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Graph Laplacian
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Adjacency matrix on a 
Graph

• Let                    a graph with n nodes and                 a 
set of edge. We assume our graph is undirected:           

• We will consider weighted graphs: we assume each edge 
has a weight       which is the adjacency matrix. It 
satisfies: 

• Reciprocally, such matrix is the adjacency matrix of a 
graph. 

• We write: 
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<latexit sha1_base64="qNZEyPTtHq/8yDS6YyoWb9WDHwE=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KKERBTdCEUXuqxgH9CEMplO2qGTSZiZCDXkK/wEt/oB7sStX+DaH3HSZmFbD1w4nHMv997jx4xKZdvfRmlpeWV1rbxe2djc2t4xd/daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHN7nffiRC0og/qHFMvBANOA0oRkpLPfPADZEaYsTS2+zKTZ2aZVk17mY9s2pb9gRwkTgFqYICjZ754/YjnISEK8yQlF3HjpWXIqEoZiSruIkkMcIjNCBdTTkKifTSyQMZPNZKHwaR0MUVnKh/J1IUSjkOfd2ZnyvnvVz8z+smKrj0UsrjRBGOp4uChEEVwTwN2KeCYMXGmiAsqL4V4iESCCud2cwWRUdPeSrOfAaLpHVqOeeWfX9WrV8X+ZTBITgCJ8ABF6AO7kADNAEGGXgBr+DNeDbejQ/jc9paMoqZfTAD4+sX0ludDQ==</latexit>

G = {1, ..., n}
<latexit sha1_base64="tDgC+r5yzP+yQ7olFG8QoodpDbw=">AAACKHicbVDLSsNAFJ3UV62vqEs3wSK4CokouiyK6LKCfUATymQ6aYdOHszcCDXkL/wKP8GtfoA76VZ/xEkbpA8PDBzOuZdz53gxZxIsa6yVVlbX1jfKm5Wt7Z3dPX3/oCmjRBDaIBGPRNvDknIW0gYw4LQdC4oDj9OWN7zJ/dYTFZJF4SOMYuoGuB8ynxEMSurqphNgGBDM09vMkYknKfwpd5kDLKByRujqVcu0JjCWiV2QKipQ7+o/Ti8iSUBDIBxL2bGtGNwUC2CE06ziJJLGmAxxn3YUDbHKc9PJvzLjRCk9w4+EeiEYE3V2I8WBlKPAU5P5iXLRy8X/vE4C/pWbsjBOgIZkGuQn3IDIyEsyekxQAnykCCaCqVsNMsACE1BVzqUAGz7nrdiLHSyT5plpX5jWw3m1dl30U0ZH6BidIhtdohq6R3XUQAS9oDf0jj60V+1T+9LG09GSVuwcojlo37+7i6jd</latexit>

E ⇢ G ⇥ G

<latexit sha1_base64="u/c9Zop+n1QAKW65fXWa4ro5+ac=">AAACCnicbVDLSsNAFJ3UV62vqEs3wSK4Kokouqy6cVnBPqANYTKdtGMnkzBzU6ghf+AnuNUPcCdu/QnX/oiTNgvbeuDC4Zx7uYfjx5wpsO1vo7Syura+Ud6sbG3v7O6Z+wctFSWS0CaJeCQ7PlaUM0GbwIDTTiwpDn1O2/7oNvfbYyoVi8QDTGLqhnggWMAIBi15ptkLMQwJ5ul15qXsMfPMql2zp7CWiVOQKirQ8MyfXj8iSUgFEI6V6jp2DG6KJTDCaVbpJYrGmIzwgHY1FTikyk2nyTPrRCt9K4ikHgHWVP17keJQqUno6808p1r0cvE/r5tAcOWmTMQJUEFmj4KEWxBZeQ1Wn0lKgE80wUQyndUiQywxAV3W3Bdgo6e8FWexg2XSOqs5FzX7/rxavyn6KaMjdIxOkYMuUR3doQZqIoLG6AW9ojfj2Xg3PozP2WrJKG4O0RyMr1+Wspt9</latexit>

Aij
<latexit sha1_base64="aLrlrOkKmroWThe+IdOMGKkLcuA=">AAACE3icbVDLSsNAFJ3UV62vqCtxEyyCq5KIohuh6sZlhb6gjWUynbRDJ5MwcyPUUPwKP8GtfoA7cesHuPZHnLRZ9OGBgXPPuZd753gRZwps+8fILS2vrK7l1wsbm1vbO+buXl2FsSS0RkIeyqaHFeVM0Bow4LQZSYoDj9OGN7hN/cYjlYqFogrDiLoB7gnmM4JBSx3zoB1g6BPMk+vRQ/VqquqYRbtkj2EtEicjRZSh0jF/292QxAEVQDhWquXYEbgJlsAIp6NCO1Y0wmSAe7SlqcABVW4y/sLIOtZK1/JDqZ8Aa6xOTyQ4UGoYeLozPVHNe6n4n9eKwb90EyaiGKggk0V+zC0IrTQPq8skJcCHmmAimb7VIn0sMQGd2swWYIOnNBVnPoNFUj8tOecl+/6sWL7J8smjQ3SETpCDLlAZ3aEKqiGCntErekPvxovxYXwaX5PWnJHN7KMZGN9/PHufCw==</latexit>

AT = A <latexit sha1_base64="iTkVI142MyMgFjZdt5UwEW2lARg=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IVTcuK9gLtKFMppN26GQSZk7EGrL1KXwEt/oA7sStG9e+iEkb0Lb+MPDxn3M4Z343FFyDZX0ZhYXFpeWV4mppbX1jc8vc3mnoIFKU1WkgAtVyiWaCS1YHDoK1QsWI7wrWdIdXWb15x5TmgbyFUcgcn/Ql9zglkFpdE3d8AgNKRHyRdIDdg+vFdnL+i12zbFWssfA82DmUUa5a1/zu9AIa+UwCFUTrtm2F4MREAaeCJaVOpFlI6JD0WTtFSXymnXj8kwQfpE4Pe4FKnwQ8dv9OxMTXeuS7aWd2t56tZeZ/tXYE3pkTcxlGwCSdLPIigSHAWSy4xxWjIEYpEKp4eiumA6IIhTS8qS3Ahw9ZKvZsBvPQOKrYJxXr5rhcvczzKaI9tI8OkY1OURVdoxqqI4oe0TN6Qa/Gk/FmvBsfk9aCkc/soikZnz9Xn6JU</latexit>

A1 = 1

<latexit sha1_base64="f5WjNN7FAysO8zQg9Ta7294mAAQ="></latexit>

L2(G) = {x : G ! R,
X

n2G
|x(n)|2 < 1}

<latexit sha1_base64="toQS1YxaxTDB+OSQxjgW+lj+FD0="></latexit>

(i, j) 2 E () (j, i) 2 E

and
<latexit sha1_base64="f1dcxHRdsOqCUI8AU7TEV1dV508="></latexit>

Aij > 0 () (i, j) 2 Eand



Examples of data 
with graph structure
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4 connectivity for images:

<latexit sha1_base64="fWyYU2SYnsOLZivzCyvWOfHrGc0="></latexit>

Ai,j = e�
d(xi,xj)

2

2�2

Community graph

Manifold



Signals with non-Euclidean 
topology
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<latexit sha1_base64="hYIyZyA81CArNr+e/FNtNh1T3zY="></latexit>

8x 2 L2(G),�(x) 2 Rd
Objective: finding

<latexit sha1_base64="C/8PskCQG9BeOwlcccDlCMQFNFQ=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiC11WsA9oh5JJM21oJhmSjFCHLv0Et/oB7sStH+LaHzHTzsK2HggczrmXe3KCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmlokitEEkl6odYE05E7RhmOG0HSuKo4DTVjC6yfzWI1WaSfFgxjH1IzwQLGQEGyt1uhE2Q4J5ejvplStu1Z0CLRMvJxXIUe+Vf7p9SZKICkM41rrjubHxU6wMI5xOSt1E0xiTER7QjqUCR1T76TTyBJ1YpY9CqewTBk3VvxspjrQeR4GdzCLqRS8T//M6iQmv/JSJODFUkNmhMOHISJT9H/WZosTwsSWYKGazIjLEChNjW5q7YtjoKWvFW+xgmTTPqt5F1b0/r9Su836KcATHcAoeXEIN7qAODSAg4QVe4c15dt6dD+dzNlpw8p1DmIPz9QvmAZj2</latexit>

G is fixed

<latexit sha1_base64="zqyl6Dezhbw6t684j47eOEJ4hjY=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCixISUXRZdOOygn1AE8JkOmmHTiZhZiKtoV/gJ7jVD3Anbv0K1/6IkzYL23rgwuGcezmXEySMSmXb30ZpbX1jc6u8XdnZ3duvmgeHbRmnApMWjlksugGShFFOWooqRrqJICgKGOkEo9vc7zwSIWnMH9QkIV6EBpyGFCOlJd+sutnYd+qWZdXHPnenvlmzLXsGuEqcgtRAgaZv/rj9GKcR4QozJGXPsRPlZUgoihmZVtxUkgThERqQnqYcRUR62ezxKTzVSh+GsdDDFZypfy8yFEk5iQK9GSE1lMteLv7n9VIVXnsZ5UmqCMfzoDBlUMUwbwH2qSBYsYkmCAuqf4V4iATCSne1kKLo6ClvxVnuYJW0zy3n0rLvL2qNm6KfMjgGJ+AMOOAKNMAdaIIWwCAFL+AVvBnPxrvxYXzOV0tGcXMEFmB8/QKnCZm5</latexit>

{x1, ..., xn}

"classify movements 
from fiducial coordinates"

<latexit sha1_base64="UFvgIp6O64ArpeOZyc7wsKh/goY=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6nXDHm/WnPqzhT2MnELUoMCzX71pzeIaRoxiVQQrbuuk6CXEYWcCjap9FLNEkJHZMi6hkoSMe1l01sn9olRBnYQK1MS7an6dyIjkdbjyDedEcFQL3q5+J/XTTG48jIukxSZpLNFQSpsjO38cXvAFaMoxoYQqri51aYhUYSiiWduC/LR08Sk4i5msEzaZ3X3ou7cndca10U+ZTiCYzgFFy6hAbfQhBZQCOEFXuHNerberQ/rc9ZasoqZQ5iD9fULHG6VuA==</latexit>

�



Graph classification

• Example: molecules 

• What is the chemical potential of the given molecule?

6

<latexit sha1_base64="iixOW+838B8Aw77mjBMbIbdVfEg=">AAACEXicbVC7TsMwFHV4lvIKMDCwWFRIZakSBIKxgoWxIPqQmlA5jtNadZzIdhAlylfwCazwAWyIlS9g5kdw2gy05UhXOjrnXt17jxczKpVlfRsLi0vLK6ultfL6xubWtrmz25JRIjBp4ohFouMhSRjlpKmoYqQTC4JCj5G2N7zK/fYDEZJG/E6NYuKGqM9pQDFSWuqZ+05jQKuPxw7l0AmRGnheepvd+z2zYtWsMeA8sQtSAQUaPfPH8SOchIQrzJCUXduKlZsioShmJCs7iSQxwkPUJ11NOQqJdNPxAxk80ooPg0jo4gqO1b8TKQqlHIWe7sxvlLNeLv7ndRMVXLgp5XGiCMeTRUHCoIpgngb0qSBYsZEmCAuqb4V4gATCSmc2tUXR4VOmU7FnM5gnrZOafVazbk4r9csinxI4AIegCmxwDurgGjRAE2CQgRfwCt6MZ+Pd+DA+J60LRjGzB6ZgfP0CqyudmQ==</latexit>

�(x) 2 Rd<latexit sha1_base64="0h08GUOMufGRx/283J3pdc8w2e0=">AAACW3icbVBNS8NAEN2mftRatSqevCwWoYKEpCh6Eaoe9FjBfkAbwma7aZdsPtjdiDXk9/kbPHjy7FWvbtsgpnVg4M17b5jhORGjQhrGW0ErrqyurZc2ypuVre2d6u5eR4Qxx6SNQxbynoMEYTQgbUklI72IE+Q7jHQd73aqd58IFzQMHuUkIpaPRgF1KUZSUXYVPV/VBz6SY4xYcp3a5in8He/yo1IbeVWNuq7nLV7e4p3Y1ZqhG7OCy8DMQA1k1bKrH4NhiGOfBBIzJETfNCJpJYhLihlJy4NYkAhhD41IX8EA+URYySyKFB4rZgjdkKsOJJyxfzcS5Asx8R3lnH4pFrUp+Z/Wj6V7aSU0iGJJAjw/5MYMyhBOc4VDygmWbKIAwpyqXyEeI46wVOnnrkjqvaQqFXMxg2XQaejmuW48nNWaN1k+JXAIjkAdmOACNME9aIE2wOAVfIIv8F1414paWavMrVoh29kHudIOfgBZDLXs</latexit>

x = (A1,G1,A2,G2, ...,Ak,Gk)



Semi-supervised tasks

• Only a subset of the nodes have labels Y. 

• Yet     is fully know, X too. 

• It is useful for classifying communities for instance.
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<latexit sha1_base64="Km2tbIHeoxQDWVo7saAQKpjf1RE=">AAACHXicbVC7TsMwFHXKq5RXgZHFokIqS5UgEEgsBRbGguhDakLlOE5r1XEi20EqUT6Ar+ATWOED2BArYuZHcNIOtOVIls49517d6+NGjEplmt9GYWFxaXmluFpaW9/Y3Cpv77RkGAtMmjhkoei4SBJGOWkqqhjpRIKgwGWk7Q6vMr/9QISkIb9To4g4Aepz6lOMlJZ65YrdGNBq59wOkBpgxJKL9NCmHOa16ya36b2nu8yamQPOE2tCKmCCRq/8Y3shjgPCFWZIyq5lRspJkFAUM5KW7FiSCOEh6pOuphwFRDpJ/pkUHmjFg34o9OMK5urfiQQFUo4CV3dmN8pZLxP/87qx8s+chPIoVoTj8SI/ZlCFMEsGelQQrNhIE4QF1bdCPEACYaXzm9qi6PAx1alYsxnMk9ZRzTqpmTfHlfrlJJ8i2AP7oAoscArq4Bo0QBNg8ARewCt4M56Nd+PD+By3FozJzC6YgvH1Cxclops=</latexit>

�(X;A) 2 Rd
<latexit sha1_base64="irTp1eZlpSbtW3//+QyODQPfWMg=">AAACFXicbVC7TsMwFHXKq5RXgbGLRYXEVCUIBGMFCxJLQfQhNaFyXKe16jiRfYNUog58BZ/ACh/AhliZmfkRnLYDbTmSpaNz7tW5Pn4suAbb/rZyS8srq2v59cLG5tb2TnF3r6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH1xmfvOBKc0jeQfDmHkh6UkecErASJ1iqeVyid2QQN/309vRfSpd4CHT+HrUKZbtij0GXiTOlJTRFLVO8cftRjQJmQQqiNZtx47BS4kCTgUbFdxEs5jQAemxtqGSmBwvHX9ihA+N0sVBpMyTgMfq342UhFoPQ99MZtfqeS8T//PaCQTnXsplnACTdBIUJAJDhLNGcJcrRkEMDSFUcXMrpn2iCAXT20wK8MFj1ooz38EiaRxXnNOKfXNSrl5M+8mjEjpAR8hBZ6iKrlAN1RFFT+gFvaI369l6tz6sz8lozpru7KMZWF+/k2Kfvg==</latexit>

X 2 Rn⇥K
<latexit sha1_base64="4MeYDNUJgqQTSG8+p4Om3dDdpHI=">AAACH3icbVDLTgIxFO3gC/E16tJNIyFxRWaMRpeoG5do5JEwSDqlQEOnM2nvmOBkvsCv8BPc6ge4M25Z+yN2gIWAJ2ly7rn35twePxJcg+OMrdzK6tr6Rn6zsLW9s7tn7x/UdRgrymo0FKFq+kQzwSWrAQfBmpFiJPAFa/jDm6zfeGJK81A+wChi7YD0Je9xSsBIHbvkBQQGlIjkKvW4xJPS95P79DGRHvCAaSzTjl10ys4EeJm4M1JEM1Q79o/XDWkcMAlUEK1brhNBOyEKOBUsLXixZhGhQ9JnLUMlMT7tZPKdFJeM0sW9UJknAU/UvxsJCbQeBb6ZzK7Vi71M/K/XiqF32U64jGJgkk6NerHAEOIsG9zlilEQI0MIVdzciumAKELBJDjnAnz4nKXiLmawTOqnZfe87NydFSvXs3zy6AgdoxPkogtUQbeoimqIohf0ht7Rh/VqfVpf1vd0NGfNdg7RHKzxLzlNpFw=</latexit>

A 2 Rn⇥n

<latexit sha1_base64="ql/j6KbGNvRkQvIxPfmXirJp0s0=">AAACAnicbVC7SgNBFL0bXzG+opY2g0GwCruiaBm1sYxgHpgsYXYymwyZnV1m7gpxSecn2OoH2ImtP2Ltjzh5FCZ6YOBwzr3cMydIpDDoul9Obml5ZXUtv17Y2Nza3inu7tVNnGrGayyWsW4G1HApFK+hQMmbieY0CiRvBIPrsd944NqIWN3hMOF+RHtKhIJRtNJ9O6LYZ1SSy06x5JbdCchf4s1ICWaodorf7W7M0ogrZJIa0/LcBP2MahRM8lGhnRqeUDagPd6yVNGIGz+bJB6RI6t0SRhr+xSSifp7I6ORMcMosJPjhGbRG4v/ea0Uwws/EypJkSs2PRSmkmBMxt8nXaE5Qzm0hDItbFbC+lRThrakuSsoBo8j24q32MFfUj8pe2dl9/a0VLma9ZOHAziEY/DgHCpwA1WoAQMFz/ACr86T8+a8Ox/T0Zwz29mHOTifP11imA4=</latexit>

A



Graph Filtering
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Graph Laplacian

• We write the graph Laplacian as: 

• Assuming the graph has a single component:
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<latexit sha1_base64="s75JFZ7JP+YV/mzYBBdyEKz20N4=">AAACGXicbZDLSsNAFIYn9VbrLerShYNFcGNJRNGNUC8L3VWwF2hCmUwn7dDJhZkToYYsfQofwa0+gDtx68q1L2KSdmFbfxj4+M85nDO/EwquwDC+tcLc/MLiUnG5tLK6tr6hb241VBBJyuo0EIFsOUQxwX1WBw6CtULJiOcI1nQGV1m9+cCk4oF/D8OQ2R7p+dzllEBqdfRd65oJIPgcWx6BvuPGt8lhjpSI+CLp6GWjYuTCs2COoYzGqnX0H6sb0MhjPlBBlGqbRgh2TCRwKlhSsiLFQkIHpMfaKfrEY8qO848keD91utgNZPp8wLn7dyImnlJDz0k7sxPVdC0z/6u1I3DP7Jj7YQTMp6NFbiQwBDhLBXe5ZBTEMAVCJU9vxbRPJKGQZjexBfjgMUvFnM5gFhpHFfOkYtwdl6uX43yKaAftoQNkolNURTeohuqIoif0gl7Rm/asvWsf2ueotaCNZ7bRhLSvX968oOg=</latexit>

� = I�A

<latexit sha1_base64="A+juNWJ4b3oFz3OuI1lbpzCeRMs=">AAACCXicbZDLSsNAFIYn9VbrpVGXbgaL4KokouhGKOrCZYXeoI1lMp20QyeTMHMi1NAn8BHc6gO4E7c+hWtfxGmbhW394cDHf87hHH4/FlyD43xbuZXVtfWN/GZha3tnt2jv7Td0lCjK6jQSkWr5RDPBJasDB8FasWIk9AVr+sObSb/5yJTmkazBKGZeSPqSB5wSMFbXLnZumQDyULuaQdcuOWVnKrwMbgYllKnatX86vYgmIZNABdG67ToxeClRwKlg40In0SwmdEj6rG1QkpBpL50+PsbHxunhIFKmJOCp+3cjJaHWo9A3kyGBgV7sTcz/eu0Egksv5TJOgEk6OxQkAkOEJyngHleMghgZIFRx8yumA6IIBZPV3BXgw6exScVdzGAZGqdl97zs3J+VKtdZPnl0iI7QCXLRBaqgO1RFdURRgl7QK3qznq1368P6nI3mrGznAM3J+voFommaVQ==</latexit>

�T = �
<latexit sha1_base64="dj+WdrSZYtp5uNGgINLiC9gqKtY=">AAACD3icbVDLSgNBEJyNrxhfUfHkZTAInsKuKHoM6sFjBPOAbAizk95kyOzDmV5hXfIRfoJX/QBv4tVP8OyPOHkcTGJBQ1HVTTXlxVJotO1vK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaHtMgRQg1FCihGStggSeh4Q2uR37jEZQWUXiPaQztgPVC4QvO0Eid4oF7AxIZdXXCOU+UTOGB2p1iyS7bY9BF4kxJiUxR7RR/3G7EkwBC5JJp3XLsGNsZUyi4hGHBTTTEjA9YD1qGhiwA3c7G7w/psVG61I+UmRDpWP17kbFA6zTwzGbAsK/nvZH4n9dK0L9sZyKME4SQT4L8RFKM6KgL2hUKOMrUEMaVML9S3meKcTSNzaSgGDwNTSvOfAeLpH5ads7L9t1ZqXI17SdPDskROSEOuSAVckuqpEY4ycgLeSVv1rP1bn1Yn5PVnDW92SczsL5+AUn/nNs=</latexit>

� < 0

<latexit sha1_base64="yL2q2g9CbQ2LMj4EZPgJ29IuKmg=">AAACJ3icbVDLSgMxFM34tr6qLt0MFqFCHWZE0Y0g6sJlRdsKnVIy6a2GZjJDckesQ7/Cr/AT3OoHuBNdij9i+hBs64HAyTn3kZwgFlyj635aE5NT0zOzc/OZhcWl5ZXs6lpZR4liUGKRiNR1QDUILqGEHAVcxwpoGAioBK3Trl+5A6V5JK+wHUMtpDeSNzmjaKR6dsdHuMf0Mu7k/TMQSLeP/NQXZkCD1r2C4ziF35v0O/VsznXcHuxx4g1IjgxQrGe//UbEkhAkMkG1rnpujLWUKuRMQCfjJxpiylr0BqqGShqCrqW9b3XsLaM07GakzJFo99S/HSkNtW6HgakMKd7qUa8r/udVE2we1lIu4wRBsv6iZiJsjOxuRnaDK2Ao2oZQprh5q81uqaIMTZJDW5C3HrqpeKMZjJPyruPtO+7FXu74ZJDPHNkgmyRPPHJAjsk5KZISYeSRPJMX8mo9WW/Wu/XRL52wBj3rZAjW1w8T1qYf</latexit>

Sp(�) = {�1, ...,�n}
<latexit sha1_base64="5FT/4tGtn8GOcXZsajU3dKKNIoY=">AAACKHicbVDLSsNAFJ34rPVVdelmsAiuQlIUXRbduKxgH9CEMpnctEMnD2cmQg39C7/CT3CrH+BOutUfcZpGsK0XBs4951zuneMlnEllWRNjZXVtfWOztFXe3tnd268cHLZknAoKTRrzWHQ8IoGzCJqKKQ6dRAAJPQ5tb3gz1duPICSLo3s1SsANST9iAaNEaapXMR2uzT7p2Q6HB/zb1fLONE08R+uBqmVaeeFlYBegiopq9Crfjh/TNIRIUU6k7NpWotyMCMUoh3HZSSUkhA5JH7oaRiQE6Wb5v8b4VDM+DmKhX6Rwzv6dyEgo5Sj0tDMkaiAXtSn5n9ZNVXDlZixKUgURnS0KUo5VjKchYZ8JoIqPNCBUMH0rpgMiCFU6yrktig2fxjoVezGDZdCqmfaFad2dV+vXRT4ldIxO0Bmy0SWqo1vUQE1E0TN6RW/o3XgxPoxPYzKzrhjFzBGaK+PrByJWphk=</latexit>

�1  �2  ...  �n

<latexit sha1_base64="ZboFU4MixdMzjNLNB6l5PtSdrE0=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuAdiiZTKYNzSRDkhHq0KWf4FY/wJ249UNc+yOm7Sxs64HA4ZxzuTcnSDjTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqQhtEcqnaAdaUM0EbhhlO24miOA44bQXD24nfeqRKMykezCihfoz7gkWMYGOlTpfbaIh73rXbK1fcqjsFWiZeTiqQo94r/3RDSdKYCkM41rrjuYnxM6wMI5yOS91U0wSTIe7TjqUCx1T72fTkMTqxSogiqewTBk3VvxMZjrUexYFNxtgM9KI3Ef/zOqmJrvyMiSQ1VJDZoijlyEg0+T8KmaLE8JElmChmb0VkgBUmxrY0t8Ww4dPYtuItdrBMmmdV76Lq3p9Xajd5P0U4gmM4BQ8uoQZ3UIcGEJDwAq/w5jw7786H8zmLFpx85hDm4Hz9Arz9mDs=</latexit>

�1 = 0
<latexit sha1_base64="IcD1fvqJdIYscKjaK1doDeBKovo=">AAACAXicbVDLSgMxFM34rPVVdekmWARXZaYouiy6cVnBPqQdSiaTaUOTzJDcEerQlZ/gVj/Anbj1S1z7I6btLGzrgcDhnHO5NydIBDfgut/Oyura+sZmYau4vbO7t186OGyaONWUNWgsYt0OiGGCK9YADoK1E82IDARrBcObid96ZNrwWN3DKGG+JH3FI04JWOmhK2w0JL1qr1R2K+4UeJl4OSmjHPVe6acbxjSVTAEVxJiO5ybgZ0QDp4KNi93UsITQIemzjqWKSGb8bHrwGJ9aJcRRrO1TgKfq34mMSGNGMrBJSWBgFr2J+J/XSSG68jOukhSYorNFUSowxHjyexxyzSiIkSWEam5vxXRANKFgO5rbAnz4NLateIsdLJNmteJdVNy783LtOu+ngI7RCTpDHrpENXSL6qiBKJLoBb2iN+fZeXc+nM9ZdMXJZ47QHJyvX8Evl7s=</latexit>

�2 spectral gap (or fiedler value)

<latexit sha1_base64="4pYeTgLL9cWLiGWzxe/aWE5JtCM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQRlBQxkk8hCJFZ0v5+SU89m6WyOClY5PoIUPoEO0/Ag1P4KduCAJI600mtnV7o4XSWHQtr+tpeWV1bX1wkZxc2t7Z7e0t98wYawZr7NQhrrlUcOlULyOAiVvRZrTwJO86Q2vM7/5wLURobrDUcTdgPaV8AWjmEr3HeSP6PmJM+6WynbFnoAsEicnZchR65Z+Or2QxQFXyCQ1pu3YEboJ1SiY5ONiJzY8omxI+7ydUkUDbtxkcvGYHKdKj/ihTkshmah/JxIaGDMKvLQzoDgw814m/ue1Y/Qv3USoKEau2HSRH0uCIcneJz2hOUM5SgllWqS3EjagmjJMQ5rZgmL4lKXizGewSBqnFee8Yt+elatXeT4FOIQjOAEHLqAKN1CDOjBQ8AKv8GY9W+/Wh/U5bV2y8pkDmIH19Qsg6piJ</latexit>

1 is our low-pass filter!

It satisfies:

and



Relation with signal processing

• Consider: 
 
 
 
 

• Here:                     then            and 

10

<latexit sha1_base64="josnMp9D8A399Hn9YuKoTnrUMfA=">AAACJ3icbZDLSgMxFIYz9V5voy7dBIugC8tMUXQjiG5cVrAX6NSSSc+0oZkLyRlpHfoUPoWP4FYfwJ3oUnwR08vC24GQn/8/h5N8fiKFRsd5t3Izs3PzC4tL+eWV1bV1e2OzquNUcajwWMaq7jMNUkRQQYES6okCFvoSan7vYpTXbkFpEUfXOEigGbJOJALBGRqrZR94SVfs9fdP4SY78ALFeOZVQSHtj6+b0jAreVp0QmbksGUXnKIzLvpXuFNRINMqt+xPrx3zNIQIuWRaN1wnwWbGFAouYZj3Ug0J4z3WgYaREQtBN7Pxt4Z01zhtGsTKnAjp2P0+kbFQ60Hom86QYVf/zkbmf1kjxeCkmYkoSREiPlkUpJJiTEeMaFso4CgHRjCuhHkr5V1m2KAh+WMLit7diIr7m8FfUS0V3aOic3VYODuf8lkk22SH7BGXHJMzcknKpEI4uSeP5Ik8Ww/Wi/VqvU1ac9Z0Zov8KOvjCyAYpso=</latexit>

�(x) = e�
kxk2

2�2
<latexit sha1_base64="D/oChD0S53RiN4/Wt57hGQkm/+4=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RzAN2lzA7mSRDZmfWmV4hLjn6CV71A7yJVz/Esz/iJNmDSSxoKKq66e6KEsENuO63U1hZXVvfKG6WtrZ3dvfK+wdNo1JNWYMqoXQ7IoYJLlkDOAjWTjQjcSRYKxreTPzWI9OGK3kPo4SFMelL3uOUgJX8IBlwHPTZA3Y75YpbdafAy8TLSQXlqHfKP0FX0TRmEqggxviem0CYEQ2cCjYuBalhCaFD0me+pZLEzITZ9OQxPrFKF/eUtiUBT9W/ExmJjRnFke2MCQzMojcR//P8FHpXYcZlkgKTdLaolwoMCk/+x12uGQUxsoRQze2tmA6IJhRsSnNbgA+fxjYVbzGDZdI8q3oXVffuvFK7zvMpoiN0jE6Rhy5RDd2iOmogihR6Qa/ozXl23p0P53PWWnDymUM0B+frF5xymCc=</latexit>

� � 0
<latexit sha1_base64="1MSY5j8B8RAmElVF2inBBE3sQ/A=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRJRdFl047KCfUATymQ6aYZOJnHmRqihX+AnuNUPcCdu/QrX/ojTNgvbeuDC4Zx7OZcTpIJrcJxva2V1bX1js7RV3t7Z3avY+wctnWSKsiZNRKI6AdFMcMmawEGwTqoYiQPB2sHwZuK3H5nSPJH3MEqZH5OB5CGnBIzUsyteRMBLI469AXvATs+uOjVnCrxM3IJUUYFGz/7x+gnNYiaBCqJ113VS8HOigFPBxmUv0ywldEgGrGuoJDHTfj59fIxPjNLHYaLMSMBT9e9FTmKtR3FgNmMCkV70JuJ/XjeD8MrPuUwzYJLOgsJMYEjwpAXc54pRECNDCFXc/IppRBShYLqaSwE+fBqbVtzFDpZJ66zmXtScu/Nq/brop4SO0DE6RS66RHV0ixqoiSjK0At6RW/Ws/VufVifs9UVq7g5RHOwvn4BRYeaGQ==</latexit>

�̂ � 0

<latexit sha1_base64="CMIhJ4FdQsMu4iUrcuxIXmFHfyc=">AAACFXicbZDLSsNAFIYn9VbrLeqym8EiCEJJiqIboepGdxXsBZpQJtNJO3QyCTMToYYsfAofwa0+gDtx69q1L+KkzcK2/jDw859zOGc+L2JUKsv6NgpLyyura8X10sbm1vaOubvXkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3us7q7QciJA35vRpHxA3QgFOfYqR01DPLTmNILxxfIJw4AVJDz09u0+PLNKmlPbNiVa2J4KKxc1MBuRo988fphzgOCFeYISm7thUpN0FCUcxIWnJiSSKER2hAutpyFBDpJpNPpPBQJ33oh0I/ruAk/TuRoEDKceDpzuxOOV/Lwv9q3Vj5525CeRQrwvF0kR8zqEKYEYF9KghWbKwNwoLqWyEeIg1EaW4zWxQdPWZU7HkGi6ZVq9qnVevupFK/yvkUQRkcgCNggzNQBzegAZoAgyfwAl7Bm/FsvBsfxue0tWDkM/tgRsbXL2TVn6E=</latexit>

