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Hi! Paris 2021: 
Deep Learning: beyond TensorFlow 

(followed by a lab’ on i-NNs with TensorFlow)



Overview of the lecture
Intro: Image classification or generation, solved by Deep Learning 

A. Engineering Deep Neural Networks 
1. Deep Neural Networks models… 
2. …that require many recipes to be trained. 

B. Understanding Deep Convolutional Neural Networks 
1. Convolutional layers in Convolutional Neural Networks 
2. Invariant Representations and Deep Learning. 

C. Under the hood of Neural Networks 
1. Classification mechanisms 
2. A mysterious black-box 
3. Few results on shallow Neural Networks 
 

2



Introduction to 
high-dimensional tasks

Engineering Deep Neural Networks

Understanding Convolutional 
Neural Networks

Under the Hood of Neural 
Networks

Cf =

Z

RD

k!k1 |f̂(!)| d!



Solving High-dimensional 
tasks with DNNs
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An example of supervised task: classification
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Which color should be this  
circle?



High dimensional images 6

• PdFs are difficult to estimate in high dimension. 

• For a fixed number of points and bin size, as       
increases, the bins are likely to be empty.
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Curse of dimensionality:  
occurs in many machine learning problems



Supervised task

• Estimating a label y from a sample x, by training a 
model    on a training set. Validation of the model 
is done on a different test set. 

• Examples: prediction, regression, classification,… 

• Best setting: dimensions of x and y is small,    large 
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Input data Output data

Labels

Samples space

x 2 X

�

�(x) ⇡ y 2 Y

�

?

X

Y = { },
X = R2

representation



High Dimensional 
classification

Ref.: Xxxx, Machin et al.

Ex.: 
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Training set to 
 predict labels "Rhino"

"Rhinos" 

�! ŷ(x)?

Estimation problem

(xi, yi) 2 R2242 ⇥ {1, ..., 1000}, i < 106

Not a "rhino"



• How to address a supervised task:
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1. Propose a model of your data.

2. Design a representation.

3. Propose a (convex) classifier.

4. Obtain reasonable performances.

Ex.: MNIST (60k samples)

Ex.: SIFT, Bag-of-Words
Achieves translation invariance, linearises deformations.

Ex.: Linear SVM.

Simple example: digit-classification…

Small deformations 
+Translation

Displacement
�

+ projection
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1. No model known on real images

2. Limited a priori, except translation invariance

In the following…

3. Learn each parameters…

4. Obtain the best performances

The reason of their success is unclear…



Large datasets…
• ImageNet 2012: (350GB) 

1 million training images, 1 000 classes 
400 000 test images 
Large coloured images of various sizes 

• Labels obtained via Amazon Turk (complex process 
that requires human labelling)
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Ref.: image-net.org 

http://image-net.org


Difficult problems due to 
Image variabilities
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Geometric variability
Groups acting on images:  

translation, rotation, scaling

Other sources : luminosity, occlusion,  
small deformations

High variance: hard to reduce!

Class variability

Intraclass variability

Extraclass variability

Not informative



Desirable properties of a 
representation
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• Invariance to group G of transformation (e.g. roto-
translation):  

• Stability to noise 

• Reconstruction properties 

• Linear separation of the different classes 

8x, 8g 2 G,�(g.x) = �(x)
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Can be difficult to handcraft..



Is this solvable? 14

Years of 
research…



Solving high-dimensional 
tasks with deep learning
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Deep Learning

• Solve several high dimensional problems that 
seemed intractable. Impressive benchmarks. 

• Requires a huge amount of labeled data 

• Generic and simple to deploy (present in many final 
products) / requires a large expertise (highly 
demanded profiles) 

• Handcrafted features are not required: the algorithm 
adapts itself to the specific bias of a task
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Deep Learning, 2015, Nature, LeCun, Bengio, Hinton



A biased history of  
Deep Learning

17

Neural winter

1980 1990 2000 2010 2020

LeCun designing 
CNNs

"it’s so slow" "kernels are  
provably better"

Hinton scaling 
CNNs to ImageNet

Neural winter

Transformers 
(text)

Bengio starting 
DL libraries

GANs 
(vision)

AlphaGo



What matters in deep learning?

