="></latexit>

kAJL⌧ �AJk  C1(2
�Jk⌧k1 + kr⌧k1)

‖AJUnx−AJUnLτx‖ ≤
(
c1‖AJLτ −AJ‖+ nc2‖[Lτ , Vj ]‖

)
‖x‖

<latexit sha1_base64="r8x8RaECI6U79nOp9PfXKGn4OSo="></latexit>

kSn
Jx� Sn

JL⌧xk2 =
X

mn

kAJUmx�AJUmL⌧xk2



Proof step 1

• Assume we proved that for      regular enough, we get: 

• Theorem: If       are regular enough,             and if                    
, there exists C such that for any J, if              , then:  

15

<latexit sha1_base64="XB34jGRZGHmjO4i/+bak5W2+82s="></latexit>

k[L⌧ , VJ ]k  C2(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 

and

<latexit sha1_base64="tCcMreBzTBoXWG8BI/hmjb8Qx2o=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgqiSi6EaoupGuKtgHNCFMppN26OTBzI20lv6Cn+BWP8CduPUfXPsjTtssbOuBC4dz7uVcjp8IrsCyvo3cyura+kZ+s7C1vbO7Z+4XGypOJWV1GotYtnyimOARqwMHwVqJZCT0BWv6/duJ33xkUvE4eoBhwtyQdCMecEpAS55ZvPaqg6uBo4BI7CQ97lU9s2SVrSnwMrEzUkIZap7543RimoYsAiqIUm3bSsAdEQmcCjYuOKliCaF90mVtTSMSMuWOpr+P8bFWOjiIpZ4I8FT9ezEioVLD0NebIYGeWvQm4n9eO4Xg0h3xKEmBRXQWFKQCQ4wnReAOl4yCGGpCqOT6V0x7RBIKuq65FOD9p7FuxV7sYJk0Tsv2edm6PytVbrJ+8ugQHaETZKMLVEF3qIbqiKIBekGv6M14Nt6ND+NztpozspsDNAfj6xfeiJuL</latexit>

AJx = x ? �J
<latexit sha1_base64="Bb3vacQUtUo7KR9l6zngY7zs/1I=">AAACLXicbVDLSgMxFM34tr5GXboJFsFVmfGBbgTRjYgLBfuApgyZNK2hmcyQ3BHrMB/iV/gJbvUDXAjixoW/YfpAbPVA4HDOPdybEyZSGPC8N2dicmp6ZnZuvrCwuLS84q6uVUycasbLLJaxroXUcCkUL4MAyWuJ5jQKJa+GndOeX73l2ohYXUM34Y2ItpVoCUbBSoG7WwnO745IdkcMUE0SI4KMSJtv0pzkPxwToTC5GOiBW/RKXh/4L/GHpIiGuAzcT9KMWRpxBUxSY+q+l0AjoxoEkzwvkNTwhLIObfO6pYpG3DSy/udyvGWVJm7F2j4FuK/+TmQ0MqYbhXYyonBjxr2e+J9XT6F12MiESlLgig0WtVKJIca9pnBTaM5Adi2hTAt7K2Y3VFMGts+RLSA6971W/PEO/pLKTsnfL3lXe8Xjk2E/c2gDbaJt5KMDdIzO0CUqI4Ye0BN6Ri/Oo/PqvDsfg9EJZ5hZRyNwvr4BY+aqFA==</latexit>

VJx = {x ?  �}�2⇤and

<latexit sha1_base64="Bp57HEMYW35sLQC6vQjdtvDOlgU="></latexit>

kSn
JL⌧x� Sn

Jxk  n3/2Ckxk(kr⌧k1 + k�⌧k1 +
k⌧k1
2J

)

<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

constants are suboptimal

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="toG2gG8VjxORg9znVIkcGC15zAA=">AAACAXicdVDLSsNAFJ34rPVVdelmsAguJCRpbeuu6MZlBfuQJpTJdNIOnUzCzESooSs/wa1+gDtx65e49kectBWs6IELh3Pu5d57/JhRqSzrw1haXlldW89t5De3tnd2C3v7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o8vMb98RIWnEb9Q4Jl6IBpwGFCOlpVs3HtJTN5a0Vyha5nmt4pw50DItq+qUKhlxqmWnBG2tZCiCORq9wqfbj3ASEq4wQ1J2bStWXoqEopiRSd5NJIkRHqEB6WrKUUikl04PnsBjrfRhEAldXMGp+nMiRaGU49DXnSFSQ/nby8S/vG6igpqXUh4ninA8WxQkDKoIZt/DPhUEKzbWBGFB9a0QD5FAWOmMFrYoOrqf6FS+X4f/k5Zj2hXTvi4X6xfzfHLgEByBE2CDKqiDK9AATYBBCB7BE3g2HowX49V4m7UuGfOZA7AA4/0LYCSYJA==</latexit>