� =
I+A

2
<latexit sha1_base64="rNi60O5wKaX8/Jwmrh+PmEgwR88=">AAACKHicbZBLSgNBEIZ7fBtfUZduGoPgxjAjim4EXwvdRTCJkAmhp1OTNOl50F0jxGFu4Sk8gls9gDvJVi9iT5KFMf7Q8PFXFVX9e7EUGm17YM3Mzs0vLC4tF1ZW19Y3iptbNR0likOVRzJSDx7TIEUIVRQo4SFWwAJPQt3rXeX1+iMoLaLwHvsxNAPWCYUvOENjtYplF4VsA3WvQSI7c33FeOoGDLuen95mB0PkTKYXWZYeZq1iyS7bQ9FpcMZQImNVWsVvtx3xJIAQuWRaNxw7xmbKFAouISu4iYaY8R7rQMNgyALQzXT4r4zuGadN/UiZFyIdur8nUhZo3Q8805mfqf/WcvO/WiNB/7SZijBOEEI+WuQnkmJE85BoWyjgKPsGGFfC3Ep5l5lo0EQ5sQVF7ylPxfmbwTTUDsvOcdm+OyqdX47zWSI7ZJfsE4eckHNyQyqkSjh5Jq/kjbxbL9aH9WkNRq0z1nhmm0zI+voBGCin5g==</latexit>

�̃ =
I�A
2

<latexit sha1_base64="U6UJ8obi3SDCv5tJkVI+X7d069Y=">AAACF3icbVDLSgNBEJz1GeNr1aMIg0EQhLAril6EoB70FsE8IBvC7KQ3GTL7YKZXiEtOfoWf4FU/wJt49ejZH3E3ycEkFjQUVd10d7mRFBot69uYm19YXFrOreRX19Y3Ns2t7aoOY8WhwkMZqrrLNEgRQAUFSqhHCpjvSqi5vavMrz2A0iIM7rEfQdNnnUB4gjNMpZa556CQbaDONUhkR065Ky4cn2HX9ZLbQcssWEVrCDpL7DEpkDHKLfPHaYc89iFALpnWDduKsJkwhYJLGOSdWEPEeI91oJHSgPmgm8nwjQE9SJU29UKVVoB0qP6dSJivdd93087sQj3tZeJ/XiNG77yZiCCKEQI+WuTFkmJIs0xoWyjgKPspYVyJ9FbKu0wxjmlyE1tQ9B6zVOzpDGZJ9bhonxatu5NC6XKcT47skn1ySGxyRkrkhpRJhXDyRF7IK3kzno1348P4HLXOGeOZHTIB4+sXfTmgLg==</latexit>

�̃+ � = I

<latexit sha1_base64="GAmoPhhyT1Tj8WnZ4fgORYZuzOU=">AAACCXicbVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy4r2Ac0IUymk3bs5OHMRKghX+AnuNUPcCdu/QrX/ojTNgvbeuDC4Zx7OZfjJ5xJZVnfRmlldW19o7xZ2dre2a2ae/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFH1xO/80iFZHF0p8YJdUM8iFjACFZa8syq0xwyL2P3uTOgD8jyzJpVt6ZAy8QuSA0KND3zx+nHJA1ppAjHUvZsK1FuhoVihNO84qSSJpiM8ID2NI1wSKWbTR/P0bFW+iiIhZ5Ioan69yLDoZTj0NebIVZDuehNxP+8XqqCSzdjUZIqGpFZUJBypGI0aQH1maBE8bEmmAimf0VkiAUmSnc1l6LY6CnXrdiLHSyT9mndPq9bt2e1xlXRTxkO4QhOwIYLaMANNKEFBFJ4gVd4M56Nd+PD+Jytlozi5gDmYHz9AscNmmo=</latexit>

�ij � 0
<latexit sha1_base64="UUZJgL1Sp96IZ+Qgzvpvk0KqlYo=">AAACHXicbVDLSsNAFJ3Ud31VXboZLIIilEQUXRbduKyPVqEJZTK9aYdOHszciDXkA/wKP8GtfoA7cSuu/REntQtfBwYO55zLvXP8RAqNtv1ulSYmp6ZnZufK8wuLS8uVldWWjlPFocljGasrn2mQIoImCpRwlShgoS/h0h8cF/7lNSgt4ugChwl4IetFIhCcoZE6laqLcIPZeZJvuY2+2HZ16mtA6oYM+76fneWdHZOya/YI9C9xxqRKxmh0Kh9uN+ZpCBFyybRuO3aCXsYUCi4hL7uphoTxAetB29CIhaC9bPSZnG4apUuDWJkXIR2p3ycyFmo9DH2TLG7Uv71C/M9rpxgcepmIkhQh4l+LglRSjGnRDO0KBRzl0BDGlTC3Ut5ninE0/f3YgmJwm5tWnN8d/CWt3ZqzX7NP96r1o3E/s2SdbJAt4pADUicnpEGahJM78kAeyZN1bz1bL9brV7RkjWfWyA9Yb5/BeqL8</latexit>

Sp(�) ⇢ R+

<latexit sha1_base64="O7UEPSQzlg16F/bWapj5nfvFxuE=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARWsQyI4puhKIblxXsBTpDyaRpJzRzITkj1NKH8Cl8BLf6AO5EcOXCFzHTjmCrB0J+vv8cTvJ7seAKLOvDyC0sLi2v5FcLa+sbm1vm9k5DRYmkrE4jEcmWRxQTPGR14CBYK5aMBJ5gTW9wlfrNOyYVj8JbGMbMDUg/5D1OCWjUMQ8dnwB2YsVLThSwPilfpMSJ/R9wNL06VrljFq2KNSn8V9iZKKKsah3zy+lGNAlYCFQQpdq2FYM7IhI4FWxccBLFYkIHpM/aWoYkYModTT41xgeadHEvkvqEgCf098SIBEoNA093BgR8Ne+l8D+vnUDv3B3xME6AhXS6qJcIDBFOE8JdLhkFMdSCUMn1WzH1iSQUdI4zW4AP7sc6FXs+g7+icVyxTyvWzUmxepnlk0d7aB+VkI3OUBVdoxqqI4oe0BN6Ri/Go/FqvBnv09ackc3sopkyPr8BgqClUw==</latexit>

 ̂(!) = �̂(! � !0)

then ,

and

<latexit sha1_base64="3H2EdxxhcWh/nCFknE97Q8jQ4Vw=">AAACF3icbVDLSgMxFM3UV62vUZciBIsgCGWmKLoRim5cVrAPaGvJpJk2NJMZkjtCbbvyK/wEt/oB7sStS9f+iJm2gm09EDj3nHu5N8eLBNfgOF9WamFxaXklvZpZW9/Y3LK3d8o6jBVlJRqKUFU9opngkpWAg2DVSDESeIJVvO5V4lfumdI8lLfQi1gjIG3JfU4JGKlp7w/qHQK4Hmk+uMsf/1adpLpwm3bWyTkj4HniTkgWTVBs2t/1VkjjgEmggmhdc50IGn2igFPBhpl6rFlEaJe0Wc1QSQKmG/3RN4b40Cgt7IfKPAl4pP6d6JNA617gmc6AQEfPeon4n1eLwT9v9LmMYmCSjhf5scAQ4iQT3OKKURA9QwhV3NyKaYcoQsEkN7UFePdhaFJxZzOYJ+V8zj3NOTcn2cLlJJ802kMH6Ai56AwV0DUqohKi6BE9oxf0aj1Zb9a79TFuTVmTmV00BevzB9yWn8Y=</latexit>

| ̂|2 + |�̂|2 = 1and



Spectral methods for graphs

• Performing Harmonic Analysis on graphs? 
- signal processing tools (wavelets, smoothness,…) 
- generalising the notion of convolutions to non-‘flat group’ 
domains 
- more "principled" 

• Currently, harmonic analysis relies on an analogy with the 1D 
setting. 
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JJT = I
<latexit sha1_base64="04kXTkoMJ14rLMqgNHVEUF9x/qk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdCMU3WhXFfqCNpbJdNIOnUzCzI1QQ7/AT3CrH+BO3PoVrv0RJ20XtvXAhcM593IPx48F1+A439bK6tr6xmZuK7+9s7tXsPcPGjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94U3mNx+Z0jySNRjFzAtJX/KAUwJG6tqFSuWhdtUJCQz8IL0bd+2iU3ImwMvEnZEimqHatX86vYgmIZNABdG67ToxeClRwKlg43wn0SwmdEj6rG2oJCHTXjoJPsYnRunhIFJmJOCJ+vciJaHWo9A3m1lCvehl4n9eO4Hg0ku5jBNgkk4fBYnAEOGsBdzjilEQI0MIVdxkxXRAFKFgupr7Anz4lLXiLnawTBpnJdfw+/Ni+XrWTw4doWN0ilx0gcroFlVRHVGUoBf0it6sZ+vd+rA+p6sr1uzmEM3B+voFw+aaaA==</latexit><latexit sha1_base64="04kXTkoMJ14rLMqgNHVEUF9x/qk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdCMU3WhXFfqCNpbJdNIOnUzCzI1QQ7/AT3CrH+BO3PoVrv0RJ20XtvXAhcM593IPx48F1+A439bK6tr6xmZuK7+9s7tXsPcPGjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94U3mNx+Z0jySNRjFzAtJX/KAUwJG6tqFSuWhdtUJCQz8IL0bd+2iU3ImwMvEnZEimqHatX86vYgmIZNABdG67ToxeClRwKlg43wn0SwmdEj6rG2oJCHTXjoJPsYnRunhIFJmJOCJ+vciJaHWo9A3m1lCvehl4n9eO4Hg0ku5jBNgkk4fBYnAEOGsBdzjilEQI0MIVdxkxXRAFKFgupr7Anz4lLXiLnawTBpnJdfw+/Ni+XrWTw4doWN0ilx0gcroFlVRHVGUoBf0it6sZ+vd+rA+p6sr1uzmEM3B+voFw+aaaA==</latexit><latexit sha1_base64="04kXTkoMJ14rLMqgNHVEUF9x/qk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdCMU3WhXFfqCNpbJdNIOnUzCzI1QQ7/AT3CrH+BO3PoVrv0RJ20XtvXAhcM593IPx48F1+A439bK6tr6xmZuK7+9s7tXsPcPGjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94U3mNx+Z0jySNRjFzAtJX/KAUwJG6tqFSuWhdtUJCQz8IL0bd+2iU3ImwMvEnZEimqHatX86vYgmIZNABdG67ToxeClRwKlg43wn0SwmdEj6rG2oJCHTXjoJPsYnRunhIFJmJOCJ+vciJaHWo9A3m1lCvehl4n9eO4Hg0ku5jBNgkk4fBYnAEOGsBdzjilEQI0MIVdxkxXRAFKFgupr7Anz4lLXiLnawTBpnJdfw+/Ni+XrWTw4doWN0ilx0gcroFlVRHVGUoBf0it6sZ+vd+rA+p6sr1uzmEM3B+voFw+aaaA==</latexit><latexit sha1_base64="04kXTkoMJ14rLMqgNHVEUF9x/qk=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRIRdCMU3WhXFfqCNpbJdNIOnUzCzI1QQ7/AT3CrH+BO3PoVrv0RJ20XtvXAhcM593IPx48F1+A439bK6tr6xmZuK7+9s7tXsPcPGjpKFGV1GolItXyimeCS1YGDYK1YMRL6gjX94U3mNx+Z0jySNRjFzAtJX/KAUwJG6tqFSuWhdtUJCQz8IL0bd+2iU3ImwMvEnZEimqHatX86vYgmIZNABdG67ToxeClRwKlg43wn0SwmdEj6rG2oJCHTXjoJPsYnRunhIFJmJOCJ+vciJaHWo9A3m1lCvehl4n9eO4Hg0ku5jBNgkk4fBYnAEOGsBdzjilEQI0MIVdxkxXRAFKFgupr7Anz4lLXiLnawTBpnJdfw+/Ni+XrWTw4doWN0ilx0gcroFlVRHVGUoBf0it6sZ+vd+rA+p6sr1uzmEM3B+voFw+aaaA==</latexit>

…and an eigendecomposition of J is given via a cosine transform

with J Toeplitz and:

�G =

2

66664

�2 1 0 0 1
1 �2 1 0 0
0 1 �2 1 0
0 0 1 �2 1
1 0 0 1 �2

3

77775
= J + JT � 2I

<latexit sha1_base64="vvbdAxt8d1ZWf2Xc/rLcOdDFmY0="></latexit><latexit sha1_base64="vvbdAxt8d1ZWf2Xc/rLcOdDFmY0="></latexit><latexit sha1_base64="vvbdAxt8d1ZWf2Xc/rLcOdDFmY0="></latexit><latexit sha1_base64="vvbdAxt8d1ZWf2Xc/rLcOdDFmY0="></latexit>

Ref.: Wavelets on graphs via spectral graph theory 
DK Hammond, P Vandergheynst, R Gribonval, 2011

javascript:void(0)


Convolutions on graphs 12

Yet, this formulation doesn’t take in account the spectrum amplitude 
thus also:

Proposition: if f in           and g is in           then  
<latexit sha1_base64="sCtAP+qvo+Xr/ZOM0xEmfssiCnk=">AAACDHicbVC7TgJBFJ31ifhCLG0mEhNsyC7RaEm00MICE3kk7Epmh1mYMDu7mblrRMIv+Am2+gF2xtZ/sPZHHGALAU9yk5Nz7s25OX4suAbb/raWlldW19YzG9nNre2d3dxevq6jRFFWo5GIVNMnmgkuWQ04CNaMFSOhL1jD71+O/cYDU5pH8g4GMfNC0pU84JSAkdq5fOBqIAp3XS7xzX25eHXczhXskj0BXiROSgooRbWd+3E7EU1CJoEKonXLsWPwhkQBp4KNsm6iWUxon3RZy1BJQqa94eT3ET4ySgcHkTIjAU/UvxdDEmo9CH2zGRLo6XlvLP7ntRIIzr0hl3ECTNJpUJAIDBEeF4E7XDEKYmAIoYqbXzHtEUUomLpmUoD3n0amFWe+g0VSL5ec05J9e1KoXKT9ZNABOkRF5KAzVEHXqIpqiKJH9IJe0Zv1bL1bH9bndHXJSm/20Qysr1+g6JrC</latexit>

f ? g 2 L2(G)
<latexit sha1_base64="9dVH3lDVwXaxWu0v+hbOQEbSRss=">AAACCnicbVC7SgNBFL0bXzG+Vi1tBoMQm7AbFC2DFlpYRDAPSNYwO5kkQ2YfzMwG4rJ/4CfY6gfYia0/Ye2POJtsYRIPXDiccy/3cNyQM6ks69vIrayurW/kNwtb2zu7e+b+QUMGkSC0TgIeiJaLJeXMp3XFFKetUFDsuZw23dF16jfHVEgW+A9qElLHwwOf9RnBSktd07x7rJQ6HlZDgnl8k5x2zaJVtqZAy8TOSBEy1LrmT6cXkMijviIcS9m2rVA5MRaKEU6TQieSNMRkhAe0ramPPSqdeJo8QSda6aF+IPT4Ck3Vvxcx9qSceK7eTDPKRS8V//PakepfOjHzw0hRn8we9SOOVIDSGlCPCUoUn2iCiWA6KyJDLDBRuqy5L4qNnhLdir3YwTJpVMr2edm6PytWr7J+8nAEx1ACGy6gCrdQgzoQGMMLvMKb8Wy8Gx/G52w1Z2Q3hzAH4+sXCAmahg==</latexit>

L2(G)
<latexit sha1_base64="hAxW9uzZqFzXfq1VkWbf83ng6Pg=">AAACDHicbVDLSsNAFJ3UV62vWJduBotQNyUpii6LblxJBfuAJpbJdNIOnUzCzESsIb/gJ7jVD3Anbv0H1/6IkzYL23rgwuGce7mH40WMSmVZ30ZhZXVtfaO4Wdra3tndM/fLbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl446vM7zwQIWnI79QkIm6Ahpz6FCOlpb5Zdghj9/WqEyA18rzkJj3pmxWrZk0Bl4mdkwrI0eybP84gxHFAuMIMSdmzrUi5CRKKYkbSkhNLEiE8RkPS05SjgEg3mWZP4bFWBtAPhR6u4FT9e5GgQMpJ4OnNLKJc9DLxP68XK//CTSiPYkU4nj3yYwZVCLMi4IAKghWbaIKwoDorxCMkEFa6rrkvio6fUt2KvdjBMmnXa/ZZzbo9rTQu836K4BAcgSqwwTlogGvQBC2AwSN4Aa/gzXg23o0P43O2WjDymwMwB+PrF9CVm4I=</latexit>

`2(N)

<latexit sha1_base64="z5NQP/TiQrlFl+Wae0ieTda5J60="></latexit>

f ?̃g ,
X

�n2Sp(�)

ĝ(�n)hf, enien

Proposition: if f in           and g is continuous then  
<latexit sha1_base64="sCtAP+qvo+Xr/ZOM0xEmfssiCnk=">AAACDHicbVC7TgJBFJ31ifhCLG0mEhNsyC7RaEm00MICE3kk7Epmh1mYMDu7mblrRMIv+Am2+gF2xtZ/sPZHHGALAU9yk5Nz7s25OX4suAbb/raWlldW19YzG9nNre2d3dxevq6jRFFWo5GIVNMnmgkuWQ04CNaMFSOhL1jD71+O/cYDU5pH8g4GMfNC0pU84JSAkdq5fOBqIAp3XS7xzX25eHXczhXskj0BXiROSgooRbWd+3E7EU1CJoEKonXLsWPwhkQBp4KNsm6iWUxon3RZy1BJQqa94eT3ET4ySgcHkTIjAU/UvxdDEmo9CH2zGRLo6XlvLP7ntRIIzr0hl3ECTNJpUJAIDBEeF4E7XDEKYmAIoYqbXzHtEUUomLpmUoD3n0amFWe+g0VSL5ec05J9e1KoXKT9ZNABOkRF5KAzVEHXqIpqiKJH9IJe0Zv1bL1bH9bndHXJSm/20Qysr1+g6JrC</latexit>

f ? g 2 L2(G)

<latexit sha1_base64="IIV86bS9HRvZqcDkGFwJY6+/Osw=">AAACKHicbZBLSgNBEIZ74iu+oy7dNAYhgoQZUXQZ1IVLRRMDmSH0dCpJk54H3TViHHILT+ER3OoB3IlbvYidSRYm8YeGj7+qqOrfj6XQaNtfVm5ufmFxKb+8srq2vrFZ2Nqu6ShRHKo8kpGq+0yDFCFUUaCEeqyABb6Ee793MazfP4DSIgrvsB+DF7BOKNqCMzRWs1B2ER4xvY0HJfcSJLIDVye+BqQN+9CtgUI68jP2moWiXbYz0VlwxlAkY103Cz9uK+JJACFyybRuOHaMXsoUCi5hsOImGmLGe6wDDYMhC0B7afavAd03Tou2I2VeiDRz/06kLNC6H/imM2DY1dO1oflfrZFg+8xLRRgnCCEfLWonkmJEhyHRllDAUfYNMK6EuZXyLlOMo4lyYguK3tPApOJMZzALtaOyc1K2b46LlfNxPnmyS/ZIiTjklFTIFbkmVcLJM3klb+TderE+rE/ra9Sas8YzO2RC1vcvtAmnCQ==</latexit>

Sp(�) ⇢ [0, k�k]

<latexit sha1_base64="9dVH3lDVwXaxWu0v+hbOQEbSRss=">AAACCnicbVC7SgNBFL0bXzG+Vi1tBoMQm7AbFC2DFlpYRDAPSNYwO5kkQ2YfzMwG4rJ/4CfY6gfYia0/Ye2POJtsYRIPXDiccy/3cNyQM6ks69vIrayurW/kNwtb2zu7e+b+QUMGkSC0TgIeiJaLJeXMp3XFFKetUFDsuZw23dF16jfHVEgW+A9qElLHwwOf9RnBSktd07x7rJQ6HlZDgnl8k5x2zaJVtqZAy8TOSBEy1LrmT6cXkMijviIcS9m2rVA5MRaKEU6TQieSNMRkhAe0ramPPSqdeJo8QSda6aF+IPT4Ck3Vvxcx9qSceK7eTDPKRS8V//PakepfOjHzw0hRn8we9SOOVIDSGlCPCUoUn2iCiWA6KyJDLDBRuqy5L4qNnhLdir3YwTJpVMr2edm6PytWr7J+8nAEx1ACGy6gCrdQgzoQGMMLvMKb8Wy8Gx/G52w1Z2Q3hzAH4+sXCAmahg==</latexit>

L2(G)
Proof:

<latexit sha1_base64="krBD7jGUB1d1y5uyj0TVghL35w4="></latexit>

f ? g ,
X

n

g[n]hf, enien

similar to a multiplication 
in Fourier domain



Wavelets on graphs?

Ref.: Wavelets on graphs via spectral graph 
theory, David K. Hammond, Pierre 

Vandergheynst, Rémi Gribonval
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�k
<latexit sha1_base64="NjIycqPdaX8/J69pXhS/+YsLDrU=">AAACAXicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9IOJZPJtGGSzJDcEerQlZ/gVj/Anbj1S1z7I6btLGzrgcDhnHO5NydIBTfgut/Oyura+sZmaau8vbO7t185OGyZJNOUNWkiEt0JiGGCK9YEDoJ1Us2IDARrB/HNxG8/Mm14ou5hlDJfkoHiEacErPTQEzYakn7cr1TdmjsFXiZeQaqoQKNf+emFCc0kU0AFMabruSn4OdHAqWDjci8zLCU0JgPWtVQRyYyfTw8e41OrhDhKtH0K8FT9O5ETacxIBjYpCQzNojcR//O6GURXfs5VmgFTdLYoygSGBE9+j0OuGQUxsoRQze2tmA6JJhRsR3NbgMdPY9uKt9jBMmmd1zzL7y6q9euinxI6RifoDHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+Z9EVp5g5QnNwvn4BGhuX8A==</latexit><latexit sha1_base64="NjIycqPdaX8/J69pXhS/+YsLDrU=">AAACAXicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9IOJZPJtGGSzJDcEerQlZ/gVj/Anbj1S1z7I6btLGzrgcDhnHO5NydIBTfgut/Oyura+sZmaau8vbO7t185OGyZJNOUNWkiEt0JiGGCK9YEDoJ1Us2IDARrB/HNxG8/Mm14ou5hlDJfkoHiEacErPTQEzYakn7cr1TdmjsFXiZeQaqoQKNf+emFCc0kU0AFMabruSn4OdHAqWDjci8zLCU0JgPWtVQRyYyfTw8e41OrhDhKtH0K8FT9O5ETacxIBjYpCQzNojcR//O6GURXfs5VmgFTdLYoygSGBE9+j0OuGQUxsoRQze2tmA6JJhRsR3NbgMdPY9uKt9jBMmmd1zzL7y6q9euinxI6RifoDHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+Z9EVp5g5QnNwvn4BGhuX8A==</latexit><latexit sha1_base64="NjIycqPdaX8/J69pXhS/+YsLDrU=">AAACAXicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9IOJZPJtGGSzJDcEerQlZ/gVj/Anbj1S1z7I6btLGzrgcDhnHO5NydIBTfgut/Oyura+sZmaau8vbO7t185OGyZJNOUNWkiEt0JiGGCK9YEDoJ1Us2IDARrB/HNxG8/Mm14ou5hlDJfkoHiEacErPTQEzYakn7cr1TdmjsFXiZeQaqoQKNf+emFCc0kU0AFMabruSn4OdHAqWDjci8zLCU0JgPWtVQRyYyfTw8e41OrhDhKtH0K8FT9O5ETacxIBjYpCQzNojcR//O6GURXfs5VmgFTdLYoygSGBE9+j0OuGQUxsoRQze2tmA6JJhRsR3NbgMdPY9uKt9jBMmmd1zzL7y6q9euinxI6RifoDHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+Z9EVp5g5QnNwvn4BGhuX8A==</latexit><latexit sha1_base64="NjIycqPdaX8/J69pXhS/+YsLDrU=">AAACAXicbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9IOJZPJtGGSzJDcEerQlZ/gVj/Anbj1S1z7I6btLGzrgcDhnHO5NydIBTfgut/Oyura+sZmaau8vbO7t185OGyZJNOUNWkiEt0JiGGCK9YEDoJ1Us2IDARrB/HNxG8/Mm14ou5hlDJfkoHiEacErPTQEzYakn7cr1TdmjsFXiZeQaqoQKNf+emFCc0kU0AFMabruSn4OdHAqWDjci8zLCU0JgPWtVQRyYyfTw8e41OrhDhKtH0K8FT9O5ETacxIBjYpCQzNojcR//O6GURXfs5VmgFTdLYoygSGBE9+j0OuGQUxsoRQze2tmA6JJhRsR3NbgMdPY9uKt9jBMmmd1zzL7y6q9euinxI6RifoDHnoEtXRLWqgJqJIohf0it6cZ+fd+XA+Z9EVp5g5QnNwvn4BGhuX8A==</latexit>

k
20

<latexit sha1_base64="AkZnNQcAdxBeXycYFi07x0nuo6A=">AAACJnicbZDLSgMxFIYzXmu9VV26GSyCizJk6oidXdGNywr2Au1YMmmmDc1khiQj1KEv4VP4CG71AdyJuBN8EdNpF7b1h5CP/+TkHH4/ZlQqCL+MldW19Y3N3FZ+e2d3b79wcNiQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8ntSbD0RIGvE7NYqJF6I+pwHFSGmrWyilneyTtuj7XgotB2pdlKBV0bfjaHDdinvujsv3cNwtFKEFM5nLYM+gCGaqdQs/nV6Ek5BwhRmSsm3DWHkpEopiRsb5TiJJjPAQ9UlbI0chkV6aLTQ2T7XTM4NI6MOVmbl/O1IUSjkKff0yRGogF2sT879aO1FBxUspjxNFOJ4OChJmqsicRGT2qCBYsZEGhAXVu5p4gATCSgc5N0XR4eMkFXsxg2VolC1b861TrF7N8smBY3ACzoANLkEV3IAaqAMMnsALeAVvxrPxbnwYn9OnK8as5wjMyfj+BYGFojA=</latexit><latexit sha1_base64="AkZnNQcAdxBeXycYFi07x0nuo6A=">AAACJnicbZDLSgMxFIYzXmu9VV26GSyCizJk6oidXdGNywr2Au1YMmmmDc1khiQj1KEv4VP4CG71AdyJuBN8EdNpF7b1h5CP/+TkHH4/ZlQqCL+MldW19Y3N3FZ+e2d3b79wcNiQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8ntSbD0RIGvE7NYqJF6I+pwHFSGmrWyilneyTtuj7XgotB2pdlKBV0bfjaHDdinvujsv3cNwtFKEFM5nLYM+gCGaqdQs/nV6Ek5BwhRmSsm3DWHkpEopiRsb5TiJJjPAQ9UlbI0chkV6aLTQ2T7XTM4NI6MOVmbl/O1IUSjkKff0yRGogF2sT879aO1FBxUspjxNFOJ4OChJmqsicRGT2qCBYsZEGhAXVu5p4gATCSgc5N0XR4eMkFXsxg2VolC1b861TrF7N8smBY3ACzoANLkEV3IAaqAMMnsALeAVvxrPxbnwYn9OnK8as5wjMyfj+BYGFojA=</latexit><latexit sha1_base64="AkZnNQcAdxBeXycYFi07x0nuo6A=">AAACJnicbZDLSgMxFIYzXmu9VV26GSyCizJk6oidXdGNywr2Au1YMmmmDc1khiQj1KEv4VP4CG71AdyJuBN8EdNpF7b1h5CP/+TkHH4/ZlQqCL+MldW19Y3N3FZ+e2d3b79wcNiQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8ntSbD0RIGvE7NYqJF6I+pwHFSGmrWyilneyTtuj7XgotB2pdlKBV0bfjaHDdinvujsv3cNwtFKEFM5nLYM+gCGaqdQs/nV6Ek5BwhRmSsm3DWHkpEopiRsb5TiJJjPAQ9UlbI0chkV6aLTQ2T7XTM4NI6MOVmbl/O1IUSjkKff0yRGogF2sT879aO1FBxUspjxNFOJ4OChJmqsicRGT2qCBYsZEGhAXVu5p4gATCSgc5N0XR4eMkFXsxg2VolC1b861TrF7N8smBY3ACzoANLkEV3IAaqAMMnsALeAVvxrPxbnwYn9OnK8as5wjMyfj+BYGFojA=</latexit><latexit sha1_base64="AkZnNQcAdxBeXycYFi07x0nuo6A=">AAACJnicbZDLSgMxFIYzXmu9VV26GSyCizJk6oidXdGNywr2Au1YMmmmDc1khiQj1KEv4VP4CG71AdyJuBN8EdNpF7b1h5CP/+TkHH4/ZlQqCL+MldW19Y3N3FZ+e2d3b79wcNiQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8ntSbD0RIGvE7NYqJF6I+pwHFSGmrWyilneyTtuj7XgotB2pdlKBV0bfjaHDdinvujsv3cNwtFKEFM5nLYM+gCGaqdQs/nV6Ek5BwhRmSsm3DWHkpEopiRsb5TiJJjPAQ9UlbI0chkV6aLTQ2T7XTM4NI6MOVmbl/O1IUSjkKff0yRGogF2sT879aO1FBxUspjxNFOJ4OChJmqsicRGT2qCBYsZEGhAXVu5p4gATCSgc5N0XR4eMkFXsxg2VolC1b861TrF7N8smBY3ACzoANLkEV3IAaqAMMnsALeAVvxrPxbnwYn9OnK8as5wjMyfj+BYGFojA=</latexit> 21
<latexit sha1_base64="1x9vHwtlx6R39emdxpG1AQJTo+w=">AAACJnicbZDJSsNAGMcnrrVuUY9egkXwUMqktdut6MVjBbtAG8tkOmmHThZmJkINeQmfwkfwqg/gTcSb4Is4aXOwrR8M/Ob/rfztgFEhIfzS1tY3Nre2MzvZ3b39g0P96Lgt/JBj0sI+83nXRoIw6pGWpJKRbsAJcm1GOvbkOsl3HggX1Pfu5DQglotGHnUoRlJJAz0f9WdDenxkWxEswEq5XoJ5WChDs1qvK4CwUisV4+K9GQ/0XPJPwlgFM4UcSKM50H/6Qx+HLvEkZkiIngkDaUWIS4oZibP9UJAA4QkakZ5CD7lEWNHsoNg4V8rQcHyunieNmfq3I0KuEFPXVpUukmOxnEvE/3K9UDo1K6JeEEri4fkiJ2SG9I3EImNIOcGSTRUgzKm61cBjxBGWysiFLZJOHhNXzGUPVqFdLJiKby9zjavUnww4BWfgApigChrgBjRBC2DwBF7AK3jTnrV37UP7nJeuaWnPCVgI7fsXhg6iMg==</latexit><latexit sha1_base64="1x9vHwtlx6R39emdxpG1AQJTo+w=">AAACJnicbZDJSsNAGMcnrrVuUY9egkXwUMqktdut6MVjBbtAG8tkOmmHThZmJkINeQmfwkfwqg/gTcSb4Is4aXOwrR8M/Ob/rfztgFEhIfzS1tY3Nre2MzvZ3b39g0P96Lgt/JBj0sI+83nXRoIw6pGWpJKRbsAJcm1GOvbkOsl3HggX1Pfu5DQglotGHnUoRlJJAz0f9WdDenxkWxEswEq5XoJ5WChDs1qvK4CwUisV4+K9GQ/0XPJPwlgFM4UcSKM50H/6Qx+HLvEkZkiIngkDaUWIS4oZibP9UJAA4QkakZ5CD7lEWNHsoNg4V8rQcHyunieNmfq3I0KuEFPXVpUukmOxnEvE/3K9UDo1K6JeEEri4fkiJ2SG9I3EImNIOcGSTRUgzKm61cBjxBGWysiFLZJOHhNXzGUPVqFdLJiKby9zjavUnww4BWfgApigChrgBjRBC2DwBF7AK3jTnrV37UP7nJeuaWnPCVgI7fsXhg6iMg==</latexit><latexit sha1_base64="1x9vHwtlx6R39emdxpG1AQJTo+w=">AAACJnicbZDJSsNAGMcnrrVuUY9egkXwUMqktdut6MVjBbtAG8tkOmmHThZmJkINeQmfwkfwqg/gTcSb4Is4aXOwrR8M/Ob/rfztgFEhIfzS1tY3Nre2MzvZ3b39g0P96Lgt/JBj0sI+83nXRoIw6pGWpJKRbsAJcm1GOvbkOsl3HggX1Pfu5DQglotGHnUoRlJJAz0f9WdDenxkWxEswEq5XoJ5WChDs1qvK4CwUisV4+K9GQ/0XPJPwlgFM4UcSKM50H/6Qx+HLvEkZkiIngkDaUWIS4oZibP9UJAA4QkakZ5CD7lEWNHsoNg4V8rQcHyunieNmfq3I0KuEFPXVpUukmOxnEvE/3K9UDo1K6JeEEri4fkiJ2SG9I3EImNIOcGSTRUgzKm61cBjxBGWysiFLZJOHhNXzGUPVqFdLJiKby9zjavUnww4BWfgApigChrgBjRBC2DwBF7AK3jTnrV37UP7nJeuaWnPCVgI7fsXhg6iMg==</latexit><latexit sha1_base64="1x9vHwtlx6R39emdxpG1AQJTo+w=">AAACJnicbZDJSsNAGMcnrrVuUY9egkXwUMqktdut6MVjBbtAG8tkOmmHThZmJkINeQmfwkfwqg/gTcSb4Is4aXOwrR8M/Ob/rfztgFEhIfzS1tY3Nre2MzvZ3b39g0P96Lgt/JBj0sI+83nXRoIw6pGWpJKRbsAJcm1GOvbkOsl3HggX1Pfu5DQglotGHnUoRlJJAz0f9WdDenxkWxEswEq5XoJ5WChDs1qvK4CwUisV4+K9GQ/0XPJPwlgFM4UcSKM50H/6Qx+HLvEkZkiIngkDaUWIS4oZibP9UJAA4QkakZ5CD7lEWNHsoNg4V8rQcHyunieNmfq3I0KuEFPXVpUukmOxnEvE/3K9UDo1K6JeEEri4fkiJ2SG9I3EImNIOcGSTRUgzKm61cBjxBGWysiFLZJOHhNXzGUPVqFdLJiKby9zjavUnww4BWfgApigChrgBjRBC2DwBF7AK3jTnrV37UP7nJeuaWnPCVgI7fsXhg6iMg==</latexit>