• Accuracies!
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Handcrafted DeepNet

top5 - ImageNet

VGG

AlexNet

ImageNet:
1 million training 
images, 1 000 classes 
400 000 test images 
Large coloured images 
of various sizes

Theory for good performances?

super-human

(you probably heard about it during Prof. Banerjee’s talk) 



Face recognition

Ref.: Xxxx, Machin et al.

Ex.: 

19

Are two pictures corresponding to the same person?  
Above human performances in rough conditions

Ref.:  DeepFace: Closing the Gap to Human-Level Performance in Face Verification 
Taigman et al.



Colorizing B&W pictures 20

Colorful Image Colorization, Zhang et al.

Coloring an image by hand takes several weeks



Spectacular results in face generation.
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Outstanding benchmarks 
in text understanding/translations
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• Translation (Google uses Recurrent Neural Networks):

The cat is yellow or…

NN NN NN NN NN

NN NN NN NN NN

Le …

Encoder

Decoder

Applications for HR: sorting CVs



Surprising results in 
text, image & (source) code generation

• Generating source code  via Recurrent Neural 
Networks:

Ex.: 

23

Real one?

http://karpathy.github.io/2015/05/21/rnn-effectiveness/



Outstanding results with 
Game Strategy

• Game of GO: completely impossible to solve with 
pure Monte Carlo tree search

24

NN: computes a proba to win 
for each of the       nodes

Roll out with 
NNs

Self driving cars, Starcraft…

N

Y

2196

Ref.:  Mastering the Game of Go with Deep Neural Networks and Tree Search 
Silver et al.



Outstanding results in Style 
Transfer

Ex.: 

25

Target styleInput Output

+

+ =

=

�x �y

argmin
x̃

k�x� �x̃k2 + �kCov(�y))� Cov(�x̃)k2

�x̃

Ref.: Deep Photo Style Transfer, Luan et al. 

Original image Style transfer

Direct applications in Web design…



Introduction to 
high-dimensional tasks

Engineering Deep Neural Networks

Understanding Convolutional 
Neural Networks

Under the Hood of Neural 
Networks

Cf =

Z

RD

k!k1 |f̂(!)| d!



Neural Networks
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Multi-Layers Perceptrons 28
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W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

x0

xj+1 = ⇢Wxj
<latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit>

xj+1,k = ⇢(
X

i

Wj,kixj,i)
<latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit>

No a priori is introduced here. Typically used as a classifier. 

Note that                             is non-convex in x or each    .�(x;W1, ...,WJ)
<latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit>

Wj
<latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit>

where: ⇢(x) = max(0, x)
<latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit>

|⇢(x)� ⇢(y)|  |x� y|
<latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit>

s.t.
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

…
Schematic

Engineering

u1
<latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit>

u2
<latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit>

�
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>

xj+1(u,�j+1) = ⇢

 
X

�j

⇣
xj(.,�j) ? w�j ,�j+1

⌘
(u)

!

<latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="N7A1msx2bmSIe/Z4eloM3jU2Mrc=">AAAB6nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gLSWTudOGZjJDckcYh76AWx/AnfhKrn0R05+FtR4IfJyTcG9OmClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP7Rd57RmNlqp+oyHCU8ImWsRScnNUeN5p+y1+KbUOwhiasNW58D6NU5AlqEopbOwj8jEYlNySFwnltmFvMuJjxCQ4cap6gHZXLNefs0jkRi1Pjjia2dH+/KHlibZGE7mbCaWr/Zgvzv2yQU3w7KqXOckItVoPiXDFK2eLPLJIGBanCARdGul2ZmHLDBblmNqaQnL3MXSnB3wq2oXvdChw/+lCFc7iAKwjgBu7gAdrQAQERvMKbV3jv3seqvIq3bvEMNuR9/gDwdpG8</latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="qQM3iVB5ydUJqDi/RIsI0KGzYHI="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit>

xj+1 = ⇢Wjxj
<latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit>

Each layer:

that leads to:

learned kernel

Sometimes some "pooling" are incorporated, mainly for speed purposes. 
Again, this leads to a non convex loss.