�, 
<latexit sha1_base64="BZNLun96095rAwUdXIyPPsNr/sw="></latexit>

kAJL⌧ �AJk  C1(2
�Jk⌧k1 + kr⌧k1)

<latexit sha1_base64="yxlqrG1WXm01NfrGbQXSko8jJJw=">AAACDnicdVDJTgJBEO1xRdxwuXnpSEw8kRkkgDeiF+MJE1kSIKSnKaBDz2J3jQkQ/sFP8Kof4M149Rc8+yP2ACZi9CWVvLxXlap6biiFRtv+sJaWV1bX1hMbyc2t7Z3d1N5+VQeR4lDhgQxU3WUapPChggIl1EMFzHMl1NzBZezX7kFpEfi3OAyh5bGeL7qCMzRSO3XYrIJCWmtfT0lTwh112qm0nTkv5rO5PLUztl1wsk5MsoXcWY46RomRJnOU26nPZifgkQc+csm0bjh2iK0xUyi4hEmyGWkIGR+wHjQM9ZkHujWeXj+hJ0bp0G6gTPlIp+rPiTHztB56run0GPb1by8W//IaEXaLrbHwwwjB57NF3UhSDGgcBe0IBRzl0BDGlTC3Ut5ninE0gS1sQTEYTUwq36/T/0k1m3HyGecmly5dzPNJkCNyTE6JQwqkRK5ImVQIJyPySJ7Is/VgvViv1tusdcmazxyQBVjvX1YvnFk=</latexit>

kWJk  1

<latexit sha1_base64="/pLJlcz6cRkC899wElmY7Bpy8xM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5RERL0IVS/SUwX7AU0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRcmnCntON/W0vLK6tp6YaO4ubW9U7J395oqTiWhDRLzWLZDrChngjY005y2E0lxFHLaCoe3E7/1SKVisXjQo4T6Ee4L1mMEayMFdqkV1K687DqonTSDmjcO7LJTcaZAi8TNSRly1AP7y+vGJI2o0IRjpTquk2g/w1Izwum46KWKJpgMcZ92DBU4osrPpoeP0ZFRuqgXS1NCo6n6eyLDkVKjKDSdEdYDNe9NxP+8Tqp7l37GRJJqKshsUS/lSMdokgLqMkmJ5iNDMJHM3IrIAEtMtMmqaEJw519eJM3Tintece/PytWbPI4CHMAhHIMLF1CFO6hDAwik8Ayv8GY9WS/Wu/Uxa12y8pl9+APr8wdpB5JJ</latexit>

WJ = {AJ , VJ}and



Stability to deformations: 
low-pass filter
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• Proposition: Assume:                           and 
 
Then there exists C>0 such that for any J and              :             

• Proof: Here, by change of variable:

<latexit sha1_base64="kESCPqiQFLfJPHdoQ+2912MjKCY="></latexit>Z

u
kr�(u)k du < 1

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

Lemma: 
<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

<latexit sha1_base64="gKoZl8mOjLYahMgJmhyZKMh9dD0="></latexit>

kAJ �AJL⌧k  C(2�Jk⌧k1 + kr⌧k1)

<latexit sha1_base64="VdMOvkJYwL02suDvqV8/sfyMVJc="></latexit>

|1� det(I�r⌧(u))|  dkr⌧k1

(AJx−AJLτx)(u) !
∫

Rd

x(v − τ(v))φJ(u− v − τ(v)) det(I−∇τ)(v)− x(v − τ(v))φJ(u− v) dv

∫

u
|φ(u)| du < ∞



Commutation with 
deformations of high-frequencies
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• Proposition: Assume that     is regular and 
then there exists C such that for any J and               : 

• Proof: Introduce:

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="uvLRAZKGFSCEksT1dYgWoL6grfE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbbbt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZrxBotkpB8CargUijdQoOQPseY0DCRvBaObzG89cm1EpO5xHHM/pAMl+oJRzKRObES3XHGr7hRkmXg5qUCOerf80+lFLAm5QiapMW3PjdFPqUbBJJ+UOonhMWUjOuBtSxUNufHT6a0TcmKVHulH2pZCMlX/TqQ0NGYcBrYzpDg0i14m/ue1E+xf+alQcYJcsdmifiIJRiR7nPSE5gzl2BLKtLC3EjakmjK08cxtQTF6mthUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iBV3hznp1358P5nLUWnHzmEObgfP0CYWaV5Q==</latexit>

 
<latexit sha1_base64="cd5C04F+d0NKF90UlnoO3BruVPQ="></latexit>Z

u
 (u) du = 0

<latexit sha1_base64="iSpxSNOvSsTI9B11VXOvlokuXsE="></latexit>

k[L⌧ , VJ ]k  C(kr⌧k1 + k�⌧k1)

<latexit sha1_base64="WjQZU7IRYAUzr9h9/mVWzmCjwkc="></latexit>

(L⌧Kjx�KjL⌧x)(u) ,
Z

Rd

x(v) j(u� v � ⌧(u))� x(v � ⌧(v)) j(u� v) dv

<latexit sha1_base64="7l/1ueJiJo5P8gawJcizoAiqfjQ="></latexit>

8! 2 Rd,
X

j�0

| ̂(2j!)|2  CLemma 1: If          and      is regular enough:
<latexit sha1_base64="IS3CYqxZI8fJlvgPH0qptCpr4nc=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuAzlAyaaYNzSRDkhHq0KWf4FY/wJ249UNc+yOm7Sxs64HA4Zx7uScnTDjTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqQhtEcqnaIdaUM0EbhhlO24miOA45bYXD24nfeqRKMykezCihQYz7gkWMYGOljs+EQX6i2bXbLVfcqjsFWiZeTiqQo94t//g9SdKYCkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KBY6qDbBp5jE6s0kORVPbZCFP170aGY61HcWgnY2wGetGbiP95ndREV0HGRJIaKsjsUJRyZCSa/B/1mKLE8JElmChmsyIywAoTY1uau2LY8GlsW/EWO1gmzbOqd1H17s8rtZu8nyIcwTGcggeXUIM7qEMDCEh4gVd4c56dd+fD+ZyNFpx85xDm4Hz9AvMfmF8=</latexit>Z
 = 0

<latexit sha1_base64="uvLRAZKGFSCEksT1dYgWoL6grfE=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbbbt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZrxBotkpB8CargUijdQoOQPseY0DCRvBaObzG89cm1EpO5xHHM/pAMl+oJRzKRObES3XHGr7hRkmXg5qUCOerf80+lFLAm5QiapMW3PjdFPqUbBJJ+UOonhMWUjOuBtSxUNufHT6a0TcmKVHulH2pZCMlX/TqQ0NGYcBrYzpDg0i14m/ue1E+xf+alQcYJcsdmifiIJRiR7nPSE5gzl2BLKtLC3EjakmjK08cxtQTF6mthUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iBV3hznp1358P5nLUWnHzmEObgfP0CYWaV5Q==</latexit>

 

Lemma 2: If                   then:
<latexit sha1_base64="ijknmKrt/wGVahO7zKhzNGfqU+E=">AAACQHicbVBNSxxBEO1RY/yKrubopXER1oPLjIjxuCiE5KaQXYXtZanpqdFme3rG7hphHfcf5VfkJ+QWklsuuYlXT+ldNxA/HhQ83quiql5caOUoDH8EM7Nzb+bfLiwuLa+8W12rrW90XF5aiW2Z69yex+BQK4NtUqTxvLAIWazxLB4cj/2za7RO5eYLDQvsZXBhVKokkJf6tY+30a5IkBoiA7qM0+rzaFcYiDVwUTjVKHd2bo XGK56IDlri/zyCciL0hTIpDfu1etgMJ+AvSTQldTbFSb/2WyS5LDM0JDU4143CgnoVWFJS42hJlA4LkAO4wK6nBjJ0vWry74hveyXhaW59GeIT9f+JCjLnhlnsO8dfuefeWHzN65aUHvYqZYqS0MjHRWmpOeV8HB5PlEVJeugJSKv8rVxeggVJPuInW0gNbkY+leh5Bi9JZ68ZHTSj0/1662iazwLbZFuswSL2gbXYJ3bC2kyyr+w7+8l+Bd+CP8FdcP/YOhNMZ96zJwge/gLPc7Cn</latexit>