22
<latexit sha1_base64="UJ9e9CgwBy3SCY0r6kmYjNq/E+U=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSmZequ7ohuXFewF0lgm00k7dHJhZiLUkJfwKXwEt/oA7kTcCb6IkzSCbT0w8PH/58w5/E7IqJCm+aktLC4tr6wW1orrG5tb2/rObksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndFV6rfvCRc08G/lOCS2hwY+dSlGUkk9vRx3s08sPnDs2KycmvDizCybFTOrDGrwGCbVu2rS00u/hjEPMIcSyKvR07+7/QBHHvElZkgIC5qhtGPEJcWMJMVuJEiI8AgNiKXQRx4RdpwdlBiHSukbbsDV86WRqX8nYuQJMfYc1ekhORSzXir+51mRdGt2TP0wksTHk0VuxAwZGGlERp9ygiUbK0CYU3WrgYeIIyxVkFNbJB09pKnA2QzmoVWtQMU3J6X6ZZ5PAeyDA3AEIDgHdXANGqAJMHgEz+AFvGpP2pv2rn1MWhe0fGYPTJX29QNHsKIM</latexit><latexit sha1_base64="UJ9e9CgwBy3SCY0r6kmYjNq/E+U=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSmZequ7ohuXFewF0lgm00k7dHJhZiLUkJfwKXwEt/oA7kTcCb6IkzSCbT0w8PH/58w5/E7IqJCm+aktLC4tr6wW1orrG5tb2/rObksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndFV6rfvCRc08G/lOCS2hwY+dSlGUkk9vRx3s08sPnDs2KycmvDizCybFTOrDGrwGCbVu2rS00u/hjEPMIcSyKvR07+7/QBHHvElZkgIC5qhtGPEJcWMJMVuJEiI8AgNiKXQRx4RdpwdlBiHSukbbsDV86WRqX8nYuQJMfYc1ekhORSzXir+51mRdGt2TP0wksTHk0VuxAwZGGlERp9ygiUbK0CYU3WrgYeIIyxVkFNbJB09pKnA2QzmoVWtQMU3J6X6ZZ5PAeyDA3AEIDgHdXANGqAJMHgEz+AFvGpP2pv2rn1MWhe0fGYPTJX29QNHsKIM</latexit><latexit sha1_base64="UJ9e9CgwBy3SCY0r6kmYjNq/E+U=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSmZequ7ohuXFewF0lgm00k7dHJhZiLUkJfwKXwEt/oA7kTcCb6IkzSCbT0w8PH/58w5/E7IqJCm+aktLC4tr6wW1orrG5tb2/rObksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndFV6rfvCRc08G/lOCS2hwY+dSlGUkk9vRx3s08sPnDs2KycmvDizCybFTOrDGrwGCbVu2rS00u/hjEPMIcSyKvR07+7/QBHHvElZkgIC5qhtGPEJcWMJMVuJEiI8AgNiKXQRx4RdpwdlBiHSukbbsDV86WRqX8nYuQJMfYc1ekhORSzXir+51mRdGt2TP0wksTHk0VuxAwZGGlERp9ygiUbK0CYU3WrgYeIIyxVkFNbJB09pKnA2QzmoVWtQMU3J6X6ZZ5PAeyDA3AEIDgHdXANGqAJMHgEz+AFvGpP2pv2rn1MWhe0fGYPTJX29QNHsKIM</latexit><latexit sha1_base64="UJ9e9CgwBy3SCY0r6kmYjNq/E+U=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSmZequ7ohuXFewF0lgm00k7dHJhZiLUkJfwKXwEt/oA7kTcCb6IkzSCbT0w8PH/58w5/E7IqJCm+aktLC4tr6wW1orrG5tb2/rObksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndFV6rfvCRc08G/lOCS2hwY+dSlGUkk9vRx3s08sPnDs2KycmvDizCybFTOrDGrwGCbVu2rS00u/hjEPMIcSyKvR07+7/QBHHvElZkgIC5qhtGPEJcWMJMVuJEiI8AgNiKXQRx4RdpwdlBiHSukbbsDV86WRqX8nYuQJMfYc1ekhORSzXir+51mRdGt2TP0wksTHk0VuxAwZGGlERp9ygiUbK0CYU3WrgYeIIyxVkFNbJB09pKnA2QzmoVWtQMU3J6X6ZZ5PAeyDA3AEIDgHdXANGqAJMHgEz+AFvGpP2pv2rn1MWhe0fGYPTJX29QNHsKIM</latexit> 23

<latexit sha1_base64="YRu7bxaydOtAojzZHHuS2VaptAo=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSlJ2mK7K7pxWcFeII1lMp20QycXZiZCDXkJn8JHcKsP4E7EneCLOEmzsK0HBr75z5XfCSnhQte/lLX1jc2t7cJOcXdv/+BQPTru8iBiCHdQQAPWdyDHlPi4I4iguB8yDD2H4p4zvU7zvQfMOAn8OzELse3BsU9cgqCQ0lAtx4NsiMXGjh3rlWZTr9XqZb1S103TbEjQq2ajaSTmfTUZqiX5z0JbBSOHEsijPVR/BqMARR72BaKQc8vQQ2HHkAmCKE6Kg4jjEKIpHGNLog89zO04OyjRzqUy0tyAyecLLVP/dsTQ43zmObLSg2LCl3Op+F/OioTbsGPih5HAPpovciOqiUBLLdJGhGEk6EwCRIzIWzU0gQwiIY1c2CLI9DF1xVj2YBW6ZsWQfFsrta5yfwrgFJyBC2CAS9ACN6ANOgCBJ/ACXsGb8qy8Kx/K57x0Tcl7TsBCKN+/iXeiNA==</latexit><latexit sha1_base64="YRu7bxaydOtAojzZHHuS2VaptAo=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSlJ2mK7K7pxWcFeII1lMp20QycXZiZCDXkJn8JHcKsP4E7EneCLOEmzsK0HBr75z5XfCSnhQte/lLX1jc2t7cJOcXdv/+BQPTru8iBiCHdQQAPWdyDHlPi4I4iguB8yDD2H4p4zvU7zvQfMOAn8OzELse3BsU9cgqCQ0lAtx4NsiMXGjh3rlWZTr9XqZb1S103TbEjQq2ajaSTmfTUZqiX5z0JbBSOHEsijPVR/BqMARR72BaKQc8vQQ2HHkAmCKE6Kg4jjEKIpHGNLog89zO04OyjRzqUy0tyAyecLLVP/dsTQ43zmObLSg2LCl3Op+F/OioTbsGPih5HAPpovciOqiUBLLdJGhGEk6EwCRIzIWzU0gQwiIY1c2CLI9DF1xVj2YBW6ZsWQfFsrta5yfwrgFJyBC2CAS9ACN6ANOgCBJ/ACXsGb8qy8Kx/K57x0Tcl7TsBCKN+/iXeiNA==</latexit><latexit sha1_base64="YRu7bxaydOtAojzZHHuS2VaptAo=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSlJ2mK7K7pxWcFeII1lMp20QycXZiZCDXkJn8JHcKsP4E7EneCLOEmzsK0HBr75z5XfCSnhQte/lLX1jc2t7cJOcXdv/+BQPTru8iBiCHdQQAPWdyDHlPi4I4iguB8yDD2H4p4zvU7zvQfMOAn8OzELse3BsU9cgqCQ0lAtx4NsiMXGjh3rlWZTr9XqZb1S103TbEjQq2ajaSTmfTUZqiX5z0JbBSOHEsijPVR/BqMARR72BaKQc8vQQ2HHkAmCKE6Kg4jjEKIpHGNLog89zO04OyjRzqUy0tyAyecLLVP/dsTQ43zmObLSg2LCl3Op+F/OioTbsGPih5HAPpovciOqiUBLLdJGhGEk6EwCRIzIWzU0gQwiIY1c2CLI9DF1xVj2YBW6ZsWQfFsrta5yfwrgFJyBC2CAS9ACN6ANOgCBJ/ACXsGb8qy8Kx/K57x0Tcl7TsBCKN+/iXeiNA==</latexit><latexit sha1_base64="YRu7bxaydOtAojzZHHuS2VaptAo=">AAACJnicbZDLSsNAFIYnXmu9RV26CRbBRSlJ2mK7K7pxWcFeII1lMp20QycXZiZCDXkJn8JHcKsP4E7EneCLOEmzsK0HBr75z5XfCSnhQte/lLX1jc2t7cJOcXdv/+BQPTru8iBiCHdQQAPWdyDHlPi4I4iguB8yDD2H4p4zvU7zvQfMOAn8OzELse3BsU9cgqCQ0lAtx4NsiMXGjh3rlWZTr9XqZb1S103TbEjQq2ajaSTmfTUZqiX5z0JbBSOHEsijPVR/BqMARR72BaKQc8vQQ2HHkAmCKE6Kg4jjEKIpHGNLog89zO04OyjRzqUy0tyAyecLLVP/dsTQ43zmObLSg2LCl3Op+F/OioTbsGPih5HAPpovciOqiUBLLdJGhGEk6EwCRIzIWzU0gQwiIY1c2CLI9DF1xVj2YBW6ZsWQfFsrta5yfwrgFJyBC2CAS9ACN6ANOgCBJ/ACXsGb8qy8Kx/K57x0Tcl7TsBCKN+/iXeiNA==</latexit>

�ek = �kek
<latexit sha1_base64="wjM/TmVFWQxE3JrQ9VqD/MHojM8=">AAACFHicbZDLSgMxFIYz9VbrbdSdboJFcFVmRNCNUNSFywr2Am0pmfRMG5q5kJwR6lDwKXwEt/oA7sSte9e+iGk7C9t6IPDlP+fnJL8XS6HRcb6t3NLyyupafr2wsbm1vWPv7tV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0LdG1yP+/UHUFpE4T0OY2gHrBcKX3CGRurYB60bkMgodAb0krakcXaZYXPv2EWn5EyKLoKbQZFkVenYP61uxJMAQuSSad10nRjbKVMouIRRoZVoiBkfsB40DYYsAN1OJ38Y0WOjdKkfKXNCpBP1ryNlgdbDwDOTAcO+nu+Nxf96zQT9i3YqwjhBCPl0kZ9IihEdB0K7QgFHOTTAuBLmrZT3mWIcTWwzW1AMHkcmFXc+g0WonZZcw3dnxfJVlk+eHJIjckJcck7K5JZUSJVw8kReyCt5s56td+vD+pyO5qzMs09myvr6Be52niw=</latexit><latexit sha1_base64="wjM/TmVFWQxE3JrQ9VqD/MHojM8=">AAACFHicbZDLSgMxFIYz9VbrbdSdboJFcFVmRNCNUNSFywr2Am0pmfRMG5q5kJwR6lDwKXwEt/oA7sSte9e+iGk7C9t6IPDlP+fnJL8XS6HRcb6t3NLyyupafr2wsbm1vWPv7tV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0LdG1yP+/UHUFpE4T0OY2gHrBcKX3CGRurYB60bkMgodAb0krakcXaZYXPv2EWn5EyKLoKbQZFkVenYP61uxJMAQuSSad10nRjbKVMouIRRoZVoiBkfsB40DYYsAN1OJ38Y0WOjdKkfKXNCpBP1ryNlgdbDwDOTAcO+nu+Nxf96zQT9i3YqwjhBCPl0kZ9IihEdB0K7QgFHOTTAuBLmrZT3mWIcTWwzW1AMHkcmFXc+g0WonZZcw3dnxfJVlk+eHJIjckJcck7K5JZUSJVw8kReyCt5s56td+vD+pyO5qzMs09myvr6Be52niw=</latexit><latexit sha1_base64="wjM/TmVFWQxE3JrQ9VqD/MHojM8=">AAACFHicbZDLSgMxFIYz9VbrbdSdboJFcFVmRNCNUNSFywr2Am0pmfRMG5q5kJwR6lDwKXwEt/oA7sSte9e+iGk7C9t6IPDlP+fnJL8XS6HRcb6t3NLyyupafr2wsbm1vWPv7tV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0LdG1yP+/UHUFpE4T0OY2gHrBcKX3CGRurYB60bkMgodAb0krakcXaZYXPv2EWn5EyKLoKbQZFkVenYP61uxJMAQuSSad10nRjbKVMouIRRoZVoiBkfsB40DYYsAN1OJ38Y0WOjdKkfKXNCpBP1ryNlgdbDwDOTAcO+nu+Nxf96zQT9i3YqwjhBCPl0kZ9IihEdB0K7QgFHOTTAuBLmrZT3mWIcTWwzW1AMHkcmFXc+g0WonZZcw3dnxfJVlk+eHJIjckJcck7K5JZUSJVw8kReyCt5s56td+vD+pyO5qzMs09myvr6Be52niw=</latexit><latexit sha1_base64="wjM/TmVFWQxE3JrQ9VqD/MHojM8=">AAACFHicbZDLSgMxFIYz9VbrbdSdboJFcFVmRNCNUNSFywr2Am0pmfRMG5q5kJwR6lDwKXwEt/oA7sSte9e+iGk7C9t6IPDlP+fnJL8XS6HRcb6t3NLyyupafr2wsbm1vWPv7tV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0LdG1yP+/UHUFpE4T0OY2gHrBcKX3CGRurYB60bkMgodAb0krakcXaZYXPv2EWn5EyKLoKbQZFkVenYP61uxJMAQuSSad10nRjbKVMouIRRoZVoiBkfsB40DYYsAN1OJ38Y0WOjdKkfKXNCpBP1ryNlgdbDwDOTAcO+nu+Nxf96zQT9i3YqwjhBCPl0kZ9IihEdB0K7QgFHOTTAuBLmrZT3mWIcTWwzW1AMHkcmFXc+g0WonZZcw3dnxfJVlk+eHJIjckJcck7K5JZUSJVw8kReyCt5s56td+vD+pyO5qzMs09myvr6Be52niw=</latexit>

Get the spectrum:

The same type of ideas apply

Guarantees of this transform are task specific and often bound to potential 
analogy with an Euclidean grid. Let’s follow this idea!

https://hal.archives-ouvertes.fr/search/index/q/*/authFullName_s/David+K.+Hammond
https://hal.archives-ouvertes.fr/search/index/q/*/authFullName_s/Pierre+Vandergheynst
https://hal.archives-ouvertes.fr/search/index/q/*/authFullName_s/Pierre+Vandergheynst
https://hal.archives-ouvertes.fr/search/index/q/*/authIdHal_s/remi-gribonval


Diffusion wavelets on 
graphs

• A specific class wavelets transform, which is obtained 
by analogy with DoG: 

• Lemma:  

• Prop.:W is a frame, ie:

14

<latexit sha1_base64="4SoWByUyLg0U8B7Jfma+Ilou2po=">AAACKnicbVDJSgNBEO2JW4xb1KOXxiAIYpgRRY9RLx4jmAUyMfR0OkknPT1jd40Qh/kNv8JP8Kof4C141A+xsxyy+KDg8V4VVfW8UHANtj2wUkvLK6tr6fXMxubW9k52d6+sg0hRVqKBCFTVI5oJLlkJOAhWDRUjvidYxevdDv3KM1OaB/IB+iGr+6QteYtTAkZqZG031LzRdUFxItuCPWHXJ9ChRMTXyWPcPXGS02ml28jm7Lw9Al4kzoTk0ATFRvbHbQY08pkEKojWNccOoR4TBZwKlmTcSLOQ0B5ps5qhkvhM1+PRZwk+MkoTtwJlSgIeqdMTMfG17vue6Rweqee9ofifV4ugdVWPuQwjYJKOF7UigSHAw5hwkytGQfQNIVRxcyumHaIIBRPmzBbgvZfEpOLMZ7BIymd55yJv35/nCjeTfNLoAB2iY+SgS1RAd6iISoiiV/SOPtCn9WZ9WQPre9yasiYz+2gG1u8f2GWoxw==</latexit>

 j , Aj+1 �Aj

<latexit sha1_base64="Ci58HZp702blwVvGppVWzsKnVfg=">AAACF3icbZDLSsNAFIYnXmu9RV2KMFgEQSiJKLoRqm50V8FeoAllMp20QyeTMDMRasjKp/AR3OoDuBO3Ll37Ik7SLGzrDwMf/zmHc+b3IkalsqxvY25+YXFpubRSXl1b39g0t7abMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKG11m99UCEpCG/V6OIuAHqc+pTjJS2uuaeEw0ovIBOgNQAI5Zcpkc5e35ym3bNilW1csFZsAuogEL1rvnj9EIcB4QrzJCUHduKlJsgoShmJC07sSQRwkPUJx2NHAVEukn+jRQeaKcH/VDoxxXM3b8TCQqkHAWe7swulNO1zPyv1omVf+4mlEexIhyPF/kxgyqEWSawRwXBio00ICyovhXiARIIK53cxBZFh49ZKvZ0BrPQPK7ap1Xr7qRSuyryKYFdsA8OgQ3OQA3cgDpoAAyewAt4BW/Gs/FufBif49Y5o5jZARMyvn4BceCgKQ==</latexit>

� = A+ I

<latexit sha1_base64="FGv3N2rLM4RUmoiGwNYPdr5LKI4="></latexit>

0 4 (A� I)2 4 I�A2

<latexit sha1_base64="ylyYDc9vs92u0gaDgwppfRCyTXc="></latexit>

kWxk2 = k�xk2 +
X

j

k jxk2

=
X

j

xTA2j(A� I)2x+ xT (A+ I)2x

<latexit sha1_base64="Dy+QrIjIkaUahXjyik0RlYkXrNU=">AAACHXicbVDLSgMxFM34rPVVdekmtAiCUGYKPpZFNy4r2Ad0asmkt21o5mFyR6ylH+DevZ/gVj/AnbiVrv0R04dgWw+EHM45l5scL5JCo20PrIXFpeWV1cRacn1jc2s7tbNb0mGsOBR5KENV8ZgGKQIookAJlUgB8z0JZa9zMfTLd6C0CINr7EZQ81krEE3BGRqpnsq4JVBIy/ej+ybnSrilx2PxVzMpO2uPQOeJMyGZfNo9ehrku4V66ttthDz2IUAumdZVx46w1mMKBZfQT7qxhojxDmtB1dCA+aBrvdFn+vTAKA3aDJU5AdKR+neix3ytu75nkj7Dtp71huJ/XjXG5lmtJ4IoRgj4eFEzlhRDOmyGNoQCjrJrCONKmLdS3maKcTT9TW1B0Xnom1ac2Q7mSSmXdU6yzpWp55yMkSD7JE0OiUNOSZ5ckgIpEk4eyQt5JW/Ws/VufVif4+iCNZnZI1Owvn4AvhelPQ==</latexit>

kWxk2  5kxk2



(Unfortunate) Isotropy of 
the Laplacian

15

Diagonalisable 
in  . R

<latexit sha1_base64="5HmP+1uyMkKFU2CF/aP4mVgBWMY=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfWAbymQ6aYdOJmHmRqihOz/BrX6AO3Hrj7j2R5y0WdjWAwOHc+7lnjl+LLhGx/m2Ciura+sbxc3S1vbO7l55/6Cpo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dZ37rkSnNI3mP45h5IRlIHnBK0EgP3ZDg0PfTu0mvXHGqzhT2MnFzUoEc9V75p9uPaBIyiVQQrTuuE6OXEoWcCjYpdRPNYkJHZMA6hkoSMu2l08QT+8QofTuIlHkS7an6dyMlodbj0DeTWUK96GXif14nweDSS7mME2SSzg4FibAxsrPv232uGEUxNoRQxU1Wmw6JIhRNSXNXkI+eslbcxQ6WSfOs6hp+e16pXeX9FOEIjuEUXLiAGtxAHRpAQcILvMKb9Wy9Wx/W52y0YOU7hzAH6+sXIjGYhw==</latexit><latexit sha1_base64="5HmP+1uyMkKFU2CF/aP4mVgBWMY=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfWAbymQ6aYdOJmHmRqihOz/BrX6AO3Hrj7j2R5y0WdjWAwOHc+7lnjl+LLhGx/m2Ciura+sbxc3S1vbO7l55/6Cpo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dZ37rkSnNI3mP45h5IRlIHnBK0EgP3ZDg0PfTu0mvXHGqzhT2MnFzUoEc9V75p9uPaBIyiVQQrTuuE6OXEoWcCjYpdRPNYkJHZMA6hkoSMu2l08QT+8QofTuIlHkS7an6dyMlodbj0DeTWUK96GXif14nweDSS7mME2SSzg4FibAxsrPv232uGEUxNoRQxU1Wmw6JIhRNSXNXkI+eslbcxQ6WSfOs6hp+e16pXeX9FOEIjuEUXLiAGtxAHRpAQcILvMKb9Wy9Wx/W52y0YOU7hzAH6+sXIjGYhw==</latexit><latexit sha1_base64="5HmP+1uyMkKFU2CF/aP4mVgBWMY=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfWAbymQ6aYdOJmHmRqihOz/BrX6AO3Hrj7j2R5y0WdjWAwOHc+7lnjl+LLhGx/m2Ciura+sbxc3S1vbO7l55/6Cpo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dZ37rkSnNI3mP45h5IRlIHnBK0EgP3ZDg0PfTu0mvXHGqzhT2MnFzUoEc9V75p9uPaBIyiVQQrTuuE6OXEoWcCjYpdRPNYkJHZMA6hkoSMu2l08QT+8QofTuIlHkS7an6dyMlodbj0DeTWUK96GXif14nweDSS7mME2SSzg4FibAxsrPv232uGEUxNoRQxU1Wmw6JIhRNSXNXkI+eslbcxQ6WSfOs6hp+e16pXeX9FOEIjuEUXLiAGtxAHRpAQcILvMKb9Wy9Wx/W52y0YOU7hzAH6+sXIjGYhw==</latexit><latexit sha1_base64="5HmP+1uyMkKFU2CF/aP4mVgBWMY=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KKfWAbymQ6aYdOJmHmRqihOz/BrX6AO3Hrj7j2R5y0WdjWAwOHc+7lnjl+LLhGx/m2Ciura+sbxc3S1vbO7l55/6Cpo0RR1qCRiFTbJ5oJLlkDOQrWjhUjoS9Yyx9dZ37rkSnNI3mP45h5IRlIHnBK0EgP3ZDg0PfTu0mvXHGqzhT2MnFzUoEc9V75p9uPaBIyiVQQrTuuE6OXEoWcCjYpdRPNYkJHZMA6hkoSMu2l08QT+8QofTuIlHkS7an6dyMlodbj0DeTWUK96GXif14nweDSS7mME2SSzg4FibAxsrPv232uGEUxNoRQxU1Wmw6JIhRNSXNXkI+eslbcxQ6WSfOs6hp+e16pXeX9FOEIjuEUXLiAGtxAHRpAQcILvMKb9Wy9Wx/W52y0YOU7hzAH6+sXIjGYhw==</latexit>

C
<latexit sha1_base64="u+CIgDvkFG1CN78wkAebfW7a/BE=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnsxmUF+8A2lMl00g6dTMLMjVBDd36CW/0Ad+LWH3Htjzhps7CtBwYO59zLPXP8WHCNjvNtFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj+uZ377kSnNI3mPk5h5IRlKHnBK0EgPvZDgyPfT+rRfrjhVZwZ7lbg5qUCORr/80xtENAmZRCqI1l3XidFLiUJOBZuWeolmMaFjMmRdQyUJmfbSWeKpfWaUgR1EyjyJ9kz9u5GSUOtJ6JvJLKFe9jLxP6+bYHDtpVzGCTJJ54eCRNgY2dn37QFXjKKYGEKo4iarTUdEEYqmpIUryMdPWSvucgerpHVRdQ2/u6zUbvJ+inACp3AOLlxBDW6hAU2gIOEFXuHNerberQ/rcz5asPKdY1iA9fULCmeYeA==</latexit><latexit sha1_base64="u+CIgDvkFG1CN78wkAebfW7a/BE=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnsxmUF+8A2lMl00g6dTMLMjVBDd36CW/0Ad+LWH3Htjzhps7CtBwYO59zLPXP8WHCNjvNtFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj+uZ377kSnNI3mPk5h5IRlKHnBK0EgPvZDgyPfT+rRfrjhVZwZ7lbg5qUCORr/80xtENAmZRCqI1l3XidFLiUJOBZuWeolmMaFjMmRdQyUJmfbSWeKpfWaUgR1EyjyJ9kz9u5GSUOtJ6JvJLKFe9jLxP6+bYHDtpVzGCTJJ54eCRNgY2dn37QFXjKKYGEKo4iarTUdEEYqmpIUryMdPWSvucgerpHVRdQ2/u6zUbvJ+inACp3AOLlxBDW6hAU2gIOEFXuHNerberQ/rcz5asPKdY1iA9fULCmeYeA==</latexit><latexit sha1_base64="u+CIgDvkFG1CN78wkAebfW7a/BE=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnsxmUF+8A2lMl00g6dTMLMjVBDd36CW/0Ad+LWH3Htjzhps7CtBwYO59zLPXP8WHCNjvNtFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj+uZ377kSnNI3mPk5h5IRlKHnBK0EgPvZDgyPfT+rRfrjhVZwZ7lbg5qUCORr/80xtENAmZRCqI1l3XidFLiUJOBZuWeolmMaFjMmRdQyUJmfbSWeKpfWaUgR1EyjyJ9kz9u5GSUOtJ6JvJLKFe9jLxP6+bYHDtpVzGCTJJ54eCRNgY2dn37QFXjKKYGEKo4iarTUdEEYqmpIUryMdPWSvucgerpHVRdQ2/u6zUbvJ+inACp3AOLlxBDW6hAU2gIOEFXuHNerberQ/rcz5asPKdY1iA9fULCmeYeA==</latexit><latexit sha1_base64="u+CIgDvkFG1CN78wkAebfW7a/BE=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnsxmUF+8A2lMl00g6dTMLMjVBDd36CW/0Ad+LWH3Htjzhps7CtBwYO59zLPXP8WHCNjvNtFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj+uZ377kSnNI3mPk5h5IRlKHnBK0EgPvZDgyPfT+rRfrjhVZwZ7lbg5qUCORr/80xtENAmZRCqI1l3XidFLiUJOBZuWeolmMaFjMmRdQyUJmfbSWeKpfWaUgR1EyjyJ9kz9u5GSUOtJ6JvJLKFe9jLxP6+bYHDtpVzGCTJJ54eCRNgY2dn37QFXjKKYGEKo4iarTUdEEYqmpIUryMdPWSvucgerpHVRdQ2/u6zUbvJ+inACp3AOLlxBDW6hAU2gIOEFXuHNerberQ/rcz5asPKdY1iA9fULCmeYeA==</latexit>

@xi
<latexit sha1_base64="Kvh91s3nn+qghLlqtMKl4fVaYQ0=">AAACBHicbZDLSgMxFIYzXmu9VV26CRbBVZkRQZdFNy4r2At0hpJJM21oJhOSM2IduvUR3OoDuBO3vodrX8RMOwvb+kPg4z/n5Bz+UAluwHW/nZXVtfWNzdJWeXtnd2+/cnDYMkmqKWvSRCS6ExLDBJesCRwE6yjNSBwK1g5HN3m9/cC04Ym8h7FiQUwGkkecErCW7yuigROBH3u8V6m6NXcqvAxeAVVUqNGr/Pj9hKYxk0AFMabruQqCLP+RCjYp+6lhitARGbCuRUliZoJsevMEn1qnj6NE2ycBT92/ExmJjRnHoe2MCQzNYi03/6t1U4iugoxLlQKTdLYoSgWGBOcB4D7XjIIYWyBUc3srpkOiCQUb09wW4KOniU3FW8xgGVrnNc/y3UW1fl3kU0LH6ASdIQ9dojq6RQ3URBQp9IJe0Zvz7Lw7H87nrHXFKWaO0Jycr19gO5kw</latexit><latexit sha1_base64="Kvh91s3nn+qghLlqtMKl4fVaYQ0=">AAACBHicbZDLSgMxFIYzXmu9VV26CRbBVZkRQZdFNy4r2At0hpJJM21oJhOSM2IduvUR3OoDuBO3vodrX8RMOwvb+kPg4z/n5Bz+UAluwHW/nZXVtfWNzdJWeXtnd2+/cnDYMkmqKWvSRCS6ExLDBJesCRwE6yjNSBwK1g5HN3m9/cC04Ym8h7FiQUwGkkecErCW7yuigROBH3u8V6m6NXcqvAxeAVVUqNGr/Pj9hKYxk0AFMabruQqCLP+RCjYp+6lhitARGbCuRUliZoJsevMEn1qnj6NE2ycBT92/ExmJjRnHoe2MCQzNYi03/6t1U4iugoxLlQKTdLYoSgWGBOcB4D7XjIIYWyBUc3srpkOiCQUb09wW4KOniU3FW8xgGVrnNc/y3UW1fl3kU0LH6ASdIQ9dojq6RQ3URBQp9IJe0Zvz7Lw7H87nrHXFKWaO0Jycr19gO5kw</latexit><latexit sha1_base64="Kvh91s3nn+qghLlqtMKl4fVaYQ0=">AAACBHicbZDLSgMxFIYzXmu9VV26CRbBVZkRQZdFNy4r2At0hpJJM21oJhOSM2IduvUR3OoDuBO3vodrX8RMOwvb+kPg4z/n5Bz+UAluwHW/nZXVtfWNzdJWeXtnd2+/cnDYMkmqKWvSRCS6ExLDBJesCRwE6yjNSBwK1g5HN3m9/cC04Ym8h7FiQUwGkkecErCW7yuigROBH3u8V6m6NXcqvAxeAVVUqNGr/Pj9hKYxk0AFMabruQqCLP+RCjYp+6lhitARGbCuRUliZoJsevMEn1qnj6NE2ycBT92/ExmJjRnHoe2MCQzNYi03/6t1U4iugoxLlQKTdLYoSgWGBOcB4D7XjIIYWyBUc3srpkOiCQUb09wW4KOniU3FW8xgGVrnNc/y3UW1fl3kU0LH6ASdIQ9dojq6RQ3URBQp9IJe0Zvz7Lw7H87nrHXFKWaO0Jycr19gO5kw</latexit><latexit sha1_base64="Kvh91s3nn+qghLlqtMKl4fVaYQ0=">AAACBHicbZDLSgMxFIYzXmu9VV26CRbBVZkRQZdFNy4r2At0hpJJM21oJhOSM2IduvUR3OoDuBO3vodrX8RMOwvb+kPg4z/n5Bz+UAluwHW/nZXVtfWNzdJWeXtnd2+/cnDYMkmqKWvSRCS6ExLDBJesCRwE6yjNSBwK1g5HN3m9/cC04Ym8h7FiQUwGkkecErCW7yuigROBH3u8V6m6NXcqvAxeAVVUqNGr/Pj9hKYxk0AFMabruQqCLP+RCjYp+6lhitARGbCuRUliZoJsevMEn1qnj6NE2ycBT92/ExmJjRnHoe2MCQzNYi03/6t1U4iugoxLlQKTdLYoSgWGBOcB4D7XjIIYWyBUc3srpkOiCQUb09wW4KOniU3FW8xgGVrnNc/y3UW1fl3kU0LH6ASdIQ9dojq6RQ3URBQp9IJe0Zvz7Lw7H87nrHXFKWaO0Jycr19gO5kw</latexit>

� =
X

i

@2

@x2
i

<latexit sha1_base64="u++yakWCLf61WLSg29DXzFwngYw=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyyCqzJTBN0IRV24rGAv0KlDJs20oZkLyRmxDn0Nn8JHcKsP4K641Acx0w5iWw8EvvznlvxeLLgCyxobS8srq2vrhY3i5tb2zq65t99QUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xtcZfnmA5OKR+EdDGPWCUgv5D6nBLTkmpZzzQQQfOGoJHA5dnxJaOrERAIn4r4y+mX86HJ9d82SVbYmgRfBzqGE8qi55pfTjWgSsBCoIEq1bSuGTpoNpYKNik6iWEzogPRYW2NIAqY66eRnI3yslS72I6lPCHii/u1ISaDUMPB0ZUCgr+Zzmfhfrp2Af95JeRgnwEI6XeQnAkOEM5twl0tGQQw1ECq5fiumfaK9AW3mzBbgg6fMFXveg0VoVMq25tvTUvUy96eADtEROkE2OkNVdINqqI4oekav6A29Gy/GhzE2PqelS0bec4Bmwvj+ARW+qFY=</latexit><latexit sha1_base64="u++yakWCLf61WLSg29DXzFwngYw=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyyCqzJTBN0IRV24rGAv0KlDJs20oZkLyRmxDn0Nn8JHcKsP4K641Acx0w5iWw8EvvznlvxeLLgCyxobS8srq2vrhY3i5tb2zq65t99QUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xtcZfnmA5OKR+EdDGPWCUgv5D6nBLTkmpZzzQQQfOGoJHA5dnxJaOrERAIn4r4y+mX86HJ9d82SVbYmgRfBzqGE8qi55pfTjWgSsBCoIEq1bSuGTpoNpYKNik6iWEzogPRYW2NIAqY66eRnI3yslS72I6lPCHii/u1ISaDUMPB0ZUCgr+Zzmfhfrp2Af95JeRgnwEI6XeQnAkOEM5twl0tGQQw1ECq5fiumfaK9AW3mzBbgg6fMFXveg0VoVMq25tvTUvUy96eADtEROkE2OkNVdINqqI4oekav6A29Gy/GhzE2PqelS0bec4Bmwvj+ARW+qFY=</latexit><latexit sha1_base64="u++yakWCLf61WLSg29DXzFwngYw=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyyCqzJTBN0IRV24rGAv0KlDJs20oZkLyRmxDn0Nn8JHcKsP4K641Acx0w5iWw8EvvznlvxeLLgCyxobS8srq2vrhY3i5tb2zq65t99QUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xtcZfnmA5OKR+EdDGPWCUgv5D6nBLTkmpZzzQQQfOGoJHA5dnxJaOrERAIn4r4y+mX86HJ9d82SVbYmgRfBzqGE8qi55pfTjWgSsBCoIEq1bSuGTpoNpYKNik6iWEzogPRYW2NIAqY66eRnI3yslS72I6lPCHii/u1ISaDUMPB0ZUCgr+Zzmfhfrp2Af95JeRgnwEI6XeQnAkOEM5twl0tGQQw1ECq5fiumfaK9AW3mzBbgg6fMFXveg0VoVMq25tvTUvUy96eADtEROkE2OkNVdINqqI4oekav6A29Gy/GhzE2PqelS0bec4Bmwvj+ARW+qFY=</latexit><latexit sha1_base64="u++yakWCLf61WLSg29DXzFwngYw=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyyCqzJTBN0IRV24rGAv0KlDJs20oZkLyRmxDn0Nn8JHcKsP4K641Acx0w5iWw8EvvznlvxeLLgCyxobS8srq2vrhY3i5tb2zq65t99QUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xtcZfnmA5OKR+EdDGPWCUgv5D6nBLTkmpZzzQQQfOGoJHA5dnxJaOrERAIn4r4y+mX86HJ9d82SVbYmgRfBzqGE8qi55pfTjWgSsBCoIEq1bSuGTpoNpYKNik6iWEzogPRYW2NIAqY66eRnI3yslS72I6lPCHii/u1ISaDUMPB0ZUCgr+Zzmfhfrp2Af95JeRgnwEI6XeQnAkOEM5twl0tGQQw1ECq5fiumfaK9AW3mzBbgg6fMFXveg0VoVMq25tvTUvUy96eADtEROkE2OkNVdINqqI4oekav6A29Gy/GhzE2PqelS0bec4Bmwvj+ARW+qFY=</latexit>

Diagonalisable 
in   . 