Automatic Differentiation

30



Minimising a non-convex loss
• In a typical supervised task, one aims at minimizing: 

 
 

• For instance, for obtaining a prediction, one minimizes the 
Cross-Entropy:
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<latexit sha1_base64="aJUrHWxwA1c7cmVlCxr1dd9vof4="></latexit>

L(⇥) =
1

n

X

in

`(�⇥(xi), yi) +
�

2
k⇥k2

  regularisation or weight decay
<latexit sha1_base64="PSL8QdcSPSCVQ9GH/bQHp+TiYCU=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKewGRY9BLx4jmAcka5idzCZjZh/M9ApxCfgJXvUDvIlXf8WzP+Ik2YNJLGgoqrrp7vJiKTTa9reVW1ldW9/Ibxa2tnd294r7Bw0dJYrxOotkpFoe1VyKkNdRoOStWHEaeJI3veH1xG8+cqVFFN7hKOZuQPuh8AWjaKRGh0t5X+kWS3bZnoIsEycjJchQ6xZ/Or2IJQEPkUmqdduxY3RTqlAwyceFTqJ5TNmQ9nnb0JAGXLvp9NoxOTFKj/iRMhUimap/J1IaaD0KPNMZUBzoRW8i/ue1E/Qv3VSEcYI8ZLNFfiIJRmTyOukJxRnKkSGUKWFuJWxAFWVoAprbgmL4NDapOIsZLJNGpeycl+3bs1L1KssnD0dwDKfgwAVU4QZqUAcGD/ACr/BmPVvv1of1OWvNWdnMIczB+voFek+WeA==</latexit>

`2

<latexit sha1_base64="L+NKuxWAxE1c0LdAkLRCqmxmfSI=">AAACGHicbVDLSsNAFJ3UV62vqEtBgkWoUEIiim6EohtxVaEvaEKYTKft0MmDmRuhlu78Cj/BrX6AO3HrzrU/4qTNwrYeGObMOfdy7xw/5kyCZX1ruaXlldW1/HphY3Nre0ff3WvIKBGE1knEI9HysaSchbQODDhtxYLiwOe06Q9uUr/5QIVkUViDYUzdAPdC1mUEg5I8/dCp9Sngq5ID6e3ZZdM0y9nj7sTTi5ZpTWAsEjsjRZSh6uk/TiciSUBDIBxL2batGNwRFsAIp+OCk0gaYzLAPdpWNMQBle5o8o+xcayUjtGNhDohGBP1b8cIB1IOA19VBhj6ct5Lxf+8dgLdS3fEwjgBGpLpoG7CDYiMNBSjwwQlwIeKYCKY2tUgfSwwARXdzBRgg8exSsWez2CRNE5N+9y07s+Klessnzw6QEeohGx0gSroFlVRHRH0hF7QK3rTnrV37UP7nJbmtKxnH81A+/oFMcufTw==</latexit>