|1� det(I�r (u))|  dkr⌧k1

<latexit sha1_base64="+F/t/8T26Q5SQfvARwoDCe8b7Hg=">AAACE3icbZDJSgNBEIZ7XGPcRj2Jl8YgeAozQdRj0IsHDxHMApkx9HQqSZOexe4aIYbgU/gIXvUBvIlXH8CzL2JnOZjEHxo+/qqiqv8gkUKj43xbC4tLyyurmbXs+sbm1ra9s1vRcao4lHksY1ULmAYpIiijQAm1RAELAwnVoHs5rFcfQGkRR7fYS8APWTsSLcEZGqth73sVUEivGx6ydMSehHtauGs27JyTd0ai8+BOIEcmKjXsH68Z8zSECLlkWtddJ0G/zxQKLmGQ9VINCeNd1oa6wYiFoP3+6AsDemScJm3FyrwI6cj9O9Fnoda9MDCdIcOOnq0Nzf9q9RRb535fREmKEPHxolYqKcZ0mAdtCgUcZc8A40qYWynvMMU4mtSmtqDoPg5MKu5sBvNQKeTd07x7c5IrXkzyyZADckiOiUvOSJFckRIpE06eyAt5JW/Ws/VufVif49YFazKzR6Zkff0CIAKeXQ==</latexit>

kL⌧k  2d

<latexit sha1_base64="Vw7wvA6EyK0VRdiv26fVKnnbkWE="></latexit>

2�d  | det(I�r⌧)(u)|  2d

<latexit sha1_base64="CNC9A18QpUIME1vS0Nk8CW0uivY="></latexit>

kr⌧k1  1

2

<latexit sha1_base64="XF2sCBhI3ERUW2U6e8oH6ZmcyAs="></latexit>

k�⌧k1 = sup
x,y

k⌧(x)� ⌧(y)k



Summary of the Scattering’s 
properties we discussed
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• Scattering is stable: 

• Linearize small deformations: 

• Invariant to local translation: 

• For  ,  ,              is covariant with           : 

kSJx� SJyk  kx� yk

SJx(u,�)� u

SJ(g.x)(u,�) = SJx(g
�1u, g�1�) , g.SJx(u,�)

kSJL⌧x� SJxk  Ckr⌧kkxk

8u8g 2 SO2(R), g.x(u) , x(g�1
u)if

<latexit sha1_base64="JXOY7PChzCtTs0yWpfTqGt9h00c="></latexit>

kak ⌧ 2K ) SJLax ⇡ SJx



More Scattering
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Scattering moments 20

• For a stationary process X (e.g., a texture) 

• This leads to the Expected Scattering:

…

Modulus is important 
as expectation would be 0!

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

can be estimated via an unbiased estimator:



Roto-translation scattering

• Then Sx is invariant to roto-translation.

Ref.: PhD of L. Sifre
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and
<latexit sha1_base64="UB8CuEFLp7GQoQzwVvd+GAeAY5E="></latexit>

Y 1
j1(u, ✓1) = |x ?  j1,✓1(u)|

<latexit sha1_base64="bw/H9Xqwt7aSdan79rwad4jUPTc="></latexit>

Y 2
j1,j2,✓2,k(✓, u) =

Z

✓0,u0
|x ?  j1,✓0(u0)| j2,✓2+✓0(u� u0) k(✓ � ✓0)du d✓

then, we get:

Let

<latexit sha1_base64="61+kj+I7RLtzVmnNEMQJGnl5gVk=">AAACKXicbVDLSgMxFM34tr6qLt0Ei6AgdaYouhGKblwqWq10xiGTSdvQTGZI7oh16Gf4FX6CW/0Ad+q2P2L6EKz1wIVzz7mXm5wgEVyDbX9aE5NT0zOzc/O5hcWl5ZX86tq1jlNFWYXGIlbVgGgmuGQV4CBYNVGMRIFgN0HrtOff3DOleSyvoJ0wLyINyeucEjCSn9+79EsPxy6X4GfprgtNBqSDb+9K2z/djrsbpqYGnZ8v2EW7DzxOnCEpoCHO/XzXDWOaRkwCFUTrmmMn4GVEAaeCdXJuqllCaIs0WM1QSSKmvaz/sQ7eMkqI67EyJQH31d8bGYm0bkeBmYwINPVfryf+59VSqB95GZdJCkzSwaF6KjDEuJcSDrliFETbEEIVN2/FtEkUoWCyHLkCvPXYMak4fzMYJ9elonNQtC/2C+WTYT5zaANtom3koENURmfoHFUQRU/oBb2iN+vZerc+rK/B6IQ13FlHI7C636HApvA=</latexit>