No Phase

Isotropy

??

Lax(u) =
X

n

x(n)(u)

n!
an ) dLax(!) =

X

n

wnx̂(!)

n!
an = ei!ax̂(!)

<latexit sha1_base64="V6ALc8fsnlv4eToexYTwqIeV4As="></latexit><latexit sha1_base64="V6ALc8fsnlv4eToexYTwqIeV4As="></latexit><latexit sha1_base64="V6ALc8fsnlv4eToexYTwqIeV4As="></latexit><latexit sha1_base64="V6ALc8fsnlv4eToexYTwqIeV4As="></latexit>

�(ei!t) = �k!k2ei!t
<latexit sha1_base64="49Ka3igXS39Edlntlj+25gNobkI=">AAACMXicbZBLSgNBEIZ74ju+Rl26aQxCXBhmghA3gqgLlxFMImSS0NOpJE16HnTXCHHIUTyFR3CrB8hOdOkl7DwWxvhDw8dfVVT178dSaHSckZVZWl5ZXVvfyG5ube/s2nv7VR0likOFRzJSDz7TIEUIFRQo4SFWwAJfQs3vX4/rtUdQWkThPQ5iaASsG4qO4AyN1bJL3g1IZDQPzVR4UQBdRnF4cnHqVUHh1JhgszjX0bJzTsGZiC6CO4Mcmancsr+8dsSTAELkkmldd50YGylTKLiEYdZLNMSM91kX6gZDFoBupJMPDumxcdq0EynzQqQT9/dEygKtB4FvOgOGPf23Njb/q9UT7Jw3UhHGCULIp4s6iaQY0XFatC0UcJQDA4wrYW6lvMcU42gynduCov80TsX9m8EiVIsF1/DdWe7yapbPOjkkRyRPXFIil+SWlEmFcPJMXskbebderJH1YX1OWzPWbOaAzMn6/gHXPaqw</latexit><latexit sha1_base64="49Ka3igXS39Edlntlj+25gNobkI=">AAACMXicbZBLSgNBEIZ74ju+Rl26aQxCXBhmghA3gqgLlxFMImSS0NOpJE16HnTXCHHIUTyFR3CrB8hOdOkl7DwWxvhDw8dfVVT178dSaHSckZVZWl5ZXVvfyG5ube/s2nv7VR0likOFRzJSDz7TIEUIFRQo4SFWwAJfQs3vX4/rtUdQWkThPQ5iaASsG4qO4AyN1bJL3g1IZDQPzVR4UQBdRnF4cnHqVUHh1JhgszjX0bJzTsGZiC6CO4Mcmancsr+8dsSTAELkkmldd50YGylTKLiEYdZLNMSM91kX6gZDFoBupJMPDumxcdq0EynzQqQT9/dEygKtB4FvOgOGPf23Njb/q9UT7Jw3UhHGCULIp4s6iaQY0XFatC0UcJQDA4wrYW6lvMcU42gynduCov80TsX9m8EiVIsF1/DdWe7yapbPOjkkRyRPXFIil+SWlEmFcPJMXskbebderJH1YX1OWzPWbOaAzMn6/gHXPaqw</latexit><latexit sha1_base64="49Ka3igXS39Edlntlj+25gNobkI=">AAACMXicbZBLSgNBEIZ74ju+Rl26aQxCXBhmghA3gqgLlxFMImSS0NOpJE16HnTXCHHIUTyFR3CrB8hOdOkl7DwWxvhDw8dfVVT178dSaHSckZVZWl5ZXVvfyG5ube/s2nv7VR0likOFRzJSDz7TIEUIFRQo4SFWwAJfQs3vX4/rtUdQWkThPQ5iaASsG4qO4AyN1bJL3g1IZDQPzVR4UQBdRnF4cnHqVUHh1JhgszjX0bJzTsGZiC6CO4Mcmancsr+8dsSTAELkkmldd50YGylTKLiEYdZLNMSM91kX6gZDFoBupJMPDumxcdq0EynzQqQT9/dEygKtB4FvOgOGPf23Njb/q9UT7Jw3UhHGCULIp4s6iaQY0XFatC0UcJQDA4wrYW6lvMcU42gynduCov80TsX9m8EiVIsF1/DdWe7yapbPOjkkRyRPXFIil+SWlEmFcPJMXskbebderJH1YX1OWzPWbOaAzMn6/gHXPaqw</latexit><latexit sha1_base64="49Ka3igXS39Edlntlj+25gNobkI=">AAACMXicbZBLSgNBEIZ74ju+Rl26aQxCXBhmghA3gqgLlxFMImSS0NOpJE16HnTXCHHIUTyFR3CrB8hOdOkl7DwWxvhDw8dfVVT178dSaHSckZVZWl5ZXVvfyG5ube/s2nv7VR0likOFRzJSDz7TIEUIFRQo4SFWwAJfQs3vX4/rtUdQWkThPQ5iaASsG4qO4AyN1bJL3g1IZDQPzVR4UQBdRnF4cnHqVUHh1JhgszjX0bJzTsGZiC6CO4Mcmancsr+8dsSTAELkkmldd50YGylTKLiEYdZLNMSM91kX6gZDFoBupJMPDumxcdq0EynzQqQT9/dEygKtB4FvOgOGPf23Njb/q9UT7Jw3UhHGCULIp4s6iaQY0XFatC0UcJQDA4wrYW6lvMcU42gynduCov80TsX9m8EiVIsF1/DdWe7yapbPOjkkRyRPXFIil+SWlEmFcPJMXskbebderJH1YX1OWzPWbOaAzMn6/gHXPaqw</latexit>

Phase-shift:

�G
<latexit sha1_base64="LJF1NCTc06FPB7ZGCVI28pZqxp4=">AAACDHicbVDLSsNAFJ3UV62vWJdugkVwVRIRdFlU0GUF+4AmhMl00g6dTMLMjVhDf8FPcKsf4E7c+g+u/REnbRa29cCFwzn3cg8nSDhTYNvfRmlldW19o7xZ2dre2d0z96ttFaeS0BaJeSy7AVaUM0FbwIDTbiIpjgJOO8HoKvc7D1QqFot7GCfUi/BAsJARDFryzap7TTlg340wDAnm2c3EN2t23Z7CWiZOQWqoQNM3f9x+TNKICiAcK9Vz7AS8DEtghNNJxU0VTTAZ4QHtaSpwRJWXTbNPrGOt9K0wlnoEWFP170WGI6XGUaA384hq0cvF/7xeCuGFlzGRpEAFmT0KU25BbOVFWH0mKQE+1gQTyXRWiwyxxAR0XXNfgI2e8lacxQ6WSfu07mh+d1ZrXBb9lNEhOkInyEHnqIFuURO1EEGP6AW9ojfj2Xg3PozP2WrJKG4O0ByMr1+2UpwO</latexit><latexit sha1_base64="LJF1NCTc06FPB7ZGCVI28pZqxp4=">AAACDHicbVDLSsNAFJ3UV62vWJdugkVwVRIRdFlU0GUF+4AmhMl00g6dTMLMjVhDf8FPcKsf4E7c+g+u/REnbRa29cCFwzn3cg8nSDhTYNvfRmlldW19o7xZ2dre2d0z96ttFaeS0BaJeSy7AVaUM0FbwIDTbiIpjgJOO8HoKvc7D1QqFot7GCfUi/BAsJARDFryzap7TTlg340wDAnm2c3EN2t23Z7CWiZOQWqoQNM3f9x+TNKICiAcK9Vz7AS8DEtghNNJxU0VTTAZ4QHtaSpwRJWXTbNPrGOt9K0wlnoEWFP170WGI6XGUaA384hq0cvF/7xeCuGFlzGRpEAFmT0KU25BbOVFWH0mKQE+1gQTyXRWiwyxxAR0XXNfgI2e8lacxQ6WSfu07mh+d1ZrXBb9lNEhOkInyEHnqIFuURO1EEGP6AW9ojfj2Xg3PozP2WrJKG4O0ByMr1+2UpwO</latexit><latexit sha1_base64="LJF1NCTc06FPB7ZGCVI28pZqxp4=">AAACDHicbVDLSsNAFJ3UV62vWJdugkVwVRIRdFlU0GUF+4AmhMl00g6dTMLMjVhDf8FPcKsf4E7c+g+u/REnbRa29cCFwzn3cg8nSDhTYNvfRmlldW19o7xZ2dre2d0z96ttFaeS0BaJeSy7AVaUM0FbwIDTbiIpjgJOO8HoKvc7D1QqFot7GCfUi/BAsJARDFryzap7TTlg340wDAnm2c3EN2t23Z7CWiZOQWqoQNM3f9x+TNKICiAcK9Vz7AS8DEtghNNJxU0VTTAZ4QHtaSpwRJWXTbNPrGOt9K0wlnoEWFP170WGI6XGUaA384hq0cvF/7xeCuGFlzGRpEAFmT0KU25BbOVFWH0mKQE+1gQTyXRWiwyxxAR0XXNfgI2e8lacxQ6WSfu07mh+d1ZrXBb9lNEhOkInyEHnqIFuURO1EEGP6AW9ojfj2Xg3PozP2WrJKG4O0ByMr1+2UpwO</latexit><latexit sha1_base64="LJF1NCTc06FPB7ZGCVI28pZqxp4=">AAACDHicbVDLSsNAFJ3UV62vWJdugkVwVRIRdFlU0GUF+4AmhMl00g6dTMLMjVhDf8FPcKsf4E7c+g+u/REnbRa29cCFwzn3cg8nSDhTYNvfRmlldW19o7xZ2dre2d0z96ttFaeS0BaJeSy7AVaUM0FbwIDTbiIpjgJOO8HoKvc7D1QqFot7GCfUi/BAsJARDFryzap7TTlg340wDAnm2c3EN2t23Z7CWiZOQWqoQNM3f9x+TNKICiAcK9Vz7AS8DEtghNNJxU0VTTAZ4QHtaSpwRJWXTbNPrGOt9K0wlnoEWFP170WGI6XGUaA384hq0cvF/7xeCuGFlzGRpEAFmT0KU25BbOVFWH0mKQE+1gQTyXRWiwyxxAR0XXNfgI2e8lacxQ6WSfu07mh+d1ZrXBb9lNEhOkInyEHnqIFuURO1EEGP6AW9ojfj2Xg3PozP2WrJKG4O0ByMr1+2UpwO</latexit>
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GCN "a la" Kipf 17

H
(l+1) = �(AH

(l)
W

(l))
<latexit sha1_base64="j7C+Ib4DdSIqpuGIVf00y7rSVjk=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2AptAhlRgTdCFU3XVawF2jHkkkzbWgyMyQZoQ7zBD6Fj+BWH8CduO3aFzGdzsK2Hgj5+P9zOMnvhoxKZVlTI7e2vrG5ld8u7Ozu7R+Yh0ctGUQCkyYOWCA6LpKEUZ80FVWMdEJBEHcZabvju5nffiJC0sB/UJOQOBwNfepRjJSW+map/hiX2ZldSa57kg45gmV4A1OxksD2/K70zaJVtdKCq2BnUARZNfrmT28Q4IgTX2GGpOzaVqicGAlFMSNJoRdJEiI8RkPS1egjTqQTp99JYEkrA+gFQh9fwVT9OxEjLuWEu7qTIzWSy95M/M/rRsq7cmLqh5EiPp4v8iIGVQBn2cABFQQrNtGAsKD6rRCPkEBY6QQXtig6fk50KvZyBqvQOq/amu8virXbLJ88OAGnoAxscAlqoA4aoAkweAFv4B18GK/Gp/FlfM9bc0Y2cwwWypj+Ao99oOo=</latexit><latexit sha1_base64="j7C+Ib4DdSIqpuGIVf00y7rSVjk=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2AptAhlRgTdCFU3XVawF2jHkkkzbWgyMyQZoQ7zBD6Fj+BWH8CduO3aFzGdzsK2Hgj5+P9zOMnvhoxKZVlTI7e2vrG5ld8u7Ozu7R+Yh0ctGUQCkyYOWCA6LpKEUZ80FVWMdEJBEHcZabvju5nffiJC0sB/UJOQOBwNfepRjJSW+map/hiX2ZldSa57kg45gmV4A1OxksD2/K70zaJVtdKCq2BnUARZNfrmT28Q4IgTX2GGpOzaVqicGAlFMSNJoRdJEiI8RkPS1egjTqQTp99JYEkrA+gFQh9fwVT9OxEjLuWEu7qTIzWSy95M/M/rRsq7cmLqh5EiPp4v8iIGVQBn2cABFQQrNtGAsKD6rRCPkEBY6QQXtig6fk50KvZyBqvQOq/amu8virXbLJ88OAGnoAxscAlqoA4aoAkweAFv4B18GK/Gp/FlfM9bc0Y2cwwWypj+Ao99oOo=</latexit><latexit sha1_base64="j7C+Ib4DdSIqpuGIVf00y7rSVjk=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2AptAhlRgTdCFU3XVawF2jHkkkzbWgyMyQZoQ7zBD6Fj+BWH8CduO3aFzGdzsK2Hgj5+P9zOMnvhoxKZVlTI7e2vrG5ld8u7Ozu7R+Yh0ctGUQCkyYOWCA6LpKEUZ80FVWMdEJBEHcZabvju5nffiJC0sB/UJOQOBwNfepRjJSW+map/hiX2ZldSa57kg45gmV4A1OxksD2/K70zaJVtdKCq2BnUARZNfrmT28Q4IgTX2GGpOzaVqicGAlFMSNJoRdJEiI8RkPS1egjTqQTp99JYEkrA+gFQh9fwVT9OxEjLuWEu7qTIzWSy95M/M/rRsq7cmLqh5EiPp4v8iIGVQBn2cABFQQrNtGAsKD6rRCPkEBY6QQXtig6fk50KvZyBqvQOq/amu8virXbLJ88OAGnoAxscAlqoA4aoAkweAFv4B18GK/Gp/FlfM9bc0Y2cwwWypj+Ao99oOo=</latexit><latexit sha1_base64="j7C+Ib4DdSIqpuGIVf00y7rSVjk=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2AptAhlRgTdCFU3XVawF2jHkkkzbWgyMyQZoQ7zBD6Fj+BWH8CduO3aFzGdzsK2Hgj5+P9zOMnvhoxKZVlTI7e2vrG5ld8u7Ozu7R+Yh0ctGUQCkyYOWCA6LpKEUZ80FVWMdEJBEHcZabvju5nffiJC0sB/UJOQOBwNfepRjJSW+map/hiX2ZldSa57kg45gmV4A1OxksD2/K70zaJVtdKCq2BnUARZNfrmT28Q4IgTX2GGpOzaVqicGAlFMSNJoRdJEiI8RkPS1egjTqQTp99JYEkrA+gFQh9fwVT9OxEjLuWEu7qTIzWSy95M/M/rRsq7cmLqh5EiPp4v8iIGVQBn2cABFQQrNtGAsKD6rRCPkEBY6QQXtig6fk50KvZyBqvQOq/amu8virXbLJ88OAGnoAxscAlqoA4aoAkweAFv4B18GK/Gp/FlfM9bc0Y2cwwWypj+Ao99oOo=</latexit>

Non-linearity
Averaging 

(not learned)

Weights 
(learned)

(A = I   leads to a MLP)

Issue: over smoothing!



A few Spectral free 
 variants

• Chebynet: Learn filters of type: 
 

• Scattering-Net:  

• Many variants that combine "pooling". Most of 
them suffer from the oversmoothing phenomenon 
(depth is roughly 2)
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<latexit sha1_base64="Kuk/RCI4AmK9Pl5xDrkO6nkSgP8=">AAACLHicbVDLSsNAFJ34rO+oSzfBIuimJKLoplDUhcsKbRWaGibT23boZBJmboQa8h9+hZ/gVj/AjYgrwe9w+hB8HbhwOOde7r0nTATX6Lov1tT0zOzcfGFhcWl5ZXXNXt9o6DhVDOosFrG6CqkGwSXUkaOAq0QBjUIBl2H/dOhf3oDSPJY1HCTQimhX8g5nFI0U2PvdIPOxB0jzXf8MBNK9sq/TKMh42cuv5dgLeC3gX35gF92SO4Lzl3gTUiQTVAP73W/HLI1AIhNU66bnJtjKqELOBOSLfqohoaxPu9A0VNIIdCsb/ZY7O0ZpO51YmZLojNTvExmNtB5EoemMKPb0b28o/uc1U+wctzIukxRBsvGiTiocjJ1hUE6bK2AoBoZQpri51WE9qihDE+ePLcj7t7lJxfudwV/S2C95hyX34qBYOZnkUyBbZJvsEo8ckQo5J1VSJ4zckQfySJ6se+vZerXexq1T1mRmk/yA9fEJLxio1A==</latexit>

g✓(�) =
nX

i=1

✓iTi(�)

Chebychev polynomial 
(fast to compute)

<latexit sha1_base64="4SoWByUyLg0U8B7Jfma+Ilou2po=">AAACKnicbVDJSgNBEO2JW4xb1KOXxiAIYpgRRY9RLx4jmAUyMfR0OkknPT1jd40Qh/kNv8JP8Kof4C141A+xsxyy+KDg8V4VVfW8UHANtj2wUkvLK6tr6fXMxubW9k52d6+sg0hRVqKBCFTVI5oJLlkJOAhWDRUjvidYxevdDv3KM1OaB/IB+iGr+6QteYtTAkZqZG031LzRdUFxItuCPWHXJ9ChRMTXyWPcPXGS02ml28jm7Lw9Al4kzoTk0ATFRvbHbQY08pkEKojWNccOoR4TBZwKlmTcSLOQ0B5ps5qhkvhM1+PRZwk+MkoTtwJlSgIeqdMTMfG17vue6Rweqee9ofifV4ugdVWPuQwjYJKOF7UigSHAw5hwkytGQfQNIVRxcyumHaIIBRPmzBbgvZfEpOLMZ7BIymd55yJv35/nCjeTfNLoAB2iY+SgS1RAd6iISoiiV/SOPtCn9WZ9WQPre9yasiYz+2gG1u8f2GWoxw==</latexit>

 j , Aj+1 �Aj

<latexit sha1_base64="Ci58HZp702blwVvGppVWzsKnVfg=">AAACF3icbZDLSsNAFIYnXmu9RV2KMFgEQSiJKLoRqm50V8FeoAllMp20QyeTMDMRasjKp/AR3OoDuBO3Ll37Ik7SLGzrDwMf/zmHc+b3IkalsqxvY25+YXFpubRSXl1b39g0t7abMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKG11m99UCEpCG/V6OIuAHqc+pTjJS2uuaeEw0ovIBOgNQAI5Zcpkc5e35ym3bNilW1csFZsAuogEL1rvnj9EIcB4QrzJCUHduKlJsgoShmJC07sSQRwkPUJx2NHAVEukn+jRQeaKcH/VDoxxXM3b8TCQqkHAWe7swulNO1zPyv1omVf+4mlEexIhyPF/kxgyqEWSawRwXBio00ICyovhXiARIIK53cxBZFh49ZKvZ0BrPQPK7ap1Xr7qRSuyryKYFdsA8OgQ3OQA3cgDpoAAyewAt4BW/Gs/FufBif49Y5o5jZARMyvn4BceCgKQ==</latexit>

� = A+ I
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Motivation
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Definition

• We will consider real-valued 1-hidden layer neural 
network with width N, which are defined via: 
 

•    will be a ReLU if no ad-hoc explanations. 

• The data are assumed to be bounded.

21

f(x) =
NX

i=1

↵i⇢(h�i, xi)
<latexit sha1_base64="ryTlYtv37EIpIAB5wzrML+mZxZA="></latexit><latexit sha1_base64="ryTlYtv37EIpIAB5wzrML+mZxZA="></latexit><latexit sha1_base64="ryTlYtv37EIpIAB5wzrML+mZxZA="></latexit><latexit sha1_base64="ryTlYtv37EIpIAB5wzrML+mZxZA="></latexit>

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢



Fourier as a NN

• A very simple example of a one hidden layer Neural 
Network: for f in          , we have: 
 

• The sum can be understood as a linear operator, and 
the complex exponential as a non-linearity. 

• Can we pick other non-linearities?

22

<latexit sha1_base64="eHyFR1ZxqPk01YAiv99k3JWlPbw=">AAACC3icbVDLTsJAFJ3iC/FVdOlmIjHBDWmJUZdENy5coJFHAoVMpwNMmE6bmakGm36Cn+BWP8CdcetHuPZHnEIXAp7kJifn3Jt7ctyQUaks69vIrayurW/kNwtb2zu7e2ZxvymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3yV+q0HIiQN+L2ahMTx0ZDTAcVIaalvFm961XLXR2rkuvFd0vNO+mbJqlhTwGViZ6QEMtT75k/XC3DkE64wQ1J2bCtUToyEopiRpNCNJAkRHqMh6WjKkU+kE0+jJ/BYKx4cBEIPV3Cq/r2IkS/lxHf1ZhpSLnqp+J/XidTgwokpDyNFOJ49GkQMqgCmPUCPCoIVm2iCsKA6K8QjJBBWuq25L4qOnxLdir3YwTJpViv2WcW+PS3VLrN+8uAQHIEysME5qIFrUAcNgMEjeAGv4M14Nt6ND+NztpozspsDMAfj6xfNPZrz</latexit>

L2(Rd)

<latexit sha1_base64="1yK+14eDH0ovOQ9WIvzD7zjPuWw="></latexit>

f(u) = Cd

Z

Rd

f̂(!)ei!
Tu d!



Cybenko’s theorem

• Universal approximation theorem (Cybenko, 1989): Fix a 
compact K and          , then for any  
continuous, if                is not polynomial, then for any        
there exists           , b, s.t.  
 

• Issue:            can be arbitrarily large.

23

<latexit sha1_base64="SAyi7/S6XQlYxcqJEk+wOESbUBg="></latexit>

sup
x2K

kf(x)�W2⇢(W1x+ b)k < ✏

<latexit sha1_base64="ebW5S/gL2ybszHZAAXtMSUvE/Hk=">AAACDXicbVDLSsNAFJ3UV62vaJdugkVwVRIRFVdFN4KbKvYBTSyT6aQdOjMJMxMhhnyDn+BWP8CduPUbXPsjTtosbOuBgcM593LPHD+iRCrb/jZKS8srq2vl9crG5tb2jrm715ZhLBBuoZCGoutDiSnhuKWIorgbCQyZT3HHH1/lfucRC0lCfq+SCHsMDjkJCIJKS32zGlzcuCq0XAbVyPfTu+yB9c2aXbcnsBaJU5AaKNDsmz/uIEQxw1whCqXsOXakvBQKRRDFWcWNJY4gGsMh7mnKIcPSSyfhM+tQKwMrCIV+XFkT9e9GCpmUCfP1ZJ5Rznu5+J/Xi1Vw7qWER7HCHE0PBTG19G/zJqwBERgpmmgCkSA6q4VGUECkdF8zVxQZP2W6FWe+g0XSPq47p3Xn9qTWuCz6KYN9cACOgAPOQANcgyZoAQQS8AJewZvxbLwbH8bndLRkFDtVMAPj6xf3nJwt</latexit>

f : K ! Rm
<latexit sha1_base64="GQ2ZHT15cXvMTW8lG43l74IYSJw=">AAACC3icbVDLSsNAFJ3UV62vVJduBosgLkoioi6LblxJBfuAJpbJdNIOnZmEmYlSQz7BT3CrH+BO3PoRrv0RJ20XtvXAhcM593IPJ4gZVdpxvq3C0vLK6lpxvbSxubW9Y5d3mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw6vcbz0QqWgk7vQoJj5HfUFDipE2Utcuc48K6HGkB0GQ3mT3x1274lSdMeAicaekAqaod+0frxfhhBOhMUNKdVwn1n6KpKaYkazkJYrECA9Rn3QMFYgT5afj6Bk8NEoPhpE0IzQcq38vUsSVGvHAbOYZ1byXi/95nUSHF35KRZxoIvDkUZgwqCOY9wB7VBKs2cgQhCU1WSEeIImwNm3NfNF0+JSZVtz5DhZJ86TqnlXd29NK7XLaTxHsgwNwBFxwDmrgGtRBA2DwCF7AK3iznq1368P6nKwWrOnNHpiB9fULWOWbSA==</latexit>

m 2 N⇤
<latexit sha1_base64="TEHKd3dE03HgO6nORkH3PuhNNLc=">AAACFnicbVDLSsNAFJ3UV62vqEtdBIvgqiQiKq6KblxWsQ9oQplMJ+3QSSbM3Ag1dONX+Alu9QPciVu3rv0RJ21A23pg4Nxz7uXeOX7MmQLb/jIKC4tLyyvF1dLa+sbmlrm901AikYTWieBCtnysKGcRrQMDTluxpDj0OW36g6vMb95TqZiI7mAYUy/EvYgFjGDQUsfcd2VfXLghhr7vp7cjF8Rv0THLdsUew5onTk7KKEetY367XUGSkEZAOFaq7dgxeCmWwAino5KbKBpjMsA92tY0wiFVXjr+xcg61ErXCoTULwJrrP6dSHGo1DD0dWd2oZr1MvE/r51AcO6lLIoToBGZLAoSboGwskisLpOUAB9qgolk+laL9LHEBHRwU1uADR6yVJzZDOZJ47jinFacm5Ny9TLPp4j20AE6Qg46Q1V0jWqojgh6RM/oBb0aT8ab8W58TFoLRj6zi6ZgfP4AId6gpA==</latexit>

⇢ : R ! R <latexit sha1_base64="tvfCj7Wes+eOjrvHwHRrFjD8XMc=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJevEYwTwwWcLspJMMmZ1dZmaFuOTmJ3jVD/AmXv0Rz/6Ik2QPJlrQUFR1090VxIJr47pfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8nviNB1SaR/LOjGL0Q9qXvMcZNVa6b2OsuYjkpdspltyyOwX5S7yMlCBDtVP8bncjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46vXhMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1EtO78FMu48SgZLNFvUQQE5HJ+6TLFTIjRpZQpri9lbABVZQZG9LcFsOHj2ObireYwV9SPyl7Z2Xv9rRUucryycMBHMIxeHAOFbiBKtSAgYRneIFX58l5c96dj1lrzslm9mEOzucPpdGYPQ==</latexit>

✏ > 0
<latexit sha1_base64="EsMEBGWcmRRqdsXvRpeYPDjM9BA=">AAAB/3icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2KbQhrDZbtolm03Y3Qg19OBP8Ko/wJt49ad49o+4bXOwrQ8GHu/NMDMvSDlT2ra/rZXVtfWNzdJWeXtnd2+/cnDYVkkmCW2RhCeyE2BFORO0pZnmtJNKiuOAUzeIbie++0ilYol40KOUejEeCBYygrWRXNd3zl2/7leqds2eAi0TpyBVKND0Kz+9fkKymApNOFaq69ip9nIsNSOcjsu9TNEUkwgPaNdQgWOqvHx67hidGqWPwkSaEhpN1b8TOY6VGsWB6YyxHqpFbyL+53UzHV57ORNppqkgs0VhxpFO0OR31GeSEs1HhmAimbkVkSGWmGiT0NwWzaKnsUnFWcxgmbTrNeey5txfVBs3RT4lOIYTOAMHrqABd9CEFhCI4AVe4c16tt6tD+tz1rpiFTNHMAfr6xdXjpZW</latexit>

W1,W2

<latexit sha1_base64="EsMEBGWcmRRqdsXvRpeYPDjM9BA=">AAAB/3icbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2KbQhrDZbtolm03Y3Qg19OBP8Ko/wJt49ad49o+4bXOwrQ8GHu/NMDMvSDlT2ra/rZXVtfWNzdJWeXtnd2+/cnDYVkkmCW2RhCeyE2BFORO0pZnmtJNKiuOAUzeIbie++0ilYol40KOUejEeCBYygrWRXNd3zl2/7leqds2eAi0TpyBVKND0Kz+9fkKymApNOFaq69ip9nIsNSOcjsu9TNEUkwgPaNdQgWOqvHx67hidGqWPwkSaEhpN1b8TOY6VGsWB6YyxHqpFbyL+53UzHV57ORNppqkgs0VhxpFO0OR31GeSEs1HhmAimbkVkSGWmGiT0NwWzaKnsUnFWcxgmbTrNeey5txfVBs3RT4lOIYTOAMHrqABd9CEFhCI4AVe4c16tt6tD+tz1rpiFTNHMAfr6xdXjpZW</latexit>