⇥ = (✓1, ..., ✓J)
parameters of each layer

<latexit sha1_base64="jOfJ8aa5KGglQdVKbLzzcrb/HGI=">AAACFnicbVDJSgNBEO2JW4xb1KMeGoMQL2FGFL0IQS8eI5gFMkOo6XSSJj0L3TWSGHLxK/wEr/oB3sSrV8/+iJ3lYBIfFDzeq6Kqnh9LodG2v63U0vLK6lp6PbOxubW9k93dq+goUYyXWSQjVfNBcylCXkaBktdixSHwJa/63ZuRX33gSosovMd+zL0A2qFoCQZopEb20O0A0v6VC6rtBtBrMOqWOiLfO6kzr5HN2QV7DLpInCnJkSlKjeyP24xYEvAQmQSt644dozcAhYJJPsy4ieYxsC60ed3QEAKuvcH4iyE9NkqTtiJlKkQ6Vv9ODCDQuh/4pjMA7Oh5byT+59UTbF16AxHGCfKQTRa1EkkxoqNIaFMozlD2DQGmhLmVsg4oYGiCm9mCovs4NKk48xksksppwTkv2HdnueL1NJ80OSBHJE8cckGK5JaUSJkw8kReyCt5s56td+vD+py0pqzpzD6ZgfX1C+2vn0Y=</latexit>

ŷ = argmax
c

�(x)[c]

At prediction time, one picks:

<latexit sha1_base64="tFBIqwTt0uxpXvNZesVlroruIpU="></latexit>

`(�(x), y) = ��(x)[y] + log
�X

j

exp(�(x)[j])
�

<latexit sha1_base64="Pu9wsDJYWmtIoRl/pYjr9doPe1I=">AAACCnicbVDLSsNAFL3xWesr6tLNYBFclJCIostiNy4r2Ac0oUym03boZBJmJoUY+gd+glv9AHfi1p9w7Y+YtFnY1gMXDufcy7kcP+JMadv+NtbWNza3tks75d29/YND8+i4pcJYEtokIQ9lx8eKciZoUzPNaSeSFAc+p21/XM/99oRKxULxqJOIegEeCjZgBOtM6plm4jKB3NSpWpZVrbvTnlmxLXsGtEqcglSgQKNn/rj9kMQBFZpwrFTXsSPtpVhqRjidlt1Y0QiTMR7SbkYFDqjy0tnnU3SeKX00CGU2QqOZ+vcixYFSSeBnmwHWI7Xs5eJ/XjfWg1svZSKKNRVkHjSIOdIhymtAfSYp0TzJCCaSZb8iMsISE52VtZCi2fgpb8VZ7mCVtC4t59qyH64qtbuinxKcwhlcgAM3UIN7aEATCEzgBV7hzXg23o0P43O+umYUNyewAOPrF70ambY=</latexit>

y 2 {1, ..., C}<latexit sha1_base64="+RcjHN7faIDRguSkpzC+UMofYiA=">AAACEXicbVC7TsMwFHXKq5RXgIGBxaJCKkuVIBCMFV0YC6IPqQmV4zqtVceJbAdRonwFn8AKH8CGWPkCZn4Ep81AW450paNz7tW993gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZYMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vVE989sPREga8js1jogboAGnPsVIaalnHjiNIa08njiUQydAauh5yW16X++ZZatqTQAXiZ2TMsjR6Jk/Tj/EcUC4wgxJ2bWtSLkJEopiRtKSE0sSITxCA9LVlKOASDeZPJDCY630oR8KXVzBifp3IkGBlOPA053ZjXLey8T/vG6s/Es3oTyKFeF4usiPGVQhzNKAfSoIVmysCcKC6lshHiKBsNKZzWxRdPSU6lTs+QwWSeu0ap9XrZuzcu0qz6cIDsERqAAbXIAauAYN0AQYpOAFvII349l4Nz6Mz2lrwchn9sEMjK9fdvadeA==</latexit>

�(x) 2 RC

number of classeswhere:



Minimization procedure
• Typically done via Stochastic Gradient Descent (Prof. 