S2x =

Z

u,✓
Y 2(u, ✓) du d✓

<latexit sha1_base64="IdoMJt4Bj75/B7rlvXUA5n8szDU=">AAACEXicbVDLSgNBEJyNrxhfUQ8evAwGIYKEXVH0IgS9eIxoHpCEZXYySYbMzi4zPZIY9iv8BK/6Ad7Eq1/g2R9x8jiYaEFDUdVNd1cQC67Bdb+c1MLi0vJKejWztr6xuZXd3qnoyCjKyjQSkaoFRDPBJSsDB8FqsWIkDASrBr3rkV99YErzSN7DIGbNkHQkb3NKwEp+du/Od3EfX+IGl+Ab3M+bo8Zxy/jZnFtwx8B/iTclOT RFyc9+N1oRNSGTQAXRuu65MTSHRAGngiWZhtEsJrRHOqxuqSQh083h+IEEH1qlhduRsiUBj9XfE0MSaj0IA9sZEujqeW8k/ufVDbQvmkMuYwNM0smithEYIjxKA7e4YhTEwBJCFbe3YtolilCwmc1sAd57TGwq3nwGf0nlpOCdFdzb01zxappPGu2jA5RHHjpHRXSDSqiMKErQM3pBr86T8+a8Ox+T1pQzndlFM3A+fwCnE5xb</latexit>

S0x =

Z

u
x(u) du

Let and

<latexit sha1_base64="YSSdLgJLLLDDVp4yEzx4DkM86uQ=">AAACLHicbVDLSgMxFM34flt16SZYhAqlzBRFN0LRjUtFayudOmTStA3NZIbkjliH/odf4Se41Q9wI+JK8DtM2xFs64EL555zLzc5fiS4Btt+t6amZ2bn5hcWl5ZXVtfWMxub1zqMFWVlGopQVX2imeCSlYGDYNVIMRL4glX8zmnfr9wxpXkor6AbsXpAWpI3OSVgJC9TvPQcfI+PscsleEmcd6HNgPTwza2T++323HwjNjXsvEzWLtgD4EnipCSLUpx7mS+3EdI4YBKoIFrXHDuCekIUcCpYb8mNNYsI7ZAWqxkqScB0PRn8rYd3jdLAzVCZkoAH6t+NhARadwPfTAYE2nrc64v/ebUYmkf1hMsoBibp8FAzFhhC3A8KN7hiFETXEEIVN2/FtE0UoWDiHLkCvPPQM6k44xlMkutiwTko2Bf72dJJms8C2kY7KIccdIhK6AydozKi6BE9oxf0aj1Zb9aH9TkcnbLSnS00Auv7B7rup2w=</latexit>

S1x =

Z

u,✓
Y 1(u, ✓) du d✓



One generalization among 
many

22

• CNN that is convolutional along axis channel: 
 

• For    , we refer to the variable    as an attribute 
that discriminates previously obtained layer. 

• Representation is finally averaged: invariant along 
translations by v.

vjxj
u

xj+1(v1, ..., vj , vj+1) = ⇢j(xj ?
v1,...,vj  vj+1)(v1, ..., vj)

x1 x2

x3

xJ(vJ) =
X

v1,...,vJ�1

xJ�1(v1, ..., vJ�1, vJ)

Very similar to equivariant CNNs

Ref.: Hiearchical CNNs, Jacobsen et al.



Today’s lab
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Mutual information
• Measure of the mutual dependence between two 

variables: 

• Also writes: 

• For any diffeomorphisms,        we have:

24

<latexit sha1_base64="izDvNsQZ/BW3nxduPPW0xiCgMCQ="></latexit>

I(X;Y ) =

Z

X

Z

Y
p(X,Y )(x, y) log

P(X,Y )(x, y)

PX(x)PY (y)
dx dy

<latexit sha1_base64="cagF9yqIo2eNdOgtOHJIYEIKx64="></latexit>

I(X;Y ) = DKL(P(X,Y )||PX ⌦ PY )