W1,W2



Approximation rates?
24

<latexit sha1_base64="VfVZ40NgpbPZwI8pWXpmdwNIOVo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWAR3FgSUXRZdONKKtgLtCFMppN26GQSZk4KtfQNfAS3+gDuxK0v4doXcZpmYVt/OPDxn3M4hz9IBNfgON9WYWV1bX2juFna2t7Z3bP3Dxo6ThVldRqLWLUCopngktWBg2CtRDESBYI1g8HttN8cMqV5LB9hlDAvIj3JQ04JGMu37U6DKcDhWejfZ+jbZafiZMLL4OZQRrlqvv3T6cY0jZgEKojWbddJwBsTBZwKNil1Us0SQgekx9oGJYmY9sbZ5xN8YpwuDmNlSgLO3L8bYxJpPYoCMxkR6OvF3tT8r9dOIbz2xlwmKTBJZ4fCVGCI8TQG3OWKURAjA4Qqbn7FtE8UoWDCmrsCfPA0Mam4ixksQ+O84l5WnIeLcvUmz6eIjtAxOkUuukJVdIdqqI4oGqIX9IrerGfr3fqwPmejBSvfOURzsr5+ATkGmqQ=</latexit>

kf � fNk

N

Examples: Fourier, wavelets, …

<latexit sha1_base64="hq/qxIanbcBpLF56rnYBiyCXm4k="></latexit>

f ⇡
X

nN

�ngn = fN



Spherical symmetry

• A neural network of 1-layer writes, for                :   

• Then let                      and let:

25

<latexit sha1_base64="01JcuCkOTj/2myf6jHiITOcFrzc="></latexit>

�(x;w) =
X

kK

↵k⇢(hx,wki)
<latexit sha1_base64="XJlul0rypweEFADDCs68D1H/q1k=">AAACFXicbZC7SgNBFIZnvcZ4i1qmGQyCVdgVRRshaGMZwVwgWZbZyUky7OyFmbNKXFL4FD6CrT6AndhaW/siTi6FSfxh4OM/53DO/H4ihUbb/raWlldW19ZzG/nNre2d3cLefl3HqeJQ47GMVdNnGqSIoIYCJTQTBSz0JTT84HpUb9yD0iKO7nCQgBuyXiS6gjM0llcoPnjBZbsOCqmhCbSxD8i8wCuU7LI9Fl0EZwolMlXVK/y0OzFPQ4iQS6Z1y7ETdDOmUHAJw3w71ZAwHrAetAxGLATtZuNPDOmRcTq0GyvzIqRj9+9ExkKtB6FvOkOGfT1fG5n/1Vopdi/cTERJihDxyaJuKinGdJQI7QgFHOXAAONKmFsp7zPFOJrcZragCB6HJhVnPoNFqJ+UnbOyfXtaqlxN88mRIjkkx8Qh56RCbkiV1AgnT+SFvJI369l6tz6sz0nrkjWdOSAzsr5+ATlyn4c=</latexit>

wk = kwkk✓kand let:

<latexit sha1_base64="UFvgIp6O64ArpeOZyc7wsKh/goY=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6nXDHm/WnPqzhT2MnELUoMCzX71pzeIaRoxiVQQrbuuk6CXEYWcCjap9FLNEkJHZMi6hkoSMe1l01sn9olRBnYQK1MS7an6dyIjkdbjyDedEcFQL3q5+J/XTTG48jIukxSZpLNFQSpsjO38cXvAFaMoxoYQqri51aYhUYSiiWduC/LR08Sk4i5msEzaZ3X3ou7cndca10U+ZTiCYzgFFy6hAbfQhBZQCOEFXuHNerberQ/rc9ZasoqZQ5iD9fULHG6VuA==</latexit>

�
<latexit sha1_base64="F8bWxwFcM1or3wPhKxv1lrcfGr4=">AAACA3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthWaUDabTbt0sxt2J0INPfoTvOoP8CZe/SGe/SNu2xxs64OBx3szzMwLU8ENuO63U1pZXVvfKG9WtrZ3dveq+wdtozJNWYsqofRDSAwTXLIWcBDsIdWMJKFgnXB4M/E7j0wbruQ9jFIWJKQvecwpASt1feAiYthvDnivWnPr7hR4mXgFqaECzV71x48UzRImgQpiTNdzUwhyooFTwcYVPzMsJXRI+qxrqSQJM0E+PXmMT6wS4VhpWxLwVP07kZPEmFES2s6EwMAsehPxP6+bQXwV5FymGTBJZ4viTGBQePI/jrhmFMTIEkI1t7diOiCaULApzW0BPnwa21S8xQyWSfus7l3U3bvzWuO6yKeMjtAxOkUeukQNdIuaqIUoUugFvaI359l5dz6cz1lrySlmDtEcnK9fPR+YjA==</latexit>

�̃
<latexit sha1_base64="F8bWxwFcM1or3wPhKxv1lrcfGr4=">AAACA3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthWaUDabTbt0sxt2J0INPfoTvOoP8CZe/SGe/SNu2xxs64OBx3szzMwLU8ENuO63U1pZXVvfKG9WtrZ3dveq+wdtozJNWYsqofRDSAwTXLIWcBDsIdWMJKFgnXB4M/E7j0wbruQ9jFIWJKQvecwpASt1feAiYthvDnivWnPr7hR4mXgFqaECzV71x48UzRImgQpiTNdzUwhyooFTwcYVPzMsJXRI+qxrqSQJM0E+PXmMT6wS4VhpWxLwVP07kZPEmFES2s6EwMAsehPxP6+bQXwV5FymGTBJZ4viTGBQePI/jrhmFMTIEkI1t7diOiCaULApzW0BPnwa21S8xQyWSfus7l3U3bvzWuO6yKeMjtAxOkUeukQNdIuaqIUoUugFvaI359l5dz6cz1lrySlmDtEcnK9fPR+YjA==</latexit>

�̃

if     is lipschitz/continuous 
so is 

(    is odd)

<latexit sha1_base64="NIc1nbExdgwCYAIEw7+zjcZEcSM="></latexit>

�̃((x, t)) , |t|�(x
t
) = �(x) if t > 0

<latexit sha1_base64="0QSGk7VVfViPCeJ5epCSkCzNo/Y=">AAACFXicbVC7TsNAEDzzDOFloExzIkKiIbIjEDRIETSUQSIPKQ7R+XJOTjk/uFsjgpOCr+ATaOED6BAtNTU/gu24IAkjrXY0s6u9GzsQXIFhfGsLi0vLK6u5tfz6xubWtr6zW1d+KCmrUV/4smkTxQT3WA04CNYMJCOuLVjDHlwmfuOeScV97waGAWu7pOdxh1MCsdTRCyMYnVvqTkJkHll1JgE/pO22PO7oRaNkpMDzxMxIEWWodvQfq+vT0GUeUEGUaplGAO2ISOBUsHHeChULCB2QHmvF1CMuU+0o/cQYH8RKFzu+jMsDnKp/NyLiKjV07XjSJdBXs14i/ue1QnDO2hH3ghCYRyeHnFBg8HGSCO5yySiIYUwIlTx+K6Z9IgmFOLepK8AHj0kq5mwG86ReLpknJeP6uFi5yPLJoQLaR4fIRKeogq5QFdUQRU/oBb2iN+1Ze9c+tM/J6IKW7eyhKWhfv1tin5k=</latexit>

|t| =
p
1� kxk2

<latexit sha1_base64="E3nVAieT7V7A/vKpLHVM3jkxU4c="></latexit>

�(x;w) =
X

kK

↵k⇢(hx,wki)

=
X

kK

↵k

kwkk
⇢(hx, ✓ki)

=

Z

Sd�1

⇢(hx, ✓i) dµ(✓)
<latexit sha1_base64="CWhPGEGlelUrKUqRCi6j0wSdqJ4="></latexit>

µ =
X

kK

↵k

kwkk
�✓kwhere:

<latexit sha1_base64="UUne0ycNiiTTzo/o0tYU/uxpXv4=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiVJCSFEWXpW5cVrAXaEKZTCft0MkkzEzEGrLyKXwEt/oA7sStS9e+iJM2C1v9YeDnP+dwznxexKhUlvVlFJaWV1bXiuuljc2t7R1zd68tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW98ldU7d0RIGvJbNYmIG6Ahpz7FSOmobx7eO5RDJ0BqhBFLGmnFOnV8gTC0Ye2kb5atqjUV/Gvs3JRBrmbf/HYGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnrYcBUS6yfQbKTzWyQD6odCPKzhNf08kKJByEni6M7tXLtay8L9aL1b+pZtQHsWKcDxb5McMqhBmTOCACoIVm2iDsKD6VohHSENQmtzcFkXHD6mmYi8y+Gvatap9XrVuzsr1Rs6nCA7AEagAG1yAOrgGTdACGDyCZ/ACXo0n4814Nz5mrQUjn9kHczI+fwB6+J7p</latexit>

x 2 B(0, 1
2
)



Fourier tools 
on the Sphere

26

<latexit sha1_base64="Izjz60ccq38WN0h4FgG3GxvmjWw="></latexit>

f ~ g(x) =

Z

Sd�1

f(y)g(hx, yi) d�(y)
The "convolution":

on the sphere a real valued function



Reminders about the 
Sphere

• In hyper spherical coordinate, we have:

27

<latexit sha1_base64="iWP5wJoWFQwnau76rYnE6e655sI="></latexit>

hf, giSd�1 =

Z

x2Sd�1

f(x)g(x) d�(x)

=
1

⇤d

Z ⇡

0
...

Z ⇡

0

Z 2⇡

0
f(✓1, ..., ✓d�1) sin

d�2(✓1)... sin(✓d�2) d✓1...d✓d�1

<latexit sha1_base64="D4vBoEUK5v9qi6wd512SO+Tgu60="></latexit>

⇤d =
2⇡

d
2

�(d2 )
where:

Also:
<latexit sha1_base64="H2tFiWEc30SQ9YaUbuaZ1d2APM4="></latexit>

8x = r✓,�f =
@2f

@r2
+

d� 1

r

@f

@r
+

1

r2
�Sd�1f



Sphere as a Manifold

28

What are the eigenvalues of a Laplacian?
<latexit sha1_base64="M5Ih2rRPz7iU8HhqzUIL1Ub9Qj0="></latexit>

�e! = �k!k2e!,where e!(u) = ei!
Tu



Manifold, tangent space
• By now, we consider a manifold        which is a space 

locally diffeomorph to     .  

• Each point x has thus a tangent bundle          (a 
collection of tangent vector) equipped with a local scalar 
product. 

• We can define a gradient for smooth 

29

<latexit sha1_base64="9iSCj8rJXuxk5i1WmV9eYNHq8dE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiGzdCBfuAdiiZNNOGZpIhyQh16NJPcKsf4E7c+iGu/REz7Sxs64HA4Zx7uScniDnTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvPVKlmRQPZhxTP8IDwUJGsLFSpxthMySYp3eTXrniVt0p0DLxclKBHPVe+afblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n04jT9CJVfoolMo+YdBU/buR4kjrcRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkdChOOjETZ/1GfKUoMH1uCiWI2KyJDrDAxtqW5K4aNnrJWvMUOlknzrOpdVN3780rtOu+nCEdwDKfgwSXU4Bbq0AACEl7gFd6cZ+fd+XA+Z6MFJ985hDk4X7/vhZj8</latexit>

M
<latexit sha1_base64="YVD5R9waYzghsE4ft+zt/QcMWfI=">AAACBHicbVDLSsNAFJ34rPVVdelmsAiuSiKKLotuXFaxD2hjmUwm7dDJJMzcCDVk6ye41Q9wJ279D9f+iJM2C9t64MLhnHu5h+PFgmuw7W9raXlldW29tFHe3Nre2a3s7bd0lCjKmjQSkep4RDPBJWsCB8E6sWIk9ARre6Pr3G8/MqV5JO9hHDM3JAPJA04JGKnXCwkMPS+9yx78fqVq1+wJ8CJxClJFBRr9yk/Pj2gSMglUEK27jh2DmxIFnAqWlXuJZjGhIzJgXUMlCZl200nmDB8bxcdBpMxIwBP170VKQq3HoWc284x63svF/7xuAsGlm3IZJ8AknT4KEoEhwnkB2OeKURBjQwhV3GTFdEgUoWBqmvkCfPSUmVac+Q4WSeu05pzX7Nuzav2q6KeEDtEROkEOukB1dIMaqIkoitELekVv1rP1bn1Yn9PVJau4OUAzsL5+AakQmWE=</latexit>

Rd

<latexit sha1_base64="xjSr+i1ew9seD7x14hAgvNJI5Yk=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSiKKLotu3AgV+oI2lsl00g6dTMLMjVhD9n6CW/0Ad+LW33Dtjzhps7CtBy4czrmXezheJLgG2/62lpZXVtfWCxvFza3tnd3S3n5Th7GirEFDEaq2RzQTXLIGcBCsHSlGAk+wlje6zvzWA1Oah7IO44i5ARlI7nNKwEj39W5AYEiJSG7T3mOvVLYr9gR4kTg5KaMctV7pp9sPaRwwCVQQrTuOHYGbEAWcCpYWu7FmEaEjMmAdQyUJmHaTSeoUHxulj/1QmZGAJ+rfi4QEWo8Dz2xmIfW8l4n/eZ0Y/Es34TKKgUk6feTHAkOIswpwnytGQYwNIVRxkxXTIVGEgilq5gvw0VNqWnHmO1gkzdOKc16x787K1au8nwI6REfoBDnoAlXRDaqhBqJIoRf0it6sZ+vd+rA+p6tLVn5zgGZgff0CRXOaRQ==</latexit>

TMx

<latexit sha1_base64="9iSCj8rJXuxk5i1WmV9eYNHq8dE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiGzdCBfuAdiiZNNOGZpIhyQh16NJPcKsf4E7c+iGu/REz7Sxs64HA4Zx7uScniDnTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvPVKlmRQPZhxTP8IDwUJGsLFSpxthMySYp3eTXrniVt0p0DLxclKBHPVe+afblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n04jT9CJVfoolMo+YdBU/buR4kjrcRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkdChOOjETZ/1GfKUoMH1uCiWI2KyJDrDAxtqW5K4aNnrJWvMUOlknzrOpdVN3780rtOu+nCEdwDKfgwSXU4Bbq0AACEl7gFd6cZ+fd+XA+Z6MFJ985hDk4X7/vhZj8</latexit>

M

<latexit sha1_base64="xjSr+i1ew9seD7x14hAgvNJI5Yk=">AAACBnicbVDLSsNAFJ34rPVVdelmsAiuSiKKLotu3AgV+oI2lsl00g6dTMLMjVhD9n6CW/0Ad+LW33Dtjzhps7CtBy4czrmXezheJLgG2/62lpZXVtfWCxvFza3tnd3S3n5Th7GirEFDEaq2RzQTXLIGcBCsHSlGAk+wlje6zvzWA1Oah7IO44i5ARlI7nNKwEj39W5AYEiJSG7T3mOvVLYr9gR4kTg5KaMctV7pp9sPaRwwCVQQrTuOHYGbEAWcCpYWu7FmEaEjMmAdQyUJmHaTSeoUHxulj/1QmZGAJ+rfi4QEWo8Dz2xmIfW8l4n/eZ0Y/Es34TKKgUk6feTHAkOIswpwnytGQYwNIVRxkxXTIVGEgilq5gvw0VNqWnHmO1gkzdOKc16x787K1au8nwI6REfoBDnoAlXRDaqhBqJIoRf0it6sZ+vd+rA+p6tLVn5zgGZgff0CRXOaRQ==</latexit>

TMx x

<latexit sha1_base64="1monXC9/p7hFzz/H3wGMYWd7Qmo=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwVRJRFFdFN26EKvYBTSmT6aQdOnkwc6PUkA/wK/wEt/oB7sStuPZHnKRZ2NYDA4dzzuXeOU4ouALT/DYKC4tLyyvF1dLa+sbmVnl7p6mCSFLWoIEIZNshignuswZwEKwdSkY8R7CWM7pM/dY9k4oH/h2MQ9b1yMDnLqcEtNQrV9xz2yMwpETE14kt+WAIRMrgAWey48S3iU6ZVTMDnidWTiooR71X/rH7AY085gMVRKmOZYbQjYkETgVLSnakWEjoiAxYR1OfeEx14+wzCT7QSh+7gdTPB5ypfydi4ik19hydTC9Us14q/ud1InDPujH3wwiYTyeL3EhgCHDaDO5zySiIsSaESq5vxXRIJKGg+5vaAnz0mLZizXYwT5pHVeukat4cV2oXeT9FtIf20SGy0CmqoStURw1E0RN6Qa/ozXg23o0P43MSLRj5zC6agvH1C7jSo5Y=</latexit>

f : M ! R
<latexit sha1_base64="9PiuYPN5GYcdQmXUQ6LUj3x6bJc="></latexit>

8x 2 M, hrMf(x), yiTMx , df(x).y

smooth
<latexit sha1_base64="gVoDxxEIHCh2cH4zKjQHqlhbNb4=">AAACHXicbVDLSsNAFJ3UV62vqks3g0VwVRIRFVdFN26EKvYBTSmT6aQdOnkwc6PUkA/wK/wEt/oB7sStuPZHnKRZ2NYDA4dzzuXeOU4ouALT/DYKC4tLyyvF1dLa+sbmVnl7p6mCSFLWoIEIZNshignuswZwEKwdSkY8R7CWM7pM/dY9k4oH/h2MQ9b1yMDnLqcEtNQrV9xz2yMwpETE14kt+WAIRMrgAWey48S3iU6ZVTMDnidWTiooR71X/rH7AY085gMVRKmOZYbQjYkETgVLSnakWEjoiAxYR1OfeEx14+wzCT7QSh+7gdTPB5ypfydi4ik19hydTC9Us14q/ud1InDPujH3wwiYTyeL3EhgCHDaDO5zySiIsSaESq5vxXRIJKGg+5vaAnz0mLZizXYwT5pHVeukat0cV2oXeT9FtIf20SGy0CmqoStURw1E0RN6Qa/ozXg23o0P43MSLRj5zC6agvH1C7l4o5g=</latexit>

f : M ! R
<latexit sha1_base64="IvcDGl+8WmWzxAJzD15OYzpwXKU="></latexit>

� : U ⇢ Rd ! �(U) ⇢ Miff for any
<latexit sha1_base64="CEd/Zvvq9715PfIcKDn2YYDBWUY=">AAACA3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthWSUDbbTbt0sxt2N0INPfoTvOoP8CZe/SGe/SNu2xxs64OBx3szzMyLUs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWmaK0BaRXKqHCGvKmaAtwwynD6miOIk47UTDm4nfeaRKMynuzSilYYL7gsWMYGMlPw4IUwQF6YB1qzW37k6BlolXkBoUaHarP0FPkiyhwhCOtfY9NzVhjpVhhNNxJcg0TTEZ4j71LRU4oTrMpyeP0YlVeiiWypYwaKr+nchxovUoiWxngs1AL3oT8T/Pz0x8FeZMpJmhgswWxRlHRqLJ/6jHFCWGjyzBRDF7KyIDrDAxNqW5LYYNn8Y2FW8xg2XSPqt7F3Xv7rzWuC7yKcMRHMMpeHAJDbiFJrSAgIQXeIU359l5dz6cz1lrySlmDmEOztcvXs+Yow==</latexit>

f � � smoothsmooththen
also:

<latexit sha1_base64="FaMDIL1a9So7yauybg4TkLRd1NU="></latexit>

r(f � �) = d�TrMf



Divergence theorem
30

• Divergence Theorem: Consider a regular open set    
with a smooth boundary     , then for u, v smooth 
we have:

<latexit sha1_base64="5Mu5vKnUK8SSVxO9mJTK2DPbY8M=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwVRJRdFl0484K9gFNKJPpTTt0JgkzE6GGfoGf4FY/wJ249Stc+yNO2ixs64ELh3PuixMknCntON/Wyura+sZmaau8vbO7V7H3D1oqTiWFJo15LDsBUcBZBE3NNIdOIoGIgEM7GN3kfvsRpGJx9KDHCfiCDCIWMkq0kXp2xUuI1Ixw7N0JGJCeXXVqzhR4mbgFqaICjZ794/VjmgqINOVEqa7rJNrP8qWUw6TspQoSQkdkAF1DIyJA+dn08Qk+MUofh7E0FWk8Vf9OZEQoNRaB6RRED9Wil4v/ed1Uh1d+xqIk1RDR2aEw5VjHOE8B95kEqvnYEEIlM79iOiSSUG2ymrui2ehpYlJxFzNYJq2zmntRc+7Pq/XrIp8SOkLH6BS56BLV0S1qoCaiKEUv6BW9Wc/Wu/Vhfc5aV6xi5hDNwfr6BfXpmog=</latexit>

@⌦

<latexit sha1_base64="JKOTlDWYlKByqma8fYeTlx2hVlQ=">AAAB/3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF29GMA9IljA76U2GnZldZmaFuOTgJ3jVD/AmXv0Uz/6Ik2QPJrGgoajqprsrSDjTxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVFBo05rFqB0QDZxIahhkO7UQBEQGHVhDdTPzWIyjNYvlgRgn4ggwkCxklxkot3L0TMCC9csWtulPgZeLlpIJy1Hvln24/pqkAaSgnWnc8NzF+RpRhlMO41E01JIRGZAAdSyURoP1seu4Yn1ilj8NY2ZIGT9W/ExkRWo9EYDsFMUO96E3E/7xOasIrP2MySQ1IOlsUphybGE9+x32mgBo+soRQxeytmA6JItTYhOa2GBY9jW0q3mIGy6R5VvUuqu79eaV2nedTREfoGJ0iD12iGrpFddRAFEXoBb2iN+fZeXc+nM9Za8HJZw7RHJyvX/6glr4=</latexit>

⌦

<latexit sha1_base64="bt1677t/X1ku+tSlfj0tPCzAccA="></latexit>Z

⌦
u�v +ru.rv d� =

Z

@⌦
u(rv.n) d�

Green identity (1)

<latexit sha1_base64="8DNmEFGt1hwpDHHK3C4duFXQA/g="></latexit>Z

⌦
u�v d��

Z

⌦
v�u d� =

Z

@⌦
u(rv.n) d� �

Z

@⌦
v(ru.n) d�

Green identity (2)

Note: the sphere has no (manifold) boundary!!



A symmetric operator
• Consider a manifold with empty boundary. Thanks to 

the previous theorem, we formally define the Laplacian 
on a manifold as the unique operator satisfying: 

• Proposition: it is symmetric and non positive 

• In fact, it is also compact…(much more work)

31

<latexit sha1_base64="wUzyC++vu7tCn0a5NZpzkLr2cC0=">AAACO3icbVDJSgNBEO1xjXGLevTSGAS9hBlRFE9xOXhQiGCikImhptNJmvQsdNcocZjv8Sv8BK+K59zEq3c7y8FEHxQ83quiqp4XSaHRtj+sqemZ2bn5zEJ2cWl5ZTW3tl7RYawYL7NQhurOA82lCHgZBUp+FykOvif5rdc56/u3D1xpEQY32I14zYdWIJqCARqpnjtxz7lEqCeuD9hmIJOrND2+vN/b+SXsukq02ghKhY900qvn8nbBHoD+Jc6I5MkIpXqu5zZCFvs8QCZB66pjR1hLQKFgkqdZN9Y8AtaBFq8aGoDPdS0ZvJrSbaM0aDNUpgKkA/X3RAK+1l3fM539G/Wk1xf/86oxNo9qiQiiGHnAhouasaQY0n5utCEUZyi7hgBTwtxKWRsUMDTpjm1B0XlKTSrOZAZ/SWWv4BwU7Ov9fPF0lE+GbJItskMcckiK5IKUSJkw8kxeyRt5t16snvVpfQ1bp6zRzAYZg/X9A9KyrzU=</latexit>

�M : L2(M) ! L2(M)

<latexit sha1_base64="G/O49NfymeRxrA1+uWln+49Ol4Q="></latexit>Z

M
u�v d� = �

Z

M
hru,rviTM d�

with



Spectral theorem and 
convolutions

• A given Laplacian has some eigen-couples:                . 

• Similarly to a graph, we can consider for             : 

• Is it consistent with graphs?

32

<latexit sha1_base64="hCbS/AAY+0z7xQFxxqSIZ3wkAbQ=">AAACEXicbVDLSsNAFL3xWeur6sKFm8Ei1E1JiqLLohtXUsE+oKllMp20QyeTMDMRashX+Alu9QPciVu/wLU/4rTNwrYeuHA4517uvceLOFPatr+tpeWV1bX13EZ+c2t7Z7ewt99QYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpje8HvvNRyoVC8W9HkW0E+C+YD4jWBupWzjsu0wgl3L+UCm5AdYDz0tu09NuoWiX7QnQInEyUoQMtW7hx+2FJA6o0IRjpdqOHelOgqVmhNM078aKRpgMcZ+2DRU4oKqTTB5I0YlResgPpSmh0UT9O5HgQKlR4JnO8Ylq3huL/3ntWPuXnYSJKNZUkOkiP+ZIh2icBuoxSYnmI0MwkczcisgAS0y0yWxmi2bDp9Sk4sxnsEgalbJzXrbvzorVqyyfHBzBMZTAgQuowg3UoA4EUniBV3iznq1368P6nLYuWdnMAczA+voFaTmdbg==</latexit>

g 2 `2(N)

<latexit sha1_base64="x7r00/BbxKRcKMVQq8RdcpA9uQs=">AAACHXicbVDLSsNAFL2pr1pfVZduBovgQkoioi6LblxJBfuApoTJdNIOnUzCzESoIR/gV/gJbvUD3Ilbce2POGm7sK0HBg7nnMu9c/yYM6Vt+9sqLC2vrK4V10sbm1vbO+XdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OF17rceqFQsEvd6FNNuiPuCBYxgbSSvXHFT6okTl5uRHvaEm3mpcJlAboj1wPfT2ywzKbtqj4EWiTMlFZii7pV/3F5EkpAKTThWquPYse6mWGpGOM1KbqJojMkQ92nHUIFDqrrp+DMZOjJKDwWRNE9oNFb/TqQ4VGoU+iaZn6jmvVz8z+skOrjspkzEiaaCTBYFCUc6QnkzqMckJZqPDMFEMnMrIgMsMdGmv5ktmg0f81ac+Q4WSfO06pxXnbuzSu1q2k8RDuAQjsGBC6jBDdShAQSe4AVe4c16tt6tD+tzEi1Y05l9mIH19QtikqNk</latexit>

{en,�n}n2N

<latexit sha1_base64="7DNpfNL638SOqV/0JYtLn1UB5D8="></latexit>

f ? g ,
X

n

g[n]hf, enien 2 L2(M)

<latexit sha1_base64="DsyZwQONTyMA7Vb4S172yd6SsFE="></latexit>

kf ? gk  kgk`2(N)kfk
and



From Manifold to graph 
Laplacian…

33

<latexit sha1_base64="gPc736nhPWmzOqBIXMxcxhjafWs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYmd1lpleIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1cQS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibKNGM11gkI90MqOFShLyGAiVvxppTFUjeCIY3E7/xyLURUXiPo5j7ivZD0ROMopXqbSP6inaKJbfsTkGWiZeREmSodoo/7W7EEsVDZJIa0/LcGP2UahRM8nGhnRgeUzakfd6yNKSKGz+dXjsmJ1bpkl6kbYVIpurfiZQqY0YqsJ2K4sAsehPxP6+VYO/KT0UYJ8hDNlvUSyTBiExeJ12hOUM5soQyLeythA2opgxtQHNbUAyfxjYVbzGDZVI/K3sXZffuvFS5zvLJwxEcwyl4cAkVuIUq1IDBA7zAK7w5z8678+F8zlpzTjZzCHNwvn4B5heWvA==</latexit>�

N points
<latexit sha1_base64="FUNCpXQBr19ut2z2A3sJZEsePpY="></latexit>

�Gf(x) =

PN
i=1 K�(xi, x)f(xj)PN

i=1 K�(xi, x)
� f(x)

As
<latexit sha1_base64="7pgHpqAj+2zCQKWu4JzQPI9pgtg=">AAACInicbVDLSgMxFM3UV62vqks3wSJ0IWVGFF0W3biSCvYBnVIyaaYNzWSG5I4yDv0Fv8JPcKsf4E5cCe78EdN2Frb1wIWTc+7l5h4vElyDbX9ZuaXlldW1/HphY3Nre6e4u9fQYawoq9NQhKrlEc0El6wOHARrRYqRwBOs6Q2vxn7zninNQ3kHScQ6AelL7nNKwEjdYtnVvB8QV/H+AIhS4QO2j/HN37fLpQ9Jt1iyK/YEeJE4GSmhDLVu8cfthTQOmAQqiNZtx46gkxIFnAo2KrixZhGhQ9JnbUMlCZjupJOLRvjIKD3sh8qUBDxR/06kJNA6CTzTGRAY6HlvLP7ntWPwLzopl1EMTNLpIj8WGEI8jgf3uGIURGIIoYqbv2I6IIpQMCHObAE+fByZVJz5DBZJ46TinFXs29NS9TLLJ48O0CEqIwedoyq6RjVURxQ9oRf0it6sZ+vd+rA+p605K5vZRzOwvn8By0elGw==</latexit>

� ! 0, N ! 1 <latexit sha1_base64="LmDFC7I4obRADg2mccaJwQEaxvg=">AAACLnicbVDLSgNBEJyNrxhfqx69DAbBU9gVRY9BBb0IEcwDsiH0TibJkNkHM71KXPZH/Ao/wat+gOBBPHjxM9xNcjCJBQ1FVTfdXW4ohUbL+jByC4tLyyv51cLa+sbmlrm9U9NBpBivskAGquGC5lL4vIoCJW+EioPnSl53BxeZX7/nSovAv8NhyFse9HzRFQwwldrmsXPJJUI7djzAPgMZXyWJo0Svj6BU8EDn/JskaZtFq2SNQOeJPSFFMkGlbX47nYBFHveRSdC6aVshtmJQKJjkScGJNA+BDaDHmyn1weO6FY++S+hBqnRoN1Bp+UhH6t+JGDyth56bdmY36lkvE//zmhF2z1qx8MMIuc/Gi7qRpBjQLCraEYozlMOUAFMivZWyPihgmAY6tQXF4DFLxZ7NYJ7Ujkr2Scm6PS6Wzyf55Mke2SeHxCanpEyuSYVUCSNP5IW8kjfj2Xg3Po2vcWvOmMzskikYP79nhKs7</latexit>

�G ! �Mthen

(if only N grows, there is a bias and we need to take in account the local 
connectivity)

<latexit sha1_base64="kmHC5cdq65ZudrMCyZsiYv+nJ10="></latexit>

K�(x, y) = e�
kx�yk2

2�2where



Manifold on the sphere

• Now, we consider a specific example of high interest: the 
sphere. Our first observation is that if 

• Sketch of the Proof: 

• Now the left part is invariant by rescaling and we can 
integrate on the unit ball, and apply Green formula.
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x

<latexit sha1_base64="8npJRgwuBIfIeEI/3SOzcNr/tR8=">AAACBnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBPOAZA2zk9lkyOyDmV4xLrn7CV71A7yJV3/Dsz/iZJODSSxouqjqppvyYik02va3lVtaXlldy68XNja3tneKu3t1HSWK8RqLZKSaHtVcipDXUKDkzVhxGniSN7zB9dhvPHClRRTe4TDmbkB7ofAFo2ik+3adKySPWbt0OsWSXbYzkEXiTEkJpqh2ij/tbsSSgIfIJNW65dgxuilVKJjko0I70TymbEB7vGVoSAOu3TT7ekSOjNIlfqRMhUgy9e9GSgOth4FnJgOKfT3vjcX/vFaC/oWbijBOkIdscshPJMGIjCMgXaE4Qzk0hDIlzK+E9amiDE1QM1dQDJ5GJhVnPoNFUj8pO2dl+/a0VLma5pOHAziEY3DgHCpwA1WoAQMFL/AKb9az9W59WJ+T0Zw13dmHGVhfvzzimZ8=</latexit>

kxk = 1

which leads to:

If              then:

and:
<latexit sha1_base64="lyERQCKN2AuFIPtNjR9ntn49ltI="></latexit>

r(f � i)(x) = di(x)TrSd�1f(i(x))

<latexit sha1_base64="x4BWcu2X+shfqLC3m9U0gVkgC0U="></latexit>

i(x+ ✏) =
x+ ✏

kx+ ✏k =
1

kxk (x+ ✏� xhx, ✏i) + o(✏)

<latexit sha1_base64="LCPotg2rNrLHyxReA5BmlyYGEMA="></latexit>

r(f � i)(x)Tr(g � i)(x) = 1

kxk2 hrSd�1f,rSd�1giTSd�1
x

<latexit sha1_base64="zQAujfgGrowm5ZG87p11WdKc3n8=">AAACGnicbVC5TsNAEF1zhnAZKGlWREg0RDZCgKgiaCjDkUOKTbTerJNV1od2x0jBcstX8Am08AF0iJaGmh/BdlyQhCeN9PTejGbmOaHgCgzjW5ubX1hcWi6tlFfX1jc29a3tpgoiSVmDBiKQbYcoJrjPGsBBsHYoGfEcwVrO8DLzWw9MKh74dzAKme2Rvs9dTgmkUlfH7rnlERhQIuLb5D7uHZqJBUGuOU58k3T1ilE1cuBZYhakggrUu/qP1Qto5DEfqCBKdUwjBDsmEjgVLClbkWIhoUPSZ52U+sRjyo7zTxK8nyo97AYyLR9wrv6diImn1Mhz0s7sQjXtZeJ/XicC98yOuR9GwHw6XuRGAkOAs1hwj0tGQYxSQqjk6a2YDogkFNLwJrYAHz5mqZjTGcyS5lHVPKma18eV2kWRTwntoj10gEx0imroCtVRA1H0hF7QK3rTnrV37UP7HLfOacXMDpqA9vUL5FaiEg==</latexit>

f : Sd�1 ! R
<latexit sha1_base64="GZ+t4R2NWx1jWNskVisdDMucFvI="></latexit>

8kxk = 1,�Rd(f � i)(x) = �Sd�1f(x)
<latexit sha1_base64="i6vvEEXqd4CpyDUbA7UeRNTpuws=">AAACFXicbZDLTgIxFIY7eEO8jbpk00hMcENmjFE3JkQ3LjGRSwKEdEoHGjqdSXvGgBMWPoWP4FYfwJ1x69q1L2IHWAh4kqZ//v+cnPbzIsE1OM63lVlZXVvfyG7mtrZ3dvfs/YOaDmNFWZWGIlQNj2gmuGRV4CBYI1KMBJ5gdW9wk+b1B6Y0D+U9jCLWDkhPcp9TAsbq2HleHJ5ctXxFaDIcJ60aU4CHk2vcsQtOyZkUXhbuTBTQrCod+6fVDWkcMAlUEK2brhNBOyEKOBVsnGvFmkWEDkiPNY2UJGC6nUw+McbHxuliP1TmSMAT9+9EQgKtR4FnOgMCfb2YpeZ/WTMG/7KdcBnFwCSdLvJjgSHEKRHc5YpRECMjCFXcvBXTPjFAwHCb2wJ88JhScRcZLIvaack9L7l3Z4Xy9YxPFuXRESoiF12gMrpFFVRFFD2hF/SK3qxn6936sD6nrRlrNnOI5sr6+gV9VZ+1</latexit>

i(x) =
x

kxkwhere



Fourier on the sphere
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How can we Formally define a Fourier notion on the Sphere? 
A class of polynomials will have similarity with complex exponentials.