Dieuleveut’s talk), where the gradient is given by: 

• And one iterates from a random initialisation    : 

• Many variants of this optimization: Momentum, 
ADAM, …
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<latexit sha1_base64="cjgkEzK89ujGtuOirrpaTM8d4ho=">AAACInicbVDLSgMxFM3UV62vUZdugkWoiGVGFN0IRTcuK/QFnaFk0rQNzTxI7gh16C/4FX6CW/0Ad+JKcOePmE5HsNUDISfn3Mu9OV4kuALL+jByC4tLyyv51cLa+sbmlrm901BhLCmr01CEsuURxQQPWB04CNaKJCO+J1jTG15P/OYdk4qHQQ1GEXN90g94j1MCWuqYJac2YEA6CRzZ48vsAcdOeuH+jw2HHbNola0U+C+xM1JEGaod88vphjT2WQBUEKXathWBmxAJnAo2LjixYhGhQ9JnbU0D4jPlJumPxvhAK13cC6U+AeBU/d2REF+pke/pSp/AQM17E/E/rx1D78JNeBDFwAI6HdSLBYYQT+LBXS4ZBTHShFDJ9a6YDogkFHSIM1OAD+/HOhV7PoO/pHFSts/K1u1psXKV5ZNHe2gflZCNzlEF3aAqqiOKHtATekYvxqPxarwZ79PSnJH17KIZGJ/fZ9GkQg==</latexit>

⇥t+1 = ⇥t � ⌘tg(⇥t)

<latexit sha1_base64="kTKlErgBgXFx5VgS2aYa/Z1zcY4=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48R8oJkCbOTTjJkdnaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4glsKg6347ubX1jc2t/HZhZ3dv/6B4eNQwUaI51HkkI90KmAEpFNRRoIRWrIGFgYRmMLqb+s1H0EZEqobjGPyQDZToC87QSq1ObQjIum63WHLL7gx0lXgZKZEM1W7xp9OLeBKCQi6ZMW3PjdFPmUbBJUwKncRAzPiIDaBtqWIhGD+d3TuhZ1bp0X6kbSmkM/XvRMpCY8ZhYDtDhkOz7E3F/7x2gv0bPxUqThAUny/qJ5JiRKfP057QwFGOLWFcC3sr5UOmGUcb0cIWFKOniU3FW85glTQuyt5V2X24LFVus3zy5IScknPikWtSIfekSuqEE0leyCt5c56dd+fD+Zy35pxs5pgswPn6Bewxl0Q=</latexit>

⇥0

<latexit sha1_base64="DH3Xe17gfE8jjNEJYOOmsIFbcE0=">AAACSnicbVDLattAFB25afPoy2mX2QwxhQSKkUJLswmEZJNVcSBOApYjrsZX9uDRSMxclTqDfqtf0R8IZFfaD+iudJOxo0VeBwYO59zDvXPSUklLYXgVtJ4tPX+xvLK69vLV6zdv2+vvTm1RGYF9UajCnKdgUUmNfZKk8Lw0CHmq8CydHs79s29orCz0Cc1KHOYw1jKTAshLSbs33opPJkiwvRdnBoSLahfnQBMByh3UdWyrPH HpXlRf3JFjDakCHqNSTfzj98R9vUjr7aTdCbvhAvwxiRrSYQ16SftXPCpElaMmocDaQRSWNHRgSAqF9VpcWSxBTGGMA0815GiHbvHzmn/wyohnhfFPE1+odxMOcmtneeon59fbh95cfMobVJTtDp3UZUWoxe2irFKcCj6vkY+kQUFq5gkII/2tXEzAF0i+7HtbSE4va99K9LCDx+R0pxt97obHnzr7B00/K2yDbbItFrEvbJ8dsR7rM8F+sGv2m/0JfgZ/g3/B/9vRVtBk3rN7aC3dAMw2tJo=</latexit>