<latexit sha1_base64="0iJ7OJgaB6M0EDcnfiwbk9XaqlQ=">AAACE3icbVDLSsNAFJ3UV62vqCtxEyxCAqUkIupGKLqxuwrWpjShTKaTduhkEmYmQi3Fr/AT3OoHuBO3foBrf8Rpm4VtPXDhcM693HtPkFAipG1/a7ml5ZXVtfx6YWNza3tH3927F3HKEa6jmMbcDaDAlDBcl0RS7CYcwyiguBH0r8d+4wFzQWJ2JwcJ9iPYZSQkCEoltfWDquklgpiuVfKSHjGblnVZNd1S02rrRbtsT2AsEicjRZCh1tZ/vE6M0ggziSgUouXYifSHkEuCKB4VvFTgBKI+7OKWogxGWPjDyQsj41gpHSOMuSomjYn6d2IIIyEGUaA6Iyh7Yt4bi/95rVSGF/6QsCSVmKHpojClhoyNcR5Gh3CMJB0oAhEn6lYD9SCHSKrUZrZI0n8cqVSc+QwWyf1J2TkrO7enxcpVlk8eHIIjYAIHnIMKuAE1UAcIPIEX8AretGftXfvQPqetOS2b2Qcz0L5+AdAcnFI=</latexit>

I( (X),�(Y )) = I(X,Y )

<latexit sha1_base64="IiyyiyH6k9eappRH/LncWmhuhh4=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8SNgVUY9BLx4jmAdmlzA7mU2GzM4OM7NCXHLzE7zqB3gTr/6IZ3/ESbIHk1jQUFR1090VSs60cd1vZ2l5ZXVtvbBR3Nza3tkt7e03dJIqQusk4YlqhVhTzgStG2Y4bUlFcRxy2gwHN2O/+UiVZom4N0NJgxj3BIsYwcZKD77U7BT5ss86pbJbcSdAi8TLSRly1DqlH7+bkDSmwhCOtW57rjRBhpVhhNNR0U81lZgMcI+2LRU4pjrIJheP0LFVuihKlC1h0ET9O5HhWOthHNrOGJu+nvfG4n9eOzXRVZAxIVNDBZkuilKOTILG76MuU5QYPrQEE8XsrYj0scLE2JBmthg2eBrZVLz5DBZJ46ziXVS8u/Ny9TrPpwCHcAQn4MElVOEWalAHAgJe4BXenGfn3flwPqetS04+cwAzcL5+AVLnmAo=</latexit>

 ,�



Reducing mutual information 
(Information bottleneck)
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I(X;Y ) � I(�1X;Y ) � ... � I(�JX;Y )

I(X;�1X) � I(X;�2X) � ... � I(X;�JX)

• Reducing the information sounds relevant: 
 
 
 

• But one can easily build invertible CNNs…

I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X

…but "reveal" Y

They propose to introduce:

�j,� = arg inf
�

I(�j�1X,�jX)� �I(�jX,Y )

Ref.: i-RevNet: Deep Invertible Networks, J Jacobsen et al.

Ref.:  Opening the Black Box of Deep Neural Networks via 
Information, R Shwartz-Ziv and N Tishby
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+

W

One bĳective layer

<latexit sha1_base64="oCZE3fYdq0MSXLqupmF78o9K+GI=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGieUCyhNnJbDJm9sFMrxiX/QSv+gHexKsf49kfcZLswSQWNBRV3XR3ebEUGm3721paXlldWy9sFDe3tnd2S3v7DR0livE6i2SkWh7VXIqQ11Gg5K1YcRp4kje94fXYbz5ypUUU3uMo5m5A+6HwBaNopLun7kO3VLYr9gRkkTg5KUOOWrf00+lFLAl4iExSrduOHaObUoWCSZ4VO4nmMWVD2udtQ0MacO2mk1MzcmyUHvEjZSpEMlH/TqQ00HoUeKYzoDjQ895Y/M9rJ+hfuqkI4wR5yKaL/EQSjMj4b9ITijOUI0MoU8LcStiAKsrQpDOzBcXwOTOpOPMZLJLGacU5rzi3Z+XqVZ5PAQ7hCE7AgQuowg3UoA4M+vACr/BmZda79WF9TluXrHzmAGZgff0CmFOVdA==</latexit>xj