1D complex exponential

• Any functions       periodic, with enough regularity   
can be decomposed as: 

• Here,                                is a trigonometric 
polynomial. 

• Trigonometric polynomials are dense in            , 
and in other words, we can build a sequence such 
that:
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<latexit sha1_base64="ifw8ii6OqZ67xcy/azXI3Lqd/LE=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaLUDclEVE3QtGNywr2AW0Mk+mkHTqZhJmJtIZ8hZ/gVj/Anbj1C1z7I07aLGzrgQuHc+7l3nu8iFGpLOvbKCwtr6yuFddLG5tb2zvm7l5ThrHApIFDFoq2hyRhlJOGooqRdiQICjxGWt7wJvNbj0RIGvJ7NY6IE6A+pz7FSGnJNQ/8yujkqivjwOUQ6yIPCeWj1DXLVtWaAC4SOydlkKPumj/dXojjgHCFGZKyY1uRchIkFMWMpKVuLEmE8BD1SUdTjgIinWTyQAqPtdKDfih0cQUn6t+JBAVSjgNPdwZIDeS8l4n/eZ1Y+ZeOfiiKFeF4usiPGVQhzNKAPSoIVmysCcKC6lshHiCBsNKZzWxRdPiUpWLPZ7BImqdV+7xq352Va9d5PkVwCI5ABdjgAtTALaiDBsAgBS/gFbwZz8a78WF8TlsLRj6zD2ZgfP0CmF2dkA==</latexit>

f(x) =
X

n

cne
inx

<latexit sha1_base64="PlTPR/yVosftoKHxGzTpbryJou4=">AAACG3icbVC7TsNAEDyHVwivACXNQYQETWQjBDRIETRUUZAIIMXGOl825JTz2dydUYLjmq/gE2jhA+gQLQU1P8LlUfAaaaXRzK52d4KYM6Vt+8PKTUxOTc/kZwtz8wuLS8XllXMVJZJCnUY8kpcBUcCZgLpmmsNlLIGEAYeLoHM88C9uQSoWiTPdi8ELybVgLUaJNpJfXK/51a3u9qGrktBP+6LvcrjB1Yz6Aq5SJrqZXyzZZXsI/Jc4Y1JCY9T84qfbjGgSgtCUE6Uajh1rLyVSM8ohK7iJgpjQDrmGhqGChKC8dPhKhjeN0sStSJoSGg/V7xMpCZXqhYHpDIluq9/eQPzPayS6deCZh+JEg6CjRa2EYx3hQS64ySRQzXuGECqZuRXTNpGEapPejy2ade4GqTi/M/hLznfKzl7ZOd0tVY7G+eTRGtpAW8hB+6iCTlAN1RFF9+gRPaFn68F6sV6tt1FrzhrPrKIfsN6/AE7hokc=</latexit>

PN (x) =
X

|n|N

cne
inx

<latexit sha1_base64="wJDJeCdZyX3kYO3LWDiFd0wIV+A=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZDZh/M9ApxiZ/gVT/Am3j1Xzz7I84mezCJBQ1FVTfdXV4shUbb/rYKa+sbm1vF7dLO7t7+QfnwqKWjRDHeZJGMVMejmksR8iYKlLwTK04DT/K2N77N/PYjV1pE4QNOYu4GdBgKXzCKmVTrxaJfrthVewaySpycVCBHo1/+6Q0ilgQ8RCap1l3HjtFNqULBJJ+WeonmMWVjOuRdQ0MacO2ms1un5MwoA+JHylSIZKb+nUhpoPUk8ExnQHGkl71M/M/rJuhfu6kI4wR5yOaL/EQSjEj2OBkIxRnKiSGUKWFuJWxEFWVo4lnYgmL8NDWpOMsZrJJWrepcVp37i0r9Js+nCCdwCufgwBXU4Q4a0AQGI3iBV3iznq1368P6nLcWrHzmGBZgff0C+dmVpA==</latexit>

2⇡

<latexit sha1_base64="/Y8gl6VuRMpiHOOk+gHBZHU1QDc=">AAACDnicbZDLSsNAFIYnXmu9xcvOzWAR3FgSEXVZdONKKtgLNCFMppN26OTCzInQhr6Dj+BWH8CduPUVXPsiTtMsbOsPBz7+cw7n8PuJ4Aos69tYWl5ZXVsvbZQ3t7Z3ds29/aaKU0lZg8Yilm2fKCZ4xBrAQbB2IhkJfcFa/uB20m89Mal4HD3CMGFuSHoRDzgloC3PPHSaTAIOzurefY4OxJZnVqyqlQsvgl1ABRWqe+aP041pGrIIqCBKdWwrATcjEjgVbFx2UsUSQgekxzoaIxIy5Wb592N8op0uDmKpKwKcu383MhIqNQx9PRkS6Kv53sT8r9dJIbh2Mx4lKbCITg8FqcAQ40kUuMsloyCGGgiVXP+KaZ9IQkEHNnMF+GA01qnY8xksQvO8al9W7YeLSu2myKeEjtAxOkU2ukI1dIfqqIEoGqEX9IrejGfj3fgwPqejS0axc4BmZHz9AgjznCc=</latexit>

kf � PNk ! 0

<latexit sha1_base64="C0bghUE/H7uK3Nb20ntUplX14Nw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAgWEnaDqGXQxsIignnAZg2zk0kyZHZmmZkV4pLST7DVD7ATWz/E2h9xkmxhEg9cOJxzL/feE8acaeO6387S8srq2npuI7+5tb2zW9jbr2uZKEJrRHKpmiHWlDNBa4YZTpuxojgKOW2Eg+ux33ikSjMp7s0wpkGEe4J1GcHGSv7tQ9l3T8utmAXtQtEtuROgReJlpAgZqu3CT6sjSRJRYQjHWvueG5sgxcowwuko30o0jTEZ4B71LRU4ojpIJyeP0LFVOqgrlS1h0ET9O5HiSOthFNrOCJu+nvfG4n+en5juZZAyESeGCjJd1E04MhKN/0cdpigxfGgJJorZWxHpY4WJsSnNbDFs8DSyqXjzGSySernknZe8u7Ni5SrLJweHcAQn4MEFVOAGqlADAhJe4BXenGfn3flwPqetS042cwAzcL5+ARuRl9o=</latexit>

L2[0, 2⇡]



Spherical harmonics

• We say that a polynomial is a spherical harmonic (of degree 
k) if it is homogeneous (of degree k) and harmonic: 

• It defines a subspace of                   and we write it      . 

• Spherical harmonics are dense in              : 

• They are solution of: 

• They are exactly the eigen-vector of the spherical Laplacian 
and invariant subspaces of rotations.
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<latexit sha1_base64="TwGp6wwJEp9v6Z0XTUkW9Zp9ogg=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohchqAePEcwDkxBmJ73JkNnZZaZXiCE3P8GrfoA38eqPePZHnCR7MIkFDUVVN91dfiyFQdf9djJLyyura9n13Mbm1vZOfnevaqJEc6jwSEa67jMDUiiooEAJ9VgDC30JNb9/PfZrj6CNiNQ9DmJohayrRCA4Qys9NG9AIqPlS7edL7hFdwK6SLyUFEiKcjv/0+xEPAlBIZfMmIbnxtgaMo2CSxjlmomBmPE+60LDUsVCMK3h5OIRPbJKhwaRtqWQTtS/E0MWGjMIfdsZMuyZeW8s/uc1EgwuWkOh4gRB8emiIJEUIzp+n3aEBo5yYAnjWthbKe8xzTjakGa2oOg/jWwq3nwGi6R6UvTOiu7daaF0leaTJQfkkBwTj5yTErklZVIhnCjyQl7Jm/PsvDsfzue0NeOkM/tkBs7XL6PJl5o=</latexit>

�P = 0

<latexit sha1_base64="Peuaff2KDQmKRDobD7zFtyNbWcA="></latexit>

9k 2 N, 8x 2 Rd,� 2 R : P (�x) = �kP (x)

<latexit sha1_base64="CaTdOs0+oQ4k+2+w3ty0BFlNQpQ=">AAACEHicbVDLSsNAFJ3UV62vqODGzWAR6sKSFFGXRTcuXFS0D2jTMplM2qGTSZiZCDXmJ/wEt/oB7sStf+DaH3HSdmGrBy4czrmXezhuxKhUlvVl5BYWl5ZX8quFtfWNzS1ze6chw1hgUschC0XLRZIwykldUcVIKxIEBS4jTXd4mfnNeyIkDfmdGkXECVCfU59ipLTUM/euu5VSJ0BqgBFLbtNu4h3b6VHPLFplawz4l9hTUgRT1Hrmd8cLcRwQrjBDUrZtK1JOgoSimJG00IkliRAeoj5pa8pRQKSTjPOn8FArHvRDoYcrOFZ/XyQokHIUuHozSyrnvUz8z2vHyj93EsqjWBGOJ4/8mEEVwqwM6FFBsGIjTRAWVGeFeIAEwkpXNvNF0eFDqlux5zv4SxqVsn1atm9OitWLaT95sA8OQAnY4AxUwRWogTrA4BE8gxfwajwZb8a78TFZzRnTm10wA+PzB3PwnOg=</latexit>

L2(Sd�1)
<latexit sha1_base64="gUZT95EruNRhSNWpt8qd5RM6i/w=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWwY0lEVGXRTeupIK9QBPCZDpph04uzJwINfQhfAS3+gDuxK2P4NoXcZpmYVt/GPj4zzmcM7+fCK7Asr6N0tLyyupaeb2ysbm1vWPu7rVUnErKmjQWsez4RDHBI9YEDoJ1EslI6AvW9oc3k3r7kUnF4+gBRglzQ9KPeMApAW155oHTYhJwcNrw7nJ0IMaWZ1atmpULL4JdQBUVanjmj9OLaRqyCKggSnVtKwE3IxI4FWxccVLFEkKHpM+6GiMSMuVm+fljfKydHg5iqV8EOHf/TmQkVGoU+rozJDBQ87WJ+V+tm0Jw5WY8SlJgEZ0uClKB9RcnWeAel4yCGGkgVHJ9K6YDIgkFndjMFuDDp7FOxZ7PYBFaZzX7ombfn1fr10U+ZXSIjtAJstElqqNb1EBNRFGGXtArejOejXfjw/ictpaMYmYfzcj4+gVn1pxR</latexit>

kf � PNk ! 0

and
<latexit sha1_base64="OHIlXJHWchljOYNMXf9z9RUN8lA=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuimy4r2Ae0MUwmk3bIZBJmJkIN+QI/wa1+gDtx61e49kectFnY1gMXDufcyz0cL2FUKsv6Nipr6xubW9Xt2s7u3n7dPDjsyTgVmHRxzGIx8JAkjHLSVVQxMkgEQZHHSN8Lbwu//0iEpDG/V9OEOBEacxpQjJSWXLM+ipCaYMSydv7gu6FrNqymNQNcJXZJGqBExzV/Rn6M04hwhRmScmhbiXIyJBTFjOS1USpJgnCIxmSoKUcRkU42C57DU634MIiFHq7gTP17kaFIymnk6c0iplz2CvE/b5iq4NrJKE9SRTiePwpSBlUMixagTwXBik01QVhQnRXiCRIIK93VwhdFw6dct2Ivd7BKeudN+7Jp3100WjdlP1VwDE7AGbDBFWiBNuiALsAgBS/gFbwZz8a78WF8zlcrRnlzBBZgfP0CfQKa3g==</latexit>

H
d
k

<latexit sha1_base64="Y1zjcg7TTIVebLPXlZxfqGgmFFs=">AAACEXicbVDLSsNAFJ34rPUVdeHCzWARXJSQiKjLohvBTQXbBtIQJpNJO3TyYGYi1JCv8BPc6ge4E7d+gWt/xEmbhW09cOFwzr3ce4+fMiqkaX5rS8srq2vrtY365tb2zq6+t98VScYx6eCEJdz2kSCMxqQjqWTETjlBkc9Izx/dlH7vkXBBk/hBjlPiRmgQ05BiJJXk6Yf9CMmh7+d3hWN7VtMwjKbtBa6nN0zDnAAuEqsiDVCh7ek//SDBWURiiRkSwrHMVLo54pJiRop6PxMkRXiEBsRRNEYREW4+eaCAJ0oJYJhwVbGEE/XvRI4iIcaRrzrLc8W8V4r/eU4mwys3p3GaSRLj6aIwY1AmsEwDBpQTLNlYEYQ5VbdCPEQcYakym9ki6eipUKlY8xksku6ZYV0Y1v15o3Vd5VMDR+AYnAILXIIWuAVt0AEYFOAFvII37Vl71z60z2nrklbNHIAZaF+/dzOc1g==</latexit>

K[X1, ..., Xd]

<latexit sha1_base64="9zz1xBa48enuFj2nP4uuqlB2daY="></latexit>

8P 2 H
d
k,�Sd�1P = �k(k + d� 2)P



Approximating periodic functions 
with trigonometric polynomials

• It is well known that one can introduce the Fourier coefficient: 

• They satisfy                          with 

• And we have the Perseval identify 

• And the identity in      :
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<latexit sha1_base64="2jNihIDzcZ0dflCVyhc5duG06hk="></latexit>

cn(f) =
1

2⇡

Z 2⇡

0
f(t)e�intdt

<latexit sha1_base64="NNG+6WjEhJXFnG8Gx+gX9wEIAkk=">AAACGHicbVDLSgMxFM3UV62vUZeCBItQN2WmiLoRim5cVrAPaOuQSTNtaCYzJHeE2nbnV/gJbvUD3Ilbd679EdPHwrYeuNzDOfdyk+PHgmtwnG8rtbS8srqWXs9sbG5t79i7exUdJYqyMo1EpGo+0UxwycrAQbBarBgJfcGqfvd65FcfmNI8knfQi1kzJG3JA04JGMmzDxsVpgAH43bZ0EnoSTygnswFJ4P7gmdnnbwzBl4k7pRk0RQlz/5ptCKahEwCFUTruuvE0OwTBZwKNsw0Es1iQrukzeqGShIy3eyP/zHEx0Zp4SBSpiTgsfp3o09CrXuhbyZDAh09743E/7x6AsFFs89lnACTdHIoSASGCI9CwS2uGAXRM4RQxc1bMe0QRSiY6GauAO8+Dk0q7nwGi6RSyLtneff2NFu8muaTRgfoCOWQi85REd2gEiojip7QC3pFb9az9W59WJ+T0ZQ13dlHM7C+fgGzQaA8</latexit>

kfk =
X

n

|cn(f)|2

<latexit sha1_base64="JhUgIv9EE5E/X5GRvB+t8tGQ1cg=">AAACD3icbVDLSgNBEJyNrxhfq+LJy2IQ4iXsiqiXQNCLxwjmAUlYZiedZMjM7DLTK8QlH+EneNUP8CZe/QTP/oibx8EkFjQUVd1UU0EkuEHX/bYyK6tr6xvZzdzW9s7unr1/UDNhrBlUWShC3QioAcEVVJGjgEakgcpAQD0Y3I79+iNow0P1gMMI2pL2FO9yRjGVfPuI+aoAvjwrtTogkPqJKsmRb+fdojuBs0y8GcmTGSq+/dPqhCyWoJAJakzTcyNsJ1QjZwJGuVZsIKJsQHvQTKmiEkw7mbw/ck5TpeN0Q52OQmei/r1IqDRmKIN0U1Lsm0VvLP7nNWPsXrcTrqIYQbFpUDcWDobOuAunwzUwFMOUUKZ5+qvD+lRThmljcynIB0/jVrzFDpZJ7bzoXRa9+4t8+WbWT5YckxNSIB65ImVyRyqkShhJyAt5JW/Ws/VufVif09WMNbs5JHOwvn4BRG+c3A==</latexit>

cn(em) = �n=m

<latexit sha1_base64="ZnRCyhXwQ7nWTzH4oheYo6nMS4k=">AAACBnicbVDLSsNAFJ3UV62vqks3wSLUTUlE1I1QdOOygn1Am5bJ9KYdOpOEmRuhhu79BLf6Ae7Erb/h2h8xabOwrQcuHM65l3M5bii4Rsv6NnIrq2vrG/nNwtb2zu5ecf+goYNIMaizQASq5VINgvtQR44CWqECKl0BTXd0m/rNR1CaB/4DjkNwJB343OOMYiJ1oSfLeHoN3ZhLnPSKJatiTWEuEzsjJZKh1iv+dPoBiyT4yATVum1bIToxVciZgEmhE2kIKRvRAbQT6lMJ2omnX0/Mk0Tpm16gkvHRnKp/L2IqtR5LN9mUFId60UvF/7x2hN6VE3M/jBB8NgvyImFiYKYVmH2ugKEYJ4QyxZNfTTakijJMippLQT56SluxFztYJo2zin1Rse/PS9WbrJ88OSLHpExsckmq5I7USJ0wosgLeSVvxrPxbnwYn7PVnJHdHJI5GF+/k+SZ2Q==</latexit>

em(t) = eimt

<latexit sha1_base64="5OD/tjK2YUsoDRay75I9UxDf3sE=">AAAB+3icbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx48YJRHAiuZHQaYMPvITK8JbvYTvOoHeDNe/RjP/ogD7EHASjqpVHWnu8uLpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR0GCvG6yyUoWp5VHMpAl5HgZK3IsWp70ne9EbXE7/5xJUWYfCA44i7Ph0Eoi8YRSPd3z5WusWSXbanIMvEyUgJMtS6xZ9OL2SxzwNkkmrdduwI3YQqFEzytNCJNY8oG9EBbxsaUJ9rN5mempITo/RIP1SmAiRT9e9EQn2tx75nOn2KQ73oTcT/vHaM/Us3EUEUIw/YbFE/lgRDMvmb9ITiDOXYEMqUMLcSNqSKMjTpzG1BMXpOTSrOYgbLpFEpO+dl5+6sVL3K8snDERzDKThwAVW4gRrUgcEAXuAV3qzUerc+rM9Za87KZg5hDtbXL/gilQ8=</latexit>

L2

<latexit sha1_base64="P1UZibaiNndceZtEgMnkMMP43bg=">AAACCnicbVDLSgMxFM34rPU16tJNsAiuyoyIuhGKblxWsA9ohyGTZtrQJDMkdwq19A/8BLf6Ae7ErT/h2h8xbWdhWw9cOJxzL+dyolRwA5737aysrq1vbBa2its7u3v77sFh3SSZpqxGE5HoZkQME1yxGnAQrJlqRmQkWCPq3038xoBpwxP1CMOUBZJ0FY85JWCl0HXjm7bJZKgwtcNCK5W8sjcFXiZ+TkooRzV0f9qdhGaSKaCCGNPyvRSCEdHAqWDjYjszLCW0T7qsZakikplgNP18jE+t0sFxou0owFP178WISGOGMrKbkkDPLHoT8T+vlUF8HYy4SjNgis6C4kxgSPCkBtzhmlEQQ0sI1dz+immPaELBljWXArz/NLat+IsdLJP6edm/LPsPF6XKbd5PAR2jE3SGfHSFKugeVVENUTRAL+gVvTnPzrvz4XzOVlec/OYIzcH5+gVAJpqp</latexit>

f =
X

n

cnen



Zonal polynomials

• Here, we let: 
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<latexit sha1_base64="Whv0Hp6OLxGoVcXYFj66yShGUhY="></latexit>

Kn(f)(x) =

Z

Sd�1

Pn(hx, yi)f(y) d�(y)

Then:

and
<latexit sha1_base64="NyOy4vpvyFy3g2ovtfm+H8CgNSc="></latexit>

8P 2 H
d
n, P = Kn(P )

<latexit sha1_base64="JFa0OweDLdL5K6l7JSfNL0Q9Gso=">AAACAHicdVDLSgMxFM34rPVVdekmWIS6GTJSx3EhFN0IbirYB7RDyaSZNjSTGZKMUEs3foJb/QB34tY/ce2PmE4rWNEDFw7n3Mu99wQJZ0oj9GEtLC4tr6zm1vLrG5tb24Wd3bqKU0lojcQ8ls0AK8qZoDXNNKfNRFIcBZw2gsHlxG/cUalYLG71MKF+hHuChYxgbaTmdUeUqkfnqFMoItt1PVRGENmO45Y9JyPemetBx0YZimCGaqfw2e7GJI2o0IRjpVoOSrQ/wlIzwuk4304VTTAZ4B5tGSpwRJU/yu4dw0OjdGEYS1NCw0z9OTHCkVLDKDCdEdZ99dubiH95rVSHnj9iIkk1FWS6KEw51DGcPA+7TFKi+dAQTCQzt0LSxxITbSKa26LZ4H5sUvl+Hf5P6se2c2Kjm3KxcjHLJwf2wQEoAQecggq4AlVQAwRw8AiewLP1YL1Yr9bbtHXBms3sgTlY7184BJbX</latexit>

Kn(P ) = 0
<latexit sha1_base64="lczoMurIYVV2r0StVRzPhY8l0aE="></latexit>

P 2 H
d
m,m 6= nwhere

<latexit sha1_base64="m9Skjv6dFwY1kI1GOxynZYzC4MU="></latexit>

8f 2 L2(Sd�1), f =
1X

n=0

Kn(f)and:

and:
<latexit sha1_base64="TvjXVzLkUFgOdbb7lpfQ2Ok6lmY="></latexit>

8f 2 L2(Sd�1), kfk2 =
1X

n=0

kKn(f)k2

<latexit sha1_base64="ufpg35rYx1RNa0PakAxTScVO4oc="></latexit>

Pn(t) = (�1)n
�(d�1

2 )

2n�(n+ d�1
2 )

(1� t2)
3�d
2

d

dtn
�
(1� t)n+

d�3
2
�

I will explain soon 
why

and



Differentiability

• Proposition: if f is              , then:
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<latexit sha1_base64="R3ACsKWejmfBR6hWc8Y64rwhAxI=">AAACGXicbVDLSsNAFJ34rPUVdenCwSLUTUmKqMtiNy4r2ge0aZlMJ+3QySTMTIQasvQr/AS3+gHuxK0r1/6IkzaIbT1w4XDOvdx7jxsyKpVlfRlLyyura+u5jfzm1vbOrrm335BBJDCp44AFouUiSRjlpK6oYqQVCoJ8l5GmO6qmfvOeCEkDfqfGIXF8NODUoxgpLfXMo46P1BAjFleTblwOk+KvcJt07dOeWbBK1gRwkdgZKYAMtZ753ekHOPIJV5ghKdu2FSonRkJRzEiS70SShAiP0IC0NeXIJ9KJJ48k8EQrfegFQhdXcKL+nYiRL+XYd3VneqWc91LxP68dKe/SiSkPI0U4ni7yIgZVANNUYJ8KghUba4KwoPpWiIdIIKx0djNbFB09JDoVez6DRdIol+zzkn1zVqhcZfnkwCE4BkVggwtQAdegBuoAg0fwDF7Aq/FkvBnvxse0dcnIZg7ADIzPH4O6oUY=</latexit>

C2p(S1)

<latexit sha1_base64="1WrLSyti6GwLofXxWi5swPHQ11c=">AAACF3icbZDLSsNAFIYnXmu9RV2KMFiEdlOSIupGKLpxWcFeoI1hMp20QyeTMDMRapqVT+EjuNUHcCduXbr2RZy2WdjWHwZ+/nMO58znRYxKZVnfxtLyyuraem4jv7m1vbNr7u03ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNrsf15gMRkob8Tg0j4gSox6lPMVI6cs2jEXZ50S+NLsNixxcIw8ROE36fVKI0LblmwSpbE8FFY2emADLVXPOn0w1xHBCuMENStm0rUk6ChKKYkTTfiSWJEB6gHmlry1FApJNMvpHCE510oR8K/biCk/TvRIICKYeBpzsDpPpyvjYO/6u1Y+VfOAnlUawIx9NFfsygCuGYCexSQbBiQ20QFlTfCnEfaRhKk5vZoujgMdVU7HkGi6ZRKdtnZfv2tFC9yvjkwCE4BkVgg3NQBTegBuoAgyfwAl7Bm/FsvBsfxue0dcnIZg7AjIyvXwCpn+M=</latexit>

|cn(f)| = o(
1

n2p
)

<latexit sha1_base64="oMQSRe22XG71JpSqvFGUoqcpIlY=">AAACHXicbVDLSsNAFJ3UV62vqks3g0WoC0tSFF0Wu3FZ0T6gjWUymbRDJ5MwMxFqyAf4FX6CW/0Ad+JWXPsjTtogtvXAwOGcc7l3jhMyKpVpfhm5peWV1bX8emFjc2t7p7i715JBJDBp4oAFouMgSRjlpKmoYqQTCoJ8h5G2M6qnfvueCEkDfqvGIbF9NODUoxgpLfWLpZ6P1BAjFteTu7gaJuVf4UYL7omVHOuUWTEngIvEykgJZGj0i989N8CRT7jCDEnZtcxQ2TESimJGkkIvkiREeIQGpKspRz6Rdjz5TAKPtOJCLxD6cQUn6t+JGPlSjn1HJ9NL5byXiv953Uh5F3ZMeRgpwvF0kRcxqAKYNgNdKghWbKwJwoLqWyEeIoGw0v3NbFF09JDoVqz5DhZJq1qxzirm9Wmpdpn1kwcH4BCUgQXOQQ1cgQZoAgwewTN4Aa/Gk/FmvBsf02jOyGb2wQyMzx+5NqL1</latexit>

C2p(Sd�1)

<latexit sha1_base64="29JINMUckt6YK09PtNXs1LHzK0c=">AAACIXicbZDLSgMxFIYz9VbrrerSTbCI7abMFEU3QtGN4KaCvUBbSybNtKGZzJCcEeowj+BT+Ahu9QHciTtx6YuYXha29YfAz3/O4Zx8bii4Btv+slJLyyura+n1zMbm1vZOdnevpoNIUValgQhUwyWaCS5ZFTgI1ggVI74rWN0dXI3q9QemNA/kHQxD1vZJT3KPUwIm6mSPWzWmAN90ZN4rTPwFDvItTxEaO0ks7+NSmCSFTjZnF+2x8KJxpiaHpqp0sj+tbkAjn0mggmjddOwQ2jFRwKlgSaYVaRYSOiA91jRWEp/pdjz+UIKPTNLFXqDMk4DH6d+JmPhaD33XdPoE+nq+Ngr/qzUj8M7bMZdhBEzSySIvEhgCPKKDu1wxCmJoDKGKm1sx7RPDAgzDmS3AB4+JoeLMM1g0tVLROS3atye58uWUTxodoEOURw46Q2V0jSqoiih6Qi/oFb1Zz9a79WF9TlpT1nRmH83I+v4F4a2jbw==</latexit>

kKn(f)k = o(
1

n2p
)

<latexit sha1_base64="XLJ2SFM01jsDUcc8s48mhRjNIlU="></latexit>

8P 2 H
d
n,�n(n+ d� 2)P = �Sd�1P = Kn(�Sd�1P )

<latexit sha1_base64="CXwbzRIei9xO3iKpx1sWzF6sjbM="></latexit>

�p
Sd�1f =

X

n

Kn(�
p
Sd�1f) =

X

n

�p
Sd�1Kn(f) =

X

n

(�n(n+ d� 2))pKn(f)

and:

• Proposition: if f is              , then: 

• Proof: We observe, using the Laplacian’s relations:



Convolution in 1D

• Define the convolution between                    : 

• Then, it is well-known that:
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<latexit sha1_base64="Awi5KWTo6P7ALL3iNOVPgs+OzrE=">AAACFHicbVDLSgMxFM34rPU16k43wSK0mzIjom6EohuXFewD2lIyaaYNzWSG5I5QS8Gv8BPc6ge4E7fuXfsjZqazsK0HEk7OuZd7c7xIcA2O820tLa+srq3nNvKbW9s7u/befl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7xJ/MYDU5qH8h5GEesEpC+5zykBI3XtQ9qVRb+tgSjcL12lr1Jy90tdu+CUnRR4kbgZKaAM1a790+6FNA6YBCqI1i3XiaAzJgo4FWySb8eaRYQOSZ+1DJUkYLozTv8wwSdG6WE/VOZIwKn6t2NMAq1HgWcqAwIDPe8l4n9eKwb/sjPmMoqBSTod5McCQ4iTQHCPK0ZBjAwhVHGzK6YDoggFE9vMFODDx4lJxZ3PYJHUT8vuedm9OytUrrN8cugIHaMictEFqqBbVEU1RNETekGv6M16tt6tD+tzWrpkZT0HaAbW1y9nyp3a</latexit>

cn(f ? g) = cn(f)cn(g)

<latexit sha1_base64="7YyLfYj0i2e8aHY8fCNzcvFzJKM="></latexit>

f ? g =

Z 2⇡

0
f(✓ � ✓0)g(✓0) d✓0

<latexit sha1_base64="oiaSgzNcbf3BNHGCb5QChyjPkw4=">AAACE3icbVDLSsNAFJ3UV62vqCtxM1iEClKSIuqy6MaFi4r2AU1aJtNJO3QyCTMToYbgV/gJbvUD3IlbP8C1P+Kk7cJWD1w4nHMv997jRYxKZVlfRm5hcWl5Jb9aWFvf2Nwyt3caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vSGl5nfvCdC0pDfqVFE3AD1OfUpRkpLXXPPP+47lMPrTqXkBEgNMGLJbdqxj7pm0SpbY8C/xJ6SIpii1jW/nV6I44BwhRmSsm1bkXITJBTFjKQFJ5YkQniI+qStKUcBkW4yfiGFh1rpQT8UuriCY/X3RIICKUeBpzuzK+W8l4n/ee1Y+eduQnkUK8LxZJEfM6hCmOUBe1QQrNhIE4QF1bdCPEACYaVTm9mi6PAh1anY8xn8JY1K2T4t2zcnxerFNJ882AcHoARscAaq4ArUQB1g8AiewQt4NZ6MN+Pd+Ji05ozpzC6YgfH5Aywdnck=</latexit>

f, g 2 L2(S1)