g(⇥) =
1

B

BX

b=1

r`(⇥, xNb)
<latexit sha1_base64="u3JsYrdtrE+fQgO2XB5SfX2KhAg=">AAAB+3icbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa9eJKK9gPaWDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820tLa+srq0XNoqbW9s7u6W9/YaOEkVZnUYiUi2faCa4ZHXkKFgrVoyEvmBNf3g99ptPTGkeyQccxcwLSV/ygFOCRrq/ffS7pbJTcSawF4mbkzLkqHVLP51eRJOQSaSCaN12nRi9lCjkVLCs2Ek0iwkdkj5rGypJyLSXTk7N7GOj9OwgUqYk2hP170RKQq1HoW86Q4IDPe+Nxf+8doLBpZdyGSfIJJ0uChJhY2SP/7Z7XDGKYmQIoYqbW206IIpQNOnMbEE+fM5MKu58BoukcVpxzyvO3Vm5epXnU4BDOIITcOECqnADNagDhT68wCu8WZn1bn1Yn9PWJSufOYAZWF+/RqmVPw==</latexit>

N b
<latexit sha1_base64="dGvC4sFP6O4DWrxo9dEJ4keLlFg=">AAACA3icbVDLSsNAFL3xWeur6tLNYBFclJCIosuiG5cV7AOaUCbTSTt0MhNmJkINXfoJbvUD3IlbP8S1P2LSZmFbD1w4nHMv994TxJxp4zjf1srq2vrGZmmrvL2zu7dfOThsaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQej29xvP1KlmRQPZhxTP8IDwUJGsMmkrpe6Ndu2a8Kb9CpVx3amQMvELUgVCjR6lR+vL0kSUWEIx1p3XSc2foqVYYTTSdlLNI0xGeEB7WZU4IhqP52ePEGnmdJHoVRZCYOm6t+JFEdaj6Mg64ywGepFLxf/87qJCa/9lIk4MVSQ2aIw4chIlP+P+kxRYvg4I5golt2KyBArTEyW0twWw0ZPeSruYgbLpHVuu5e2c39Rrd8U+ZTgGE7gDFy4gjrcQQOaQEDCC7zCm/VsvVsf1uesdcUqZo5gDtbXL95fl7I=</latexit>

{1, ..., n}uniformly sampled from
<latexit sha1_base64="IsoiaFOoA0zqw3uk7XZxvzvzHR0=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIpewq4oehFEETx4iJAYIbuE3skkGTI7u8z0CnHJH/gVfoJX/QBv4lGv/oiTh2DUgoaiqpvurjCRwqDrvjsTk1PTM7Nz87mFxaXllfzq2rWJU814hcUy1jchGC6F4hUUKPlNojlEoeTVsHPW96u3XBsRqzJ2Ex5E0FKiKRigler5bT8CbIdhdt6rtXb8cpsj7AbHvoJQAr38Vur5glt0B6B/iTciBTJCqZ7/9BsxSyOukEkwpua5CQYZaBRM8l7OTw1PgHWgxWuWKoi4CbLBPz26ZZUGbcbalkI6UH9OZBAZ041C29m/3vz2+uJ/Xi3F5lGQCZWkyBUbLmqmkmJM++HQhtCcoexaAkwLeytlbdDA0EY4tgVF565nU/F+Z/CXXO8VvYOie7VfODkd5TNHNsgm2SEeOSQn5IKUSIUwck8eyRN5dh6cF+fVeRu2TjijmXUyBufjC271oy8=</latexit>

E[g(⇥)] = rL(⇥)