<latexit sha1_base64="PBSVf3nsALft7AmRTnzE5JlTcZ8=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzAOTJcxOOsmY2dllpleMS25+glf9AG/i1R/x7I84eRxMYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auaKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/NoDaCMidYuDGPyQdZXoCM7QSndNFLIN9LF138oX3KI7Bl0k3pQUyBTlVv6n2Y54EoJCLpkxDc+N0U+ZRsElDHPNxEDMeJ91oWGpYiEYPx1fPKRHVmnTTqRtKaRj9e9EykJjBmFgO0OGPTPvjcT/vEaCnQs/FSpOEBSfLOokkmJER+/TttDAUQ4sYVwLeyvlPaYZRxvSzBYU/aehTcWbz2CRVE+K3lnRuzktlC6n+WTJATkkx8Qj56RErkmZVAgniryQV/LmPDvvzofzOWnNONOZfTID5+sXtmiYSA==</latexit>

x̃j
<latexit sha1_base64="741c+GvLnHJCQ2++bI/5UKKvxUA=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiCUBIRdVl047KCfUAby2QyacdOJmHmRqyhez/BrX6AO3Hrb7j2R5y0WdjWAxcO59zLuRwvFlyDbX9bC4tLyyurhbXi+sbm1nZpZ7eho0RRVqeRiFTLI5oJLlkdOAjWihUjoSdY0xtcZX7zgSnNI3kLw5i5IelJHnBKwEh3HeDCZ/ixm94fO6NuqWxX7DHwPHFyUkY5at3ST8ePaBIyCVQQrduOHYObEgWcCjYqdhLNYkIHpMfahkoSMu2m469H+NAoPg4iZUYCHqt/L1ISaj0MPbMZEujrWS8T//PaCQQXbsplnACTdBIUJAJDhLMKsM8VoyCGhhCquPkV0z5RhIIpaioF+OApa8WZ7WCeNE4qzlnFuTktVy/zfgpoHx2gI+Sgc1RF16iG6ogihV7QK3qznq1368P6nKwuWPnNHpqC9fULdeaZxA==</latexit>

x̃j+1

<latexit sha1_base64="AVPBTxrM/hYaz9WI5a9nm7M0hS0=">AAAB/3icbVDLSsNAFL2pr1pfVZduBosgCCURUZdFNy4r2Ae0oUymk3bMZBJmJmINXfgJbvUD3IlbP8W1P+KkzcK2HrhwOOde7r3HizlT2ra/rcLS8srqWnG9tLG5tb1T3t1rqiiRhDZIxCPZ9rCinAna0Exz2o4lxaHHacsLrjO/9UClYpG406OYuiEeCOYzgrWRWo+99P7EGffKFbtqT4AWiZOTCuSo98o/3X5EkpAKTThWquPYsXZTLDUjnI5L3UTRGJMAD2jHUIFDqtx0cu4YHRmlj/xImhIaTdS/EykOlRqFnukMsR6qeS8T//M6ifYv3ZSJONFUkOkiP+FIRyj7HfWZpETzkSGYSGZuRWSIJSbaJDSzRbPgKUvFmc9gkTRPq8551bk9q9Su8nyKcACHcAwOXEANbqAODSAQwAu8wpv1bL1bH9bntLVg5TP7MAPr6xdNYZbw</latexit>xj+1

<latexit sha1_base64="PW3NQucfYVErDhR0dnXTRGUzCyo=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2BRKmKZiKgboejGZQXbCr2RSdM2NHMhOSOtQ9/Ap/AR3OoDuBOXuvVFTNtZaOsPgS//OYeT/G4ohQbH+bRSc/MLi0vp5czK6tr6hr25VdZBpBgvsUAG6s6lmkvh8xIIkPwuVJx6ruQVt3c1qlfuudIi8G9hEPK6Rzu+aAtGwVhNe7/fgItasSsa8REZ5mCEuN9wDnPkCA6SGzlo2lkn74yFZ4EkkEWJik37u9YKWORxH5ikWleJE0I9pgoEk3yYqUWah5T1aIdXDfrU47oej/8zxHvGaeF2oMzxAY/d3xMx9bQeeK7p9Ch09XRtZP5Xq0bQPq/Hwg8j4D6bLGpHEkOAR+HgllCcgRwYoEwJ81bMulRRBibCP1tA9B6GJhUyncEslI/z5DRPbk6yhcsknzTaQbsohwg6QwV0jYqohBh6RM/oBb1aT9ab9W59TFpTVjKzjf7I+voBMg6h1A==</latexit>

xt = ��1(t�x0 + (1� t)�x1)