Convolution on the sphere
• Here, we introduce for: 

 
 

• In this case, we have:
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<latexit sha1_base64="NyP2hDb6XFxn9j0zeiPJncGl2wQ="></latexit>

f ~ g(x) ,
Z

y2Sd�1

f(y)g(hx, yi)d�(y)

<latexit sha1_base64="9rG1/YnozfhkCfuJ0kWbYxfWJJU="></latexit>

Kn(f ~ g) =
1X

n=0

�n(g)Kn(f)

<latexit sha1_base64="39bwTUMyXwXsxI4anycDt1KJ/b4=">AAACEnicbVDLSgMxFM3UV62vqhvBTbAIdVNmRNGNUHTjsoJ9QGcYMpnMNDTJDElGqKV+hZ/gVj/Anbj1B1z7I6btLGzrgcDhnHu4NydIGVXatr+twtLyyupacb20sbm1vVPe3WupJJOYNHHCEtkJkCKMCtLUVDPSSSVBPGCkHfRvxn77gUhFE3GvBynxOIoFjShG2kh++SC+clXGfQFdZlIh8kU1Pmn4xqrYNXsCuEicnFRAjoZf/nHDBGecCI0ZUqrr2Kn2hkhqihkZldxMkRThPopJ11CBOFHecPKDETw2SgijRJonNJyofxNDxJUa8MBMcqR7at4bi/953UxHl96QijTTRODpoihjUCdwXAcMqSRYs4EhCEtqboW4hyTC2pQ2s0XT/uPItOLMd7BIWqc157xm351V6td5P0VwCI5AFTjgAtTBLWiAJsDgCbyAV/BmPVvv1of1OR0tWHlmH8zA+voFLLOd1Q==</latexit>

g =
X

n

�n(g)Pn
where:

the following convolution:

<latexit sha1_base64="WqOkB6jF2ZhIDyMeNdmXUsuNWPs="></latexit>

f 2 L2(Sd�1), g 2 L1([�1, 1])



Approximation on the 
Sphere

43



Poisson kernel in 1D

• If                      then: 

• And it acts as a dirac: 

• If f is continuous:
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<latexit sha1_base64="G8Eqe7KrDWvOYU+ywhEbcVLW0IA="></latexit>

Pr(✓) =
X

n2Z
r|n|ein✓

<latexit sha1_base64="vIazYtpqxhZNjKHzscpiCQt5v64="></latexit>

(f ? Pr)(✓) =

Z 2⇡

0
f(✓ � ✓0)Pr(✓

0) d✓0 =
X

n2Z
f̂ [n]r|n|ein✓

<latexit sha1_base64="Agwo+buV4pv1Yw5g8hmby1JPMfM=">AAACDHicdVDLSgMxFM34rPVV69JNsAgVZMiUWsdd0Y0LFxXsA9qxZNJMG5rJDElGrKW/4Ce41Q9wJ279B9f+iOlDsKIHLhzOuZd77/FjzpRG6MNaWFxaXllNraXXNza3tjM72ZqKEklolUQ8kg0fK8qZoFXNNKeNWFIc+pzW/f752K/fUqlYJK71IKZeiLuCBYxgbaR2Jhu0mICXN4V8Ex0VWjHzDtuZHLJLJRcVEUS245SKrjMh7mnJhY6NJsiBGSrtzGerE5EkpEITjpVqOijW3hBLzQino3QrUTTGpI+7tGmowCFV3nBy+wgeGKUDg0iaEhpO1J8TQxwqNQh90xli3VO/vbH4l9dMdOB6QybiRFNBpouChEMdwXEQsMMkJZoPDMFEMnMrJD0sMdEmrrktmvXvRyaV79fh/6RWsJ1jG10Vc+WzWT4psAf2QR444ASUwQWogCog4A48gifwbD1YL9ar9TZtXbBmM7tgDtb7F2gxmqc=</latexit>

f 2 L2([0, 2⇡])

<latexit sha1_base64="yTLvbQIMMWu1x2mdAAyWNEyeTFE="></latexit>

✓ 2 R, 0  r < 1

<latexit sha1_base64="+mRvD/+qInS3C08zQOQGAQwspxQ=">AAACG3icbZDLSsNAFIYn9VbrLerSTbQIgliSouhGKLpxWcFeoKllMp20QyeTMHMi1NC1T+EjuNUHcCduXbj2RZy0WdjWA8P8/P85nJnPizhTYNvfRm5hcWl5Jb9aWFvf2Nwyt3fqKowloTUS8lA2PawoZ4LWgAGnzUhSHHicNrzBdZo3HqhULBR3MIxoO8A9wXxGMGirY+5fur7EJHFO5H15pK+ydEmoXOhTwMep1zGLdskelzUvnEwUUVbVjvnjdkMSB1QA4ViplmNH0E6wBEY4HRXcWNEIkwHu0ZaWAgdUtZPxV0bWoXa6lh9KfQRYY/fvRIIDpYaBpzsDDH01m6Xmf1krBv+inTARxUAFmSzyY25BaKVcrC6TlAAfaoGJZPqtFuljjQY0vaktwAaPKRVnlsG8qJdLzlnJvj0tVq4yPnm0hw7QEXLQOaqgG1RFNUTQE3pBr+jNeDbejQ/jc9KaM7KZXTRVxtcvy1ihVQ==</latexit>

=
1� r2

1� 2r cos ✓ + r2

<latexit sha1_base64="rHxutweIpER7kTYBD0pcrhRNBdk=">AAACEXicdVDLSsNAFJ3UV62vqAsXbgaL4CokUmLcFd24rGAf0IYwmU7aoZMHMzdKLf0KP8GtfoA7cesXuPZHnD4EK3rgwuGce7n3njATXIFtfxiFpeWV1bXiemljc2t7x9zda6g0l5TVaSpS2QqJYoInrA4cBGtlkpE4FKwZDi4nfvOWScXT5AaGGfNj0kt4xCkBLQXmQdRRQCSuBbIjea+vuUzvcBSYZdtyXc+u2Ni2HMeteM6UeOeuhx3LnqKM5qgF5menm9I8ZglQQZRqO3YG/ohI4FSwcamTK5YROiA91tY0ITFT/mj6wBgfa6WLo1TqSgBP1Z8TIxIrNYxD3RkT6Kvf3kT8y2vnEHn+iCdZDiyhs0VRLjCkeJIG7nLJKIihJoRKrm/FtE8koaAzW9gCfHA/1ql8v47/J41Ty3Et57pSrl7M8ymiQ3SETpCDzlAVXaEaqiOKxugRPaFn48F4MV6Nt1lrwZjP7KMFGO9f6nyeYg==</latexit>

f ? Pr ! f
<latexit sha1_base64="gibaCLaStmIOTm4yly6CossXBdw=">AAACBnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUASw+xkNhkyO7vM9Cpxyd1P8Kof4E28+hue/REnyR5MYkFDUdVNNeXHUhh03W9naXlldW09t5Hf3Nre2S3s7ddMlGjGqyySkW741HApFK+iQMkbseY09CWv+4PrsV9/4NqISN3hMObtkPaUCASjaKV73dKi10eqdfRIvE6h6JbcCcgi8TJShAyVTuGn1Y1YEnKFTFJjmp4bYzulGgWTfJRvJYbHlA1ojzctVTTkpp1Ovh6RY6t0SRBpOwrJRP17kdLQmGHo282QYt/Me2PxP6+ZYHDZToWKE+SKTYOCRBKMyLgC0hWaM5RDSyjTwv5KWJ9qytAWNZOCYvA0sq148x0sktppyTsvebdnxfJV1k8ODuEITsCDCyjDDVSgCgw0vMArvDnPzrvz4XxOV5ec7OYAZuB8/QLmGJoJ</latexit>

r ! 1

<latexit sha1_base64="XxBGeJTpzssof+Ac5jmImKLNYJM="></latexit>

kf ? Pr � fk1 ! 0

<latexit sha1_base64="jQ3+PruyIK6o7OoCqdkq3JXKHJk=">AAACC3icbVDLTgJBEJzFF+Jr0aOXicQEL2TXGPVI9OIRE3kksCGzQwMTZh/O9GqQ8Al+glf9AG/Gqx/h2R9xgD0IWEknlaruVKf8WAqNjvNtZVZW19Y3spu5re2d3T07v1/TUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1f3A98esPoLSIwjscxuAFrBeKruAMjdS285W2KrawD8hOWj24p07bLjglZwq6TNyUFEiKStv+aXUingQQIpdM66brxOiNmELBJYxzrURDzPiA9aBpaMgC0N5o+vqYHhulQ7uRMhMinap/L0Ys0HoY+GYzYNjXi95E/M9rJti99EYijBOEkM+CuomkGNFJD7QjFHCUQ0MYV8L8SnmfKcbRtDWXgmLwNDatuIsdLJPaack9L7m3Z4XyVdpPlhySI1IkLrkgZXJDKqRKOHkkL+SVvFnP1rv1YX3OVjNWenNA5mB9/QJ6AJq9</latexit>

Pr(✓) � 0and

<latexit sha1_base64="AK3fktldBd/LNaGk3RNer9oW04Y=">AAACH3icbZDLSsNAFIYn9VbrrerSTbAUKpSSFFE3QtGNywr2AkkIk8m0HTqZhJkToYY+gU/hI7jVB3Anbrv2RZxeFtr6w8DHf87hnPmDhDMFljUxcmvrG5tb+e3Czu7e/kHx8Kit4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjeTuudRyoVi8UDjBLqRbgvWI8RDNryi2WXCfAzx6rW3YR546YvKy4MKOAztxrO6dr2iyWrZs1kroK9gBJaqOkXv90wJmlEBRCOlXJsKwEvwxIY4XRccFNFE0yGuE8djQJHVHnZ7Dtjs6yd0OzFUj8B5sz9PZHhSKlRFOjOCMNALdem5n81J4XelZcxkaRABZkv6qXchNicZmOGTFICfKQBE8n0rSYZYIkJ6AT/bAE2fBrrVOzlDFahXa/ZFzX7/rzUuFnkk0cn6BRVkI0uUQPdoSZqIYKe0St6Q+/Gi/FhfBpf89acsZg5Rn9kTH4AyVSi4Q==</latexit>Z

[0,2⇡]
Pr(✓) d✓ = 1Here:



• Then:  

• Additionally:                                    
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Poisson kernel:
<latexit sha1_base64="noFEh6BejQcRq30mZzv6q0pJe30="></latexit>

8x, y 2 Sd�1

<latexit sha1_base64="Y+qacazorPGGf3VeOEG2zAAXOSY=">AAACAXicdVDLSgMxFM3UV62vqks3wSK4GjJSxxFcFN24rGAf0g4lk6ZtaDIzJhmhDl35CW71A9yJW7/EtT9iOq1gRQ9cOJxzL/feE8ScKY3Qh5VbWFxaXsmvFtbWNza3its7dRUlktAaiXgkmwFWlLOQ1jTTnDZjSbEIOG0Ew4uJ37ijUrEovNajmPoC90PWYwRrI92gNqe3UJ45nWIJ2a7roTKCyHYct+w5GfFOXQ86NspQAjNUO8XPdjciiaChJhwr1XJQrP0US80Ip+NCO1E0xmSI+7RlaIgFVX6aHTyGB0bpwl4kTYUaZurPiRQLpUYiMJ0C64H67U3Ev7xWonuen7IwTjQNyXRRL+FQR3DyPewySYnmI0MwkczcCskAS0y0yWhui2bD+7FJ5ft1+D+pH9nOsY2uyqXK+SyfPNgD++AQOOAEVMAlqIIaIECAR/AEnq0H68V6td6mrTlrNrML5mC9fwFohpeI</latexit>

0  r < 1

Poisson Kernel in n-D
<latexit sha1_base64="rVIMPEL+QhPG5+cB92Ui3oCTqBs="></latexit>

Pr(hx, yi) =
1� r2

(1� 2rhx, yi+ r2)d/2
,

and

<latexit sha1_base64="tdbE3gQPO5qEYQqilI4IG60YBEU="></latexit>Z

Sd�1

Pr(hx, yi)d�(y) = 1
<latexit sha1_base64="gdaYDLb4wjUjbHCuWXCoS/M4CaA="></latexit>

Pr(hx, yi) � 0

(Zonal polynomials 
are generated by 
this analytic sum)

<latexit sha1_base64="89gBY+sfpVOxqR72YuMLM6fHPbc="></latexit>

Kn(f ~ Pr) =
1X

n=0

Kn(f)r
nPn(hx, yi)

<latexit sha1_base64="PjIGzwFB4cZ4CEC3OolH9FgKj4M="></latexit>

Pr(hx, yi) =
1X

n=0

Pn(hx, yi)rn

and:



Proof’s sketch 46
• It is clearly a subspace of K[X] and we write it      . 

• Theorem: If P satisfies             then for                          
<latexit sha1_base64="FamVynsaRBCQ+i+YMgStFO9b0WU="></latexit>

P (rx) =

Z

Sd�1

P (y)
1� r2

krx� ykd d�(y)

<latexit sha1_base64="TwGp6wwJEp9v6Z0XTUkW9Zp9ogg=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohchqAePEcwDkxBmJ73JkNnZZaZXiCE3P8GrfoA38eqPePZHnCR7MIkFDUVVN91dfiyFQdf9djJLyyura9n13Mbm1vZOfnevaqJEc6jwSEa67jMDUiiooEAJ9VgDC30JNb9/PfZrj6CNiNQ9DmJohayrRCA4Qys9NG9AIqPlS7edL7hFdwK6SLyUFEiKcjv/0+xEPAlBIZfMmIbnxtgaMo2CSxjlmomBmPE+60LDUsVCMK3h5OIRPbJKhwaRtqWQTtS/E0MWGjMIfdsZMuyZeW8s/uc1EgwuWkOh4gRB8emiIJEUIzp+n3aEBo5yYAnjWthbKe8xzTjakGa2oOg/jWwq3nwGi6R6UvTOiu7daaF0leaTJQfkkBwTj5yTErklZVIhnCjyQl7Jm/PsvDsfzue0NeOkM/tkBs7XL6PJl5o=</latexit>

�P = 0
<latexit sha1_base64="CSJLjlV9457JyZO5ZVUvfBPpjUs="></latexit>

0  r < 1, kxk = 1

Proof: Pick a good function u and apply the divergence theorem:

<latexit sha1_base64="ErDx62nQH6kDMrYDZVVAozbxcFg="></latexit>✏ Must cancel

rx

<latexit sha1_base64="NpvaI+Q/pksnIuR9zWXVCPDfuQ4="></latexit>Z

⌦✏

u�P + P�u d� =

Z

@⌦✏

P
@u

@n
d� �

Z

@⌦✏

u
@P

@n
d�

<latexit sha1_base64="Cud8B2SfwsVsD9YvYB+IzrvG0Pk="></latexit>

u(x, y) =
1

krx� ykd�2
� 1

kry � xkd�2

with:

<latexit sha1_base64="gwQSr567XWumlGHdqpLpIVGvoDY="></latexit>

⌦✏ = B(0, 1)\B(rx, ✏)
and



Unit approximation
• If f is continuous, then                               as  

47

<latexit sha1_base64="oCuxcAppxZVM+xvhpXvexbce3HU="></latexit>

kf ~ Pr � fk1 ! 0
<latexit sha1_base64="ke5fTXtQVrXi0ZwFpovFJtBpOSE=">AAACBnicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUASw+xkNhkyO7vM9Cpxyd1P8Kof4E28+hue/REnyR5MYkFDUdVNNeXHUhh03W9naXlldW09t5Hf3Nre2S3s7ddMlGjGqyySkW741HApFK+iQMkbseY09CWv+4PrsV9/4NqISN3hMObtkPaUCASjaKV73dKi10eqdfRIvE6h6JbcCcgi8TJShAyVTuGn1Y1YEnKFTFJjmp4bYzulGgWTfJRvJYbHlA1ojzctVTTkpp1Ovh6RY6t0SRBpOwrJRP17kdLQmGHo282QYt/Me2PxP6+ZYHDZToWKE+SKTYOCRBKMyLgC0hWaM5RDSyjTwv5KWJ9qytAWNZOCYvA0sq148x0sktppyTsvubdnxfJV1k8ODuEITsCDCyjDDVSgCgw0vMArvDnPzrvz4XxOV5ec7OYAZuB8/QLlcpoH</latexit>

r ! 1
<latexit sha1_base64="fxJ8cZOL8ANz5Or3MbM1rWyCPck="></latexit>

|
Z

Sd�1

Pr(x, y)(f(x)� f(y))d�(y)| 
Z

Sd�1

Pr(x, y)|f(x)� f(y)|d�(y)


Z

kx�yk�
Pr(x, y)|f(x)� f(y)|d�(y)

+

Z

kx�yk>�
Pr(x, y)|f(x)� f(y)|d�(y)



Everything is consistent!

• Our convolutions with the Laplacian on a manifold 
correspond to the convolution with the sphere. 

•             isn’t commutative as it’s invariant 
subspaces aren’t of dimension 1 

• "Fourier on the sphere" allows to study the 
regularity of a given function.

48

<latexit sha1_base64="8/C6WWY0ONMQzb3WXyLcxUZ7IVs=">AAACCnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIosuiG3fWR22hDWEymbRDJ5MwMynUkD/wE9zqB7gTt/6Ea3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0tLyyulZer2xsbm3vmLt7jzJKBCYtHLFIdDwkCaOctBRVjHRiQVDoMdL2hle53x4RIWnEH9Q4Jk6I+pwGFCOlJdc0729cv9YLkRp4XnqXHbtm1apbE8BFYhekCgo0XfOn50c4CQlXmCEpu7YVKydFQlHMSFbpJZLECA9Rn3Q15Sgk0kknyTN4pBUfBpHQwxWcqH8vUhRKOQ49vZlHlPNeLv7ndRMVXDgp5XGiCMfTR0HCoIpgXgP0qSBYsbEmCAuqs0I8QAJhpcua+aLo8CnTrdjzHSySx5O6fVa3bk+rjcuinzI4AIegBmxwDhrgGjRBC2AwAi/gFbwZz8a78WF8TldLRnGzD2ZgfP0CSVSarg==</latexit>

SOd(R)



Back to 
One layer Neural Networks

49



Shallow Neural Networks

50



Spherical symmetry

• A neural network of 1-layer writes, for                :   

• Then let                      and let:

51

<latexit sha1_base64="01JcuCkOTj/2myf6jHiITOcFrzc="></latexit>

�(x;w) =
X

kK

↵k⇢(hx,wki)
<latexit sha1_base64="XJlul0rypweEFADDCs68D1H/q1k=">AAACFXicbZC7SgNBFIZnvcZ4i1qmGQyCVdgVRRshaGMZwVwgWZbZyUky7OyFmbNKXFL4FD6CrT6AndhaW/siTi6FSfxh4OM/53DO/H4ihUbb/raWlldW19ZzG/nNre2d3cLefl3HqeJQ47GMVdNnGqSIoIYCJTQTBSz0JTT84HpUb9yD0iKO7nCQgBuyXiS6gjM0llcoPnjBZbsOCqmhCbSxD8i8wCuU7LI9Fl0EZwolMlXVK/y0OzFPQ4iQS6Z1y7ETdDOmUHAJw3w71ZAwHrAetAxGLATtZuNPDOmRcTq0GyvzIqRj9+9ExkKtB6FvOkOGfT1fG5n/1Vopdi/cTERJihDxyaJuKinGdJQI7QgFHOXAAONKmFsp7zPFOJrcZragCB6HJhVnPoNFqJ+UnbOyfXtaqlxN88mRIjkkx8Qh56RCbkiV1AgnT+SFvJI369l6tz6sz0nrkjWdOSAzsr5+ATlyn4c=</latexit>

wk = kwkk✓kand let:

<latexit sha1_base64="UFvgIp6O64ArpeOZyc7wsKh/goY=">AAAB/HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF2wptKJvtplm62YTdiVBD/Qle9Qd4E6/+F8/+ETdtDrb1wcDjvRlm5vmJ4Bod59sqrayurW+UNytb2zu7e9X9g7aOU0VZi8YiVg8+0UxwyVrIUbCHRDES+YJ1/NFN7ncemdI8lvc4TpgXkaHkAacEc6nXDHm/WnPqzhT2MnELUoMCzX71pzeIaRoxiVQQrbuuk6CXEYWcCjap9FLNEkJHZMi6hkoSMe1l01sn9olRBnYQK1MS7an6dyIjkdbjyDedEcFQL3q5+J/XTTG48jIukxSZpLNFQSpsjO38cXvAFaMoxoYQqri51aYhUYSiiWduC/LR08Sk4i5msEzaZ3X3ou7cndca10U+ZTiCYzgFFy6hAbfQhBZQCOEFXuHNerberQ/rc9ZasoqZQ5iD9fULHG6VuA==</latexit>

�
<latexit sha1_base64="F8bWxwFcM1or3wPhKxv1lrcfGr4=">AAACA3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthWaUDabTbt0sxt2J0INPfoTvOoP8CZe/SGe/SNu2xxs64OBx3szzMwLU8ENuO63U1pZXVvfKG9WtrZ3dveq+wdtozJNWYsqofRDSAwTXLIWcBDsIdWMJKFgnXB4M/E7j0wbruQ9jFIWJKQvecwpASt1feAiYthvDnivWnPr7hR4mXgFqaECzV71x48UzRImgQpiTNdzUwhyooFTwcYVPzMsJXRI+qxrqSQJM0E+PXmMT6wS4VhpWxLwVP07kZPEmFES2s6EwMAsehPxP6+bQXwV5FymGTBJZ4viTGBQePI/jrhmFMTIEkI1t7diOiCaULApzW0BPnwa21S8xQyWSfus7l3U3bvzWuO6yKeMjtAxOkUeukQNdIuaqIUoUugFvaI359l5dz6cz1lrySlmDtEcnK9fPR+YjA==</latexit>

�̃
<latexit sha1_base64="F8bWxwFcM1or3wPhKxv1lrcfGr4=">AAACA3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthWaUDabTbt0sxt2J0INPfoTvOoP8CZe/SGe/SNu2xxs64OBx3szzMwLU8ENuO63U1pZXVvfKG9WtrZ3dveq+wdtozJNWYsqofRDSAwTXLIWcBDsIdWMJKFgnXB4M/E7j0wbruQ9jFIWJKQvecwpASt1feAiYthvDnivWnPr7hR4mXgFqaECzV71x48UzRImgQpiTNdzUwhyooFTwcYVPzMsJXRI+qxrqSQJM0E+PXmMT6wS4VhpWxLwVP07kZPEmFES2s6EwMAsehPxP6+bQXwV5FymGTBJZ4viTGBQePI/jrhmFMTIEkI1t7diOiCaULApzW0BPnwa21S8xQyWSfus7l3U3bvzWuO6yKeMjtAxOkUeukQNdIuaqIUoUugFvaI359l5dz6cz1lrySlmDtEcnK9fPR+YjA==</latexit>

�̃

if     is lipschitz/continuous 
so is 

(    is odd)

<latexit sha1_base64="NIc1nbExdgwCYAIEw7+zjcZEcSM="></latexit>

�̃((x, t)) , |t|�(x
t
) = �(x) if t > 0

<latexit sha1_base64="0QSGk7VVfViPCeJ5epCSkCzNo/Y=">AAACFXicbVC7TsNAEDzzDOFloExzIkKiIbIjEDRIETSUQSIPKQ7R+XJOTjk/uFsjgpOCr+ATaOED6BAtNTU/gu24IAkjrXY0s6u9GzsQXIFhfGsLi0vLK6u5tfz6xubWtr6zW1d+KCmrUV/4smkTxQT3WA04CNYMJCOuLVjDHlwmfuOeScV97waGAWu7pOdxh1MCsdTRCyMYnVvqTkJkHll1JgE/pO22PO7oRaNkpMDzxMxIEWWodvQfq+vT0GUeUEGUaplGAO2ISOBUsHHeChULCB2QHmvF1CMuU+0o/cQYH8RKFzu+jMsDnKp/NyLiKjV07XjSJdBXs14i/ue1QnDO2hH3ghCYRyeHnFBg8HGSCO5yySiIYUwIlTx+K6Z9IgmFOLepK8AHj0kq5mwG86ReLpknJeP6uFi5yPLJoQLaR4fIRKeogq5QFdUQRU/oBb2iN+1Ze9c+tM/J6IKW7eyhKWhfv1tin5k=</latexit>

|t| =
p
1� kxk2

<latexit sha1_base64="E3nVAieT7V7A/vKpLHVM3jkxU4c="></latexit>

�(x;w) =
X

kK

↵k⇢(hx,wki)

=
X

kK

↵k

kwkk
⇢(hx, ✓ki)

=

Z

Sd�1

⇢(hx, ✓i) dµ(✓)
<latexit sha1_base64="CWhPGEGlelUrKUqRCi6j0wSdqJ4="></latexit>

µ =
X

kK

↵k

kwkk
�✓kwhere:

<latexit sha1_base64="UUne0ycNiiTTzo/o0tYU/uxpXv4=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiVJCSFEWXpW5cVrAXaEKZTCft0MkkzEzEGrLyKXwEt/oA7sStS9e+iJM2C1v9YeDnP+dwznxexKhUlvVlFJaWV1bXiuuljc2t7R1zd68tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW98ldU7d0RIGvJbNYmIG6Ahpz7FSOmobx7eO5RDJ0BqhBFLGmnFOnV8gTC0Ye2kb5atqjUV/Gvs3JRBrmbf/HYGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnrYcBUS6yfQbKTzWyQD6odCPKzhNf08kKJByEni6M7tXLtay8L9aL1b+pZtQHsWKcDxb5McMqhBmTOCACoIVm2iDsKD6VohHSENQmtzcFkXHD6mmYi8y+Gvatap9XrVuzsr1Rs6nCA7AEagAG1yAOrgGTdACGDyCZ/ACXo0n4814Nz5mrQUjn9kHczI+fwB6+J7p</latexit>

x 2 B(0, 1
2
)



From     to

• Instead to consider finite measures                   , 
consider as a reference measure the uniform measure 
and: 

• And we study approximation of the type;

52<latexit sha1_base64="9iSCj8rJXuxk5i1WmV9eYNHq8dE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiGzdCBfuAdiiZNNOGZpIhyQh16NJPcKsf4E7c+iGu/REz7Sxs64HA4Zx7uScniDnTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjm8xvPVKlmRQPZhxTP8IDwUJGsLFSpxthMySYp3eTXrniVt0p0DLxclKBHPVe+afblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n04jT9CJVfoolMo+YdBU/buR4kjrcRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkdChOOjETZ/1GfKUoMH1uCiWI2KyJDrDAxtqW5K4aNnrJWvMUOlknzrOpdVN3780rtOu+nCEdwDKfgwSXU4Bbq0AACEl7gFd6cZ+fd+XA+Z6MFJ985hDk4X7/vhZj8</latexit>

M
<latexit sha1_base64="LOfsYWAnmSUHzNV6tt3vY10a/TE=">AAACH3icbZDLSsNAFIYn9VbrrerSzWAp1IUlEUWXRTduhIr2Ak0sk8mkHTqZhJmJUEOewKfwEdzqA7gTt137Ik7aIrb1h4GP/5zDOfO7EaNSmebIyC0tr6yu5dcLG5tb2zvF3b2mDGOBSQOHLBRtF0nCKCcNRRUj7UgQFLiMtNzBVVZvPRIhacjv1TAiToB6nPoUI6WtbrFsB7FNObQDpPoYseQmrfzyXfqQeMdWetQtlsyqORZcBGsKJTBVvVv8tr0QxwHhCjMkZccyI+UkSCiKGUkLdixJhPAA9UhHI0cBkU4y/k4Ky9rxoB8K/biCY/fvRIICKYeBqzuzS+V8LTP/q3Vi5V84CeVRrAjHk0V+zKAKYZYN9KggWLGhBoQF1bdC3EcCYaUTnNmi6OAp1alY8xksQvOkap1VzdvTUu1ymk8eHIBDUAEWOAc1cA3qoAEweAav4A28Gy/Gh/FpfE1ac8Z0Zh/MyBj9ABzCo6w=</latexit>

µ 2 M(Sd�1)

<latexit sha1_base64="biqhpyCgm3qfHCdrvWh2gWu+dZQ=">AAAB+3icbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx48YJRHAiuZHQaYMPvITK8JbvYTvOoHeDNe/RjP/ogD7EHASjqpVHWnu8uLpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR0GCvG6yyUoWp5VHMpAl5HgZK3IsWp70ne9EbXE7/5xJUWYfCA44i7Ph0Eoi8YRSPd3z5WusWSXbanIMvEyUgJMtS6xZ9OL2SxzwNkkmrdduwI3YQqFEzytNCJNY8oG9EBbxsaUJ9rN5mempITo/RIP1SmAiRT9e9EQn2tx75nOn2KQ73oTcT/vHaM/Us3EUEUIw/YbFE/lgRDMvmb9ITiDOXYEMqUMLcSNqSKMjTpzG1BMXpOTSrOYgbLpFEpO+dl++6sVL3K8snDERzDKThwAVW4gRrUgcEAXuAV3qzUerc+rM9Za87KZg5hDtbXL/d8lQ0=</latexit>

L2

<latexit sha1_base64="LCusKteTyleU0Fnq9DnCOgdC1cA=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFcSElE0Y1QdOOygn1AE8pkMmmHziRh5kappZ/gJ7jVD3Anbv0I1/6I0zYL23rgwuGcezmXE6SCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7DZ1kirI6TUSiWgHRTPCY1YGDYK1UMSIDwZpB/2bsNx+Y0jyJ72GQMl+SbswjTgkYqWOXQk9m+Aqn3knoad6VpGOXnYozAV4kbk7KKEetY/94YUIzyWKggmjddp0U/CFRwKlgo6KXaZYS2idd1jY0JpJpfzh5fYSPjBLiKFFmYsAT9e/FkEitBzIwm5JAT897Y/E/r51BdOkPeZxmwGI6DYoygSHB4x5wyBWjIAaGEKq4+RXTHlGEgmlrJgV4/2lkWnHnO1gkjdOKe15x7s7K1eu8nwI6QIfoGLnoAlXRLaqhOqLoEb2gV/RmPVvv1of1OV1dsvKbfTQD6+sXoNGa1g==</latexit>

dµ = p d�

<latexit sha1_base64="K9B3rB7ikMkSIC7MxzbkqK4/1U8="></latexit>

L2(Sd�1) = {
Z

Sd�1

|p|2 d� < 1}

and:

<latexit sha1_base64="vXt3tb73A2rC++v5sirYsmhahf8=">AAACGnicbVC7TsMwFHV4lvIKMLJYVEgMUCUIBGMFC2MR9CE1oXIcp7XqOJHtIEqUla/gE1jhA9gQKwszP4LTZqAtR7J0dM69usfHixmVyrK+jbn5hcWl5dJKeXVtfWPT3NpuyigRmDRwxCLR9pAkjHLSUFQx0o4FQaHHSMsbXOZ+654ISSN+q4YxcUPU4zSgGCktdU3oBJFAjMEH6FAOnRCpPkYsvcnuUv/Izg67ZsWqWiPAWW IXpAIK1Lvmj+NHOAkJV5ghKTu2FSs3RUJRzEhWdhJJYoQHqEc6mnIUEummo59kcF8rPtSR9OMKjtS/GykKpRyGnp7Mk8ppLxf/8zqJCs7dlPI4UYTj8aEgYVBFMK8F+lQQrNhQE4QF1Vkh7iOBsNLlTVxRdPCY6Vbs6Q5mSfO4ap9WreuTSu2i6KcEdsEeOAA2OAM1cAXqoAEweAIv4BW8Gc/Gu/FhfI5H54xiZwdMwPj6BXngoTA=</latexit>

8x 2 Sd�1,

regularity to define well defined because 
is smooth bounded

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢

<latexit sha1_base64="3jmnQYLcUIIJOcqOvwbKtCVilyk="></latexit>

f(x) ⇡
Z

Sd�1

⇢(hx, ✓i)p(✓) d� = ⇢~ p(x)



Decomposition of 

• A bit of calculus allows to show that… 

• Some algebra (/!\ harsh) show that: 

• Alose, we remind that for any p integrable:

53
<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢

<latexit sha1_base64="ch1nrB3aA/6Eh5IxUU7xquBatd4="></latexit>

�n(⇢) =
⇤d�1

⇤ddim Hd
n

Z 1

�1
Pn(t)(1� t2)

d�1
2 ⇢(t) dt

<latexit sha1_base64="3/tb6bRfu9WRBUiLmfyncFK59Gs="></latexit>

�2n ⇠ C(d)(�1)n+1(2n)�
d+3
2

<latexit sha1_base64="NpAGanfqWXGt/QABLvtl563mkQ8=">AAACJHicbVDLSgMxFM3UV62vqks3wSK0LsqMKLoRim4ENxXsAzqlZDKZNjSTGZI7Qi39B7/CT3CrH+BOXLhx44+YtrOwrRcCJ+fce09yvFhwDbb9ZWWWlldW17LruY3Nre2d/O5eXUeJoqxGIxGppkc0E1yyGnAQrBkrRkJPsIbXvx7rjQemNI/kPQxi1g5JV/KAUwKG6uSPbzuyGLuUKyqYTzRgV/Wi0uWELmFXmFU+MZduqZMv2GV7UngROCkooLSqnfyP60c0CZkEKojWLceOoT0kCrgxG+XcRLOY0D7pspaBkoRMt4eTP43wkWF8HETKHAl4wv6dGJJQ60Homc6QQE/Pa2PyP62VQHDRHnIZJ8AknRoFicAQ4XFA2OeKURADAwhV3LwV0x5RhIKJccYFeP9xZFJx5jNYBPWTsnNWtu9OC5WrNJ8sOkCHqIgcdI4q6AZVUQ1R9IRe0Ct6s56td+vD+py2Zqx0Zh/NlPX9C/5npHg=</latexit>

Kn(p~ ⇢) = Kn(p)�n(g)

and:

<latexit sha1_base64="a0aKN760d1Fjw58SSLhAf7dBN88=">AAACCnicbVDLSsNAFJ3UV62vqEs3wSIIQkmqohuh6MZlBfuANoTJZNoOnUzCzE2hhvyBn+BWP8CduPUnXPsjTtssbOuBC4dzzuVejh9zpsC2v43Cyura+kZxs7S1vbO7Z+4fNFWUSEIbJOKRbPtYUc4EbQADTtuxpDj0OW35w7uJ3xpRqVgkHmEcUzfEfcF6jGDQkmeaXa7DAfbSqjg7z25szyzbFXsKa5k4OSmjHHXP/OkGEUlCKoBwrFTHsWNwUyyBEU6zUjdRNMZkiPu0o6nAIVVuOv08s060Eli9SOoRYE3VvxspDpUah75OhhgGatGbiP95nQR6127KRJwAFWR2qJdwCyJrUoMVMEkJ8LEmmEimf7XIAEtMQJc1dwXY8CnTrTiLHSyTZrXiXFbsh4ty7Tbvp4iO0DE6RQ66QjV0j+qogQgaoRf0it6MZ+Pd+DA+Z9GCke8cojkYX7/VHppj</latexit>

�2n+3 = 0
<latexit sha1_base64="1+1VIEYL3IecjTv0OAtQokjSQM0=">AAACGnicbVDLSgMxFM3UV62vUZdugkVwIWWmKLosunFZwT6gLSWTudOGZjJjkhHq0K1f4Se41Q9wJ27duPZHTNtBbOuBwOGcc7k3x4s5U9pxvqzc0vLK6lp+vbCxubW9Y+/u1VWUSAo1GvFINj2igDMBNc00h2YsgYQeh4Y3uBr7jXuQikXiVg9j6ISkJ1jAKNFG6tq4zU3YJ123LeAOOye/QnkqdO2iU3ImwIvEzUgRZah27e+2H9EkBKEpJ0q1XCfWnZRIzSiHUaGdKIgJHZAetAwVJATVSSc/GeEjo/g4iKR5QuOJ+nciJaFSw9AzyZDovpr3xuJ/XivRwUUnZSJONAg6XRQkHOsIj2vBPpNANR8aQqhk5lZM+0QSqk15M1s0GzyMTCvufAeLpF4uuWcl5+a0WLnM+smjA3SIjpGLzlEFXaMqqiGKHtEzekGv1pP1Zr1bH9Nozspm9tEMrM8fBKSgSw==</latexit>

�1 6= 0,�2 6= 0,

<latexit sha1_base64="/YDOWN+JNvv6RaluOAcibSrgmlY=">AAACGHicbVDLSgMxFM3UV62vqktBgkWomzIjom6EohuXFewDOsOQyWTa0CQzJBmhlu78Cj/BrX6AO3HrzrU/YqadhW09EDiccy735gQJo0rb9rdVWFpeWV0rrpc2Nre2d8q7ey0VpxKTJo5ZLDsBUoRRQZqaakY6iSSIB4y0g8FN5rcfiFQ0Fvd6mBCPo56gEcVIG8kvH7qyH1+5KuW+gC4zgyHyRTVTTxq+CVTsmj0BXCROTiogR8Mv/7hhjFNOhMYMKdV17ER7IyQ1xYyMS26qSILwAPVI11CBOFHeaPKPMTw2SgijWJonNJyofydGiCs15IFJcqT7at7LxP+8bqqjS29ERZJqIvB0UZQyqGOYlQJDKgnWbGgIwpKaWyHuI4mwNtXNbNF08Dg2rTjzHSyS1mnNOa85d2eV+nXeTxEcgCNQBQ64AHVwCxqgCTB4Ai/gFbxZz9a79WF9TqMFK5/ZBzOwvn4BOlqgjw==</latexit>

⇢ =
X

n

�n(⇢)PnRemind that:



  as a vector space 54<latexit sha1_base64="xxpnDkWDIxDN5/GXRlaC53TPvvI=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVZKi6LIoiMsK9gFtKJPppB06mcSZG6GGrP0Et/oB7sSt3+HaH3HSZmFbD1w4nHMv93C8SHANtv1tFVZW19Y3ipulre2d3b3y/kFLh7GirElDEaqORzQTXLImcBCsEylGAk+wtje+zvz2I1Oah/IeJhFzAzKU3OeUgJHcXkBgRIlIbtJ+rV+u2FV7CrxMnJxUUI5Gv/zTG4Q0DpgEKojWXceOwE2IAk4FS0u9WLOI0DEZsq6hkgRMu8k0dIpPjDLAfqjMSMBT9e9FQgKtJ4FnNrOQetHLxP+8bgz+pZtwGcXAJJ098mOBIcRZA3jAFaMgJoYQqrjJiumIKELB9DT3Bfj4KTWtOIsdLJNWreqcV+27s0r9Ku+niI7QMTpFDrpAdXSLGqiJKHpAL+gVvVnP1rv1YX3OVgtWfnOI5mB9/QIdSZma</latexit>

F2

Proposition:                                             is a vector space with norm
<latexit sha1_base64="6ELe1MGFO7a1uYJTKw0fMcd6WBI="></latexit>

kfk2F ,
X

�n(⇢) 6=0

kKn(f)k2

�n(⇢)2

<latexit sha1_base64="QurlQoUs6t1ABA6lJZw0Q3MQwRU=">AAACInicbVDLSgMxFM3UV62vqks3wSJ0VWZE1I1QFMRlhb6gLSWTpm1oJjMkd4Q6zC/4FX6CW/0Ad+JKcOePmJnOwrYeCDmccy/33uMGgmuw7S8rt7K6tr6R3yxsbe/s7hX3D5raDxVlDeoLX7VdopngkjWAg2DtQDHiuYK13MlN4rcemNLcl3WYBqznkZHkQ04JGKlfLHebTAGuB+nfj7oegTElIrqN46uZl1nFkl2xU+Bl4mSkhDLU+sWf7sCnocckUEG07jh2AL2IKOBUsLjQDTULCJ2QEesYKonHdC9KL4rxiVEGeOgr8yTgVP3bERFP66nnmspkYb3oJeJ/XieE4WUv4jIIgUk6GzQMBQYfJ/HgAVeMgpgaQqjiZldMx0QRCibEuSnAJ4+xScVZzGCZNE8rznnFuT8rVa+zfPLoCB2jMnLQBaqiO1RDDUTRE3pBr+jNerberQ/rc1aas7KeQzQH6/sXDkSlRg==</latexit>

kTpkF = kpk

<latexit sha1_base64="llsfYeL8m4QcHu+B5jTWj1I4wXg=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1gEVyURUTdC0Y3LCn1BE8pkOmmHTjJh5kaooR/hJ7jVD3Anbv0E1/6I0zYL23rgwuGc++IEieAaHOfbKqysrq1vFDdLW9s7u3v2/kFTy1RR1qBSSNUOiGaCx6wBHARrJ4qRKBCsFQzvJn7rkSnNZVyHUcL8iPRjHnJKwEhd+6ie3HhqILFHuaKC9YgGnHTtslNxpsDLxM1JGeWode0frydpGrEYqCBad1wnAT8jCrhZOi55qWYJoUPSZx1DYxIx7WfT98f41Cg9HEplKgY8Vf9OZCTSehQFpjMiMNCL3kT8z+ukEF77GY+TFFhMZ4fCVGCQeJIF7nHFKIiRIYQqbn7FdEAUoWASm7sCfPg0Nqm4ixksk+Z5xb2suA8X5eptnk8RHaMTdIZcdIWq6B7VUANRlKEX9IrerGfr3fqwPmetBSufOURzsL5+AVpjnOg=</latexit>

Tp = ⇢~ pLet

This norm is such that: and
<latexit sha1_base64="lSx38TKIVaJuLYfKntKAWmnDQFA="></latexit>

f 2 F () kfkF < 1

<latexit sha1_base64="VNrfi/P779d5YCYJ2Qb2CIzGaJ0="></latexit>

F2 = {⇢~ p, p 2 L2(Sd�1)}

• Example: f odd and        with:                .
<latexit sha1_base64="nbN34yJRGZJ7iM8UXhMNfOyWLoI=">AAACCnicbVDLSsNAFJ34rPUVdelmsAiuSlIUXRa7cVnBPqCNZTKdtEMmkzBzU6ghf+AnuNUPcCdu/QnX/ohJm4VtPXDhcM693MNxI8E1WNa3sba+sbm1Xdop7+7tHxyaR8dtHcaKshYNRai6LtFMcMlawEGwbqQYCVzBOq7fyP3OhCnNQ/kA04g5ARlJ7nFKIJMGptkPCIwpEUkjfUxqfjowK1bVmgGvErsgFVSgOTB/+sOQxgGTQAXRumdbETgJUcCpYGm5H2sWEeqTEetlVJKAaSeZJU/xeaYMsReqbCTgmfr3IiGB1tPAzTbznHrZy8X/vF4M3o2TcBnFwCSdP/JigSHEeQ14yBWjIKYZIVTxLCumY6IIhayshS/A/ae8FXu5g1XSrlXtq6p1f1mp3xb9lNApOkMXyEbXqI7uUBO1EEUT9IJe0ZvxbLwbH8bnfHXNKG5O0AKMr19CdJtI</latexit>

C2k
<latexit sha1_base64="2yUQJyMq+AaXlC00RC2aVP+UMq8=">AAACDHicbZDNSsNAFIUn9a/Wv1iXbgaLIAglKRZdFt24rGBboQllMpm0QyaTODMRa8gr+Ahu9QHciVvfwbUv4rTNwrYeuHA4917u5fMSRqWyrG+jtLK6tr5R3qxsbe/s7pn71a6MU4FJB8csFncekoRRTjqKKkbuEkFQ5DHS88KrSb/3QISkMb9V44S4ERpyGlCMlI4GZrUROkNyD51AIJz5p828MTBrVt2aCi4buzA1UKg9MH8cP8ZpRLjCDEnZt61EuRkSimJG8oqTSpIgHKIh6WvLUUSkm01/z+GxTnwYxEIXV3Ca/t3IUCTlOPL0ZITUSC72JuF/vX6qggs3ozxJFeF4dihIGVQxnICAPhUEKzbWBmFB9a8Qj5CmoDSuuSuKhk+5pmIvMlg23Ubdbtatm7Na67LgUwaH4AicABucgxa4Bm3QARg8ghfwCt6MZ+Pd+DA+Z6Mlo9g5AHMyvn4BU4+bNA==</latexit>

2k � d+ 5

2

which defines an integral operator.



Approximation guarantees
• Proposition: there is      s.t. if f is odd,   -Lipschitz,  

then there exists            and  

• Lemma 1: 

• Lemma 2: 

• Proof:

55

<latexit sha1_base64="W0gSMqn7WFDTcntD9C3K/8JmAEk="></latexit>

|f ~ Pr(x)� f(x)| = |
Z

Sd�1

Pr(hx, yi)
�
f(y)� f(x)

�
d�(x)|

 ⌘

Z

Sd�1

Pr(hx, yi)kx� ykd�(x)

=
p
2⌘

Z

Sd�1

Pr(hx, yi)
p

1� hx, yid�(x)

=
p
2⌘(1� r2)

Z 1

0

(1� t2)
d�3
2

(1 + r2 � 2tr)
d
2

p
1� t dt

<latexit sha1_base64="yO+43kvsknpL7HsiT6X6vKnQ9O4=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbabt0swm7E6GG+hO86g/wJl79L579I27aHGzrg4HHezPMzAtiKQy67rdTWFldW98obpa2tnd298r7B00TJZpDg0cy0g8BMyCFggYKlPAQa2BhIKEVjG4yv/UI2ohI3eM4Bj9kAyX6gjPMpA4g65YrbtWdgi4TLycVkqPeLf90ehFPQlDIJTOm7bkx+inTKLiESamTGIgZH7EBtC1VLATjp9NbJ/TEKj3aj7QthXSq/p1IWWjMOAxsZ8hwaBa9TPzPayfYv/JToeIEQfHZon4iKUY0e5z2hAaOcmwJ41rYWykfMs042njmtqAYPU1sKt5iBsukeVb1Lqru3Xmldp3nUyRH5JicEo9ckhq5JXXSIJwMyQt5JW/Os/PufDifs9aCk88ckjk4X79EMZXR</latexit>⌘
<latexit sha1_base64="HvFtSrCvK/5Rj4Z+ZwmRbsiscyQ=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBDiJcyKohch6MVjBPOAZAmzk9lkzOzsMjMrxCXgJ3jVD/AmXv0Vz/6Ik2QPJrGgoajqprvLjwXXBuNvZ2l5ZXVtPbeR39za3tkt7O3XdZQoymo0EpFq+kQzwSWrGW4Ea8aKkdAXrOEPbsZ+45EpzSN5b4Yx80LSkzzglBgr1YMSPrnCnUIRl/EEaJG4GSlChmqn8NPuRjQJmTRUEK1bLo6NlxJlOBVslG8nmsWEDkiPtSyVJGTaSyfXjtCxVbooiJQtadBE/TuRklDrYejbzpCYvp73xuJ/XisxwaWXchknhkk6XRQkApkIjV9HXa4YNWJoCaGK21sR7RNFqLEBzWwxfPA0sqm48xkskvpp2T0v47uzYuU6yycHh3AEJXDhAipwC1WoAYUHeIFXeHOenXfnw/mcti452cwBzMD5+gUnKpWj</latexit>

f(0) = 0

Our candidate g

<latexit sha1_base64="W4i9GIwYS0WHTIwL3nSKnvoxwXc=">AAACAHicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6EmKXjxWsB/QhrLZbNqlm03YnQg19OJP8Ko/wJt49Z949o+4bXOwrQ8GHu/NMDPPTwTX6DjfVmFldW19o7hZ2tre2d0r7x80dZwqyho0FrFq+0QzwSVrIEfB2oliJPIFa/nD24nfemRK81g+4ChhXkT6koecEjRSuxswgeTa6ZUrTtWZwl4mbk4qkKPeK/90g5imEZNIBdG64zoJehlRyKlg41I31SwhdEj6rGOoJBHTXja9d2yfGCWww1iZkmhP1b8TGYm0HkW+6YwIDvSiNxH/8zophldexmWSIpN0tihMhY2xPXneDrhiFMXIEEIVN7fadEAUoWgimtuCfPg0Nqm4ixksk+ZZ1b2oOvfnldpNnk8RjuAYTsGFS6jBHdShARQEvMArvFnP1rv1YX3OWgtWPnMIc7C+fgHX7Jc3</latexit>

� > 0

<latexit sha1_base64="Oxk9KDLIlPdJ/+bMWJSyn8owt1g="></latexit>

sup
x>0

x↵rx = O((1� r)�↵)
<latexit sha1_base64="9b+dVnu/7itrgaGgi40OKAG49pU=">AAACCXicbVBLSgNBFOyJvxg/GXXppjEILiT0iKKLIEE3LiOYDyRDeNPpSZr0fOjuEeKQE3gEt3oAd+LWU7j2InaSWZjEggdF1XvUo7xYcKUJ+bZyK6tr6xv5zcLW9s5u0d7bb6gokZTVaSQi2fJAMcFDVtdcC9aKJYPAE6zpDW8nfvORScWj8EGPYuYG0A+5zyloI3XtIqnIinOKOyDiAVyTrl0iZTIFXiZORkooQ61r/3R6EU0CFmoqQKm2Q2LtpiA1p4KNC51EsRjoEPqsbWgIAVNuOn18jI+N0sN+JM2EGk/VvxcpBEqNAs9sBqAHatGbiP957UT7V27KwzjRLKSzID8RWEd40gLuccmoFiNDgEpufsV0ABKoNl3NpWg+fBqbVpzFDpZJ46zsXJTJ/XmpepP1k0eH6AidIAddoiq6QzVURxQl6AW9ojfr2Xq3PqzP2WrOym4O0Bysr1/kxZlB</latexit>

0 < r < 1,↵ > 0 then:

<latexit sha1_base64="izCLnXqmHfG2P9W9bh+A8IbkQY8="></latexit>

(1� r2)

Z 1

0

(1� t2)
d�1
2

(1 + r2 � 2tr)
d
2

p
1� t dt = O(ln(1� r)(1� r))

<latexit sha1_base64="k24id3yQBq2UNpoFmBCbkfkCU3c=">AAACEXicbVDLSgNBEJz1GeMr6sGDl8EgeAq7Iuox6MVjBPOA7BJmJ73JkNmHM71CXPIVfoJX/QBv4tUv8OyPOEn2YBILmi6quumZ8hMpNNr2t7W0vLK6tl7YKG5ube/slvb2GzpOFYc6j2WsWj7TIEUEdRQooZUoYKEvoekPbsZ+8xGUFnF0j8MEvJD1IhEIztBIndKh2wCFtDdproQH6nZBIuuUynbFnoAuEicnZZKj1in9uN2YpyFEyCXTuu3YCXoZUyi4hFHRTTUkjA9YD9qGRiwE7WWTD4zoiVG6NIiVqQjpRP27kbFQ62Hom8mQYV/Pe2PxP6+dYnDlZSJKUoSITw8FqaQY03EatCsUcJRDQxhXwryV8j5TjKPJbOYKisHTyKTizGewSBpnFeei4tydl6vXeT4FckSOySlxyCWpkltSI3XCyYi8kFfyZj1b79aH9TkdXbLynQMyA+vrFwajndE=</latexit>

kgk  �
<latexit sha1_base64="gq4wdnQYurKY9euSWfbvMgzfbCU="></latexit>

kg ~ p� fk1 = O(⌘ log(
�

⌘
)(
�

⌘
)�

2
d�3 )



Proof(2)
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<latexit sha1_base64="v6BSVIAM8oxnvD/CTPqlm6clBzE="></latexit>X

n�0

��2
2n r

2n
kKn(f)k

2
 sup

n
��2
2n r

2n⌘2

= O(sup
n

(2n)d+3r2n)⌘2

= O
�
(1� r)�d�3⌘2

�
,

<latexit sha1_base64="Oxk9KDLIlPdJ/+bMWJSyn8owt1g="></latexit>

sup
x>0

x↵rx = O((1� r)�↵)
<latexit sha1_base64="9b+dVnu/7itrgaGgi40OKAG49pU=">AAACCXicbVBLSgNBFOyJvxg/GXXppjEILiT0iKKLIEE3LiOYDyRDeNPpSZr0fOjuEeKQE3gEt3oAd+LWU7j2InaSWZjEggdF1XvUo7xYcKUJ+bZyK6tr6xv5zcLW9s5u0d7bb6gokZTVaSQi2fJAMcFDVtdcC9aKJYPAE6zpDW8nfvORScWj8EGPYuYG0A+5zyloI3XtIqnIinOKOyDiAVyTrl0iZTIFXiZORkooQ61r/3R6EU0CFmoqQKm2Q2LtpiA1p4KNC51EsRjoEPqsbWgIAVNuOn18jI+N0sN+JM2EGk/VvxcpBEqNAs9sBqAHatGbiP957UT7V27KwzjRLKSzID8RWEd40gLuccmoFiNDgEpufsV0ABKoNl3NpWg+fBqbVpzFDpZJ46zsXJTJ/XmpepP1k0eH6AidIAddoiq6QzVURxQl6AW9ojfr2Xq3PqzP2WrOym4O0Bysr1/kxZlB</latexit>

0 < r < 1,↵ > 0

On the other hand, the norm in     is:
<latexit sha1_base64="xxpnDkWDIxDN5/GXRlaC53TPvvI=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVZKi6LIoiMsK9gFtKJPppB06mcSZG6GGrP0Et/oB7sSt3+HaH3HSZmFbD1w4nHMv93C8SHANtv1tFVZW19Y3ipulre2d3b3y/kFLh7GirElDEaqORzQTXLImcBCsEylGAk+wtje+zvz2I1Oah/IeJhFzAzKU3OeUgJHcXkBgRIlIbtJ+rV+u2FV7CrxMnJxUUI5Gv/zTG4Q0DpgEKojWXceOwE2IAk4FS0u9WLOI0DEZsq6hkgRMu8k0dIpPjDLAfqjMSMBT9e9FQgKtJ4FnNrOQetHLxP+8bgz+pZtwGcXAJJ098mOBIcRZA3jAFaMgJoYQqrjJiumIKELB9DT3Bfj4KTWtOIsdLJNWreqcV+27s0r9Ku+niI7QMTpFDrpAdXSLGqiJKHpAL+gVvVnP1rv1YX3OVgtWfnOI5mB9/QIdSZma</latexit>

F2

Lemma: then:

<latexit sha1_base64="1OmXKfA3+t3hKnWEfM/WR9OeJNE=">AAACHHicbZDJSgNBEIZ7XGPcoh69NAZBDwkzUdGLEPTiMYJRIRNDT09N0qRnobtGiMPcfQofwas+gDfxKnj2RewsB7cfGn7+qqKqPy+RQqNtf1hT0zOzc/OFheLi0vLKamlt/VLHqeLQ5LGM1bXHNEgRQRMFSrhOFLDQk3Dl9U+H9atbUFrE0QUOEmiHrBuJQHCGJuqUtnacitq9ySpuoBjP/MpentXy3AVkx9T1QSLrlMp21R6J/jXOxJTJRI1O6dP1Y56GECGXTOuWYyfYzphCwSXkRTfVkDDeZ11oGRuxEHQ7G/0lp9sm8WkQK/MipKP0+0TGQq0HoWc6Q4Y9/bs2DP+rtVIMjtqZiJIUIeLjRUEqKcZ0CIb6QgFHOTCGcSXMrZT3mIGCBt+PLSj6d7mh4vxm8Ndc1qrOQdU+3y/XTyZ8CmSTbJEd4pBDUidnpEGahJN78kieyLP1YL1Yr9bbuHXKmsxskB+y3r8AD9Chcw==</latexit>

(1� r)�
d�3
2 ⌘ = �Thus if: then, we get the conclusion!



How can we compute f? 
Random sampling

• Let                   then there are                        s.t.:
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<latexit sha1_base64="g/m7el7YTOQ8vaA7cGQwgg46V70=">AAACGnicbVC7TsNAEDyHVwgvAyXNiQiJIlg2AkEZQUMZBHlIsbHO50tyyvls3Z0jBcstX8En0MIH0CFaGmp+BDtxQRJGWmk0s6vdHS9iVCrT/NZKS8srq2vl9crG5tb2jr6715JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7zO/faICElDfq/GEXEC1Oe0RzFSmeTqcORaNcMwaiOX25RDO0BqgBFL7tKHxD+xUlevmoY5AVwkVkGqoEDD1X9sP8RxQLjCDEnZtcxIOQkSimJG0oodSxIhPER90s0oRwGRTjL5JIVHmeLDXiiy4gpO1L8TCQqkHAde1pkfKue9XPzP68aqd+kklEexIhxPF/ViBlUI81igTwXBio0zgrCg2a0QD5BAWGXhzWxRdPiYp2LNZ7BIWqeGdW6Yt2fV+lWRTxkcgENwDCxwAergBjRAE2DwBF7AK3jTnrV37UP7nLaWtGJmH8xA+/oFd3mgmw==</latexit>

v1, ..., vn 2 Sd�1

Proposition:
<latexit sha1_base64="k6spUNT3/RH/2FEIilRIRALBuqQ=">AAACFXicbVC7TsMwFHV4lvIqMHaxqJDKQJVUCBgrWBgYiqAPqUkrx3Faq44T2Q5SiTLwFXwCK3wAG2JlZuZHcNsMtOVIVzo6517de48bMSqVaX4bS8srq2vruY385tb2zm5hb78pw1hg0sAhC0XbRZIwyklDUcVIOxIEBS4jLXd4NfZbD0RIGvJ7NYqIE6A+pz7FSGmpVyj6NuXwplst2wFSA4xYcpd2E+/ESo97hZJZMSeAi8TKSAlkqPcKP7YX4jggXGGGpOxYZqScBAlFMSNp3o4liRAeoj7paMpRQKSTTJ5I4ZFWPOiHQhdXcKL+nUhQIOUocHXn+FI5743F/7xOrPwLJ6E8ihXheLrIjxlUIRwnAj0qCFZspAnCgupbIR4ggbDSuc1sUXT4mOpUrPkMFkmzWrHOKtbtaal2meWTA0VwCMrAAuegBq5BHTQABk/gBbyCN+PZeDc+jM9p65KRzRyAGRhfvxH1ntM=</latexit>

f 2 L2(Sd�1)
<latexit sha1_base64="VQwV2uMqUzl+BpgEjPE5yCUPTL8="></latexit>

kf ~ ⇢�
nX

i=1

⇢(vTi .)f(vi)k 
r

8⇡d

n
kfk ⇠

r
8⇡d

n
kf ~ ⇢kF2

Proof: random sampling

High norm <-> difficult to sample.



Limits: from    to

• Unfortunately, our bounds are only for the    -norm. 

• Using finite measures (meaning that                      ):

58<latexit sha1_base64="xxpnDkWDIxDN5/GXRlaC53TPvvI=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVZKi6LIoiMsK9gFtKJPppB06mcSZG6GGrP0Et/oB7sSt3+HaH3HSZmFbD1w4nHMv93C8SHANtv1tFVZW19Y3ipulre2d3b3y/kFLh7GirElDEaqORzQTXLImcBCsEylGAk+wtje+zvz2I1Oah/IeJhFzAzKU3OeUgJHcXkBgRIlIbtJ+rV+u2FV7CrxMnJxUUI5Gv/zTG4Q0DpgEKojWXceOwE2IAk4FS0u9WLOI0DEZsq6hkgRMu8k0dIpPjDLAfqjMSMBT9e9FQgKtJ4FnNrOQetHLxP+8bgz+pZtwGcXAJJ098mOBIcRZA3jAFaMgJoYQqrjJiumIKELB9DT3Bfj4KTWtOIsdLJNWreqcV+27s0r9Ku+niI7QMTpFDrpAdXSLGqiJKHpAL+gVvVnP1rv1YX3OVgtWfnOI5mB9/QIdSZma</latexit>

F2
<latexit sha1_base64="+saTY5SsKe+YZ1mC31MKDNMaBCI=">AAACBXicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BgUxGME84BkCbOTSTJk9uFMrxCXPfsJXvUDvIlXv8OzP+JssgeTWNBQVHXTRXmRFBpt+9taWl5ZXVsvbBQ3t7Z3dkt7+w0dxorxOgtlqFoe1VyKgNdRoOStSHHqe5I3vdF15jcfudIiDO5xHHHXp4NA9AWjaCS341McMiqTm7TrdEtlu2JPQBaJk5My5Kh1Sz+dXshinwfIJNW67dgRuglVKJjkabETax5RNqID3jY0oD7XbjIJnZJjo/RIP1RmAiQT9e9FQn2tx75nNrOQet7LxP+8doz9SzcRQRQjD9j0UT+WBEOSNUB6QnGGcmwIZUqYrIQNqaIMTU8zX1CMnlLTijPfwSJpnFac84p9d1auXuX9FOAQjuAEHLiAKtxCDerA4AFe4BXerGfr3fqwPqerS1Z+cwAzsL5+ARu0mZk=</latexit>

F1

<latexit sha1_base64="biqhpyCgm3qfHCdrvWh2gWu+dZQ=">AAAB+3icbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx48YJRHAiuZHQaYMPvITK8JbvYTvOoHeDNe/RjP/ogD7EHASjqpVHWnu8uLpNBo299WbmV1bX0jv1nY2t7Z3SvuHzR0GCvG6yyUoWp5VHMpAl5HgZK3IsWp70ne9EbXE7/5xJUWYfCA44i7Ph0Eoi8YRSPd3z5WusWSXbanIMvEyUgJMtS6xZ9OL2SxzwNkkmrdduwI3YQqFEzytNCJNY8oG9EBbxsaUJ9rN5mempITo/RIP1SmAiRT9e9EQn2tx75nOn2KQ73oTcT/vHaM/Us3EUEUIw/YbFE/lgRDMvmb9ITiDOXYEMqUMLcSNqSKMjTpzG1BMXpOTSrOYgbLpFEpO+dl++6sVL3K8snDERzDKThwAVW4gRrUgcEAXuAV3qzUerc+rM9Za87KZg5hDtbXL/d8lQ0=</latexit>

L2

<latexit sha1_base64="bAu+NWPi29KYOmKmu7E72x1lStg=">AAACGXicbVC7TsNAEDyHVwgvAyUFFhFSKIhsBIKCIoKGMgjykOIQnS/n5JTz2bpbIwXHJV/BJ9DCB9AhWipqfoTLoyCBkVYazexqd8eLOFNg219GZm5+YXEpu5xbWV1b3zA3t6oqjCWhFRLyUNY9rChnglaAAaf1SFIceJzWvN7l0K/dU6lYKG6hH9FmgDuC+Yxg0FLL3B24QVxwAwxdgnlyk94l7UMnPRicu0z40G+Zebtoj2D9Jc6E5NEE5Zb57bZDEgdUAOFYqYZjR9BMsARGOE1zbqxohEkPd2hDU4EDqprJ6JHU2tdK2/JDqUuANVJ/TyQ4UKofeLpzeLGa9Ybif14jBv+smTARxUAFGS/yY25BaA1TsdpMUgK8rwkmkulbLdLFEhPQ2U1tAdZ7SHUqzmwGf0n1qOicFO3r43zpYpJPFu2gPVRADjpFJXSFyqiCCHpEz+gFvRpPxpvxbnyMWzPGZGYbTcH4/AGlh6Fc</latexit>

|µ(Sd�1)| < 1

<latexit sha1_base64="O2RbmxqPSr/B/kLqnHbBsId2eTo="></latexit>

|g(z)�
Z

Sd�1

⇢(hv, zi) dµ(z)|  ✏�1(g)
<latexit sha1_base64="4XKOeM+uz9Hty+qmupCeQAkoFTs="></latexit>

#supp(µ) = O(✏�
2d

d+3 )with

<latexit sha1_base64="ig5QZ8Ssc0v+tjgpINBOSi+Pnq8="></latexit>

�1(g) = inf
g(z)=

R
v ⇢(hv,zi)dµ(v)

|µ(Sd�1)|

One can show adaptativity to linear structure, convex relaxation (difficult to 
optimise…)

and a norm is given by:



Optimization of 1-hidden 
layer NN

• In the mean field limit, one can get convergence 
guarantees on the flow of an infinite width NN. 
 
 

• Those guarantees are purely asymptotic and seem 
difficult to extend to deeper NNs.

Ref.: On the global convergence of gradient 
descent for over-parameterized models using 

optimal transport 
Chizat and Bach
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pde given by: <latexit sha1_base64="4RapcGXvTBOza1b5sJU65nkdIhs=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWNF+wFtKJvtpl262YTdSaGG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUVNHiaKsQSMRqbZPNBNcsgZyFKwdK0ZCX7CWP7qb+q0xU5pH8gknMfNCMpA84JSgkR7HPeyVK07VmcFeJW5OKpCj3iv/dPsRTUImkQqidcd1YvRSopBTwbJSN9EsJnREBqxjqCQh0146OzWzz4zSt4NImZJoz9S/EykJtZ6EvukMCQ71sjcV//M6CQY3XsplnCCTdL4oSISNkT392+5zxSiKiSGEKm5utemQKELRpLOwBfnoOTOpuMsZrJLmRdW9qroPl5XabZ5PEU7gFM7BhWuowT3UoQEUBvACr/BmZda79WF9zlsLVj5zDAuwvn4BpPeVfA==</latexit>vtwhere     depends on the cost  
function.

javascript:void(0)
javascript:void(0)
javascript:void(0)