with

leading to:
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<latexit sha1_base64="F2lrzB5tMqp6JxGyMIX58S2XoWw=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBAShLAbFL0IQS8eI5gHJJswO5lNhszOLjO9khhy9xO86gd4E6/+hmd/xEmyB5NY0FBUdVNNeZHgGmz721pZXVvf2Extpbd3dvf2MweHVR3GirIKDUWo6h7RTHDJKsBBsHqkGAk8wWpe/3bi1x6Z0jyUDzCMmBuQruQ+pwSM1PJzg/x1zjkbtIr5VrGdydoFewq8TJyEZFGCcjvz0+yENA6YBCqI1g3HjsAdEQWcCjZON2PNIkL7pMsahkoSMO2Opl+P8alROtgPlRkJeKr+vRiRQOth4JnNgEBPL3oT8T+vEYN/5Y64jGJgks6C/FhgCPGkAtzhilEQQ0MIVdz8immPKELBFDWXArz/NDatOIsdLJNqseBcFOz782zpJuknhY7RCcohB12iErpDZVRBFCn0gl7Rm/VsvVsf1udsdcVKbo7QHKyvXyGtmFA=</latexit>

f(x) = (1 + x2)2

<latexit sha1_base64="1FtRVqJZdUaqGMu3rOkfbYEErx4=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVroPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X78g4pUn</latexit>

f1
<latexit sha1_base64="+YgYcrZ6soPFidk02KXplCP3rzs=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0E/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFIneVKA==</latexit>

f2

<latexit sha1_base64="wJHFs4lNgmylTHw+0kvD2si7nU4=">AAAB+3icbVC7TsNAEFyHVwivACWNRYREFdk8BGUEDWUQ5CElVnS+nJNTzmfrbo0ULH8CLXwAHaLlY6j5ES6JC5Iw0kqjmV3t7vix4Bod59sqrKyurW8UN0tb2zu7e+X9g6aOEkVZg0YiUm2faCa4ZA3kKFg7VoyEvmAtf3Q78VtPTGkeyUccx8wLyUDygFOCRnoIeue9csWpOlPYy8TNSQVy1Hvln24/oknIJFJBtO64ToxeShRyKlhW6iaaxYSOyIB1DJUkZNpLp6dm9olR+nYQKVMS7an6dyIlodbj0DedIcGhXvQm4n9eJ8Hg2ku5jBNkks4WBYmwMbInf9t9rhhFMTaEUMXNrTYdEkUomnTmtiAfPWcmFXcxg2XSPKu6l1Xn/qJSu8nzKcIRHMMpuHAFNbiDOjSAwgBe4BXerMx6tz6sz1lrwcpnDmEO1tcvJAyVKQ==</latexit>

f3

<latexit sha1_base64="66ftdhCVY2EUhbOhoO6TvQ5BnY4=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0E/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0LqruZdW5r1XqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFJaGVKg==</latexit>

f4

<latexit sha1_base64="vcs6T00PbrS+8DItmy5B9pRX9ds=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSI0IDWpFd0IRTcuK/QFbQmT6aQdOnkwcyPU0M/wK/wEt/oB7tRtf8RJW8FWD1w495x7uTPHjTiTYFmfWmZldW19I7uZ29re2d3T9w8aMowFoXUS8lC0XCwpZwGtAwNOW5Gg2Hc5bbrD29RvPlAhWRjUYBTRro/7AfMYwaAkRz/zCp3agAI2rz2nXPCcc1V2oQOp5tjmqeeUfrqSaZqOnr eK1hTGX2LPSR7NUXX0SacXktinARCOpWzbVgTdBAtghNNxrhNLGmEyxH3aVjTAPpXdZPqxsXGilJ7hhUJVAMZU/b2RYF/Kke+qSR/DQC57qfif147Bu+omLIhioAGZHfJibkBopCkZPSYoAT5SBBPB1FsNMsACE1BZLlwBNnwcq1Ts5Qz+kkapaF8UrftyvnIzzyeLjtAxKiAbXaIKukNVVEcEPaEX9IretGftXfvQvmajGW2+c4gWoE2+AeuSpLM=</latexit>

f(⇥) = f4(f3(f1(✓1), f2(✓2)))
<latexit sha1_base64="hjNHHWXw8PgpEkp2mn9TzDICAnI=">AAACFHicbZDLSsNAFIYn9VbrLepON8EiVJCSFEU3QtGNywq9QRPCZDpph04uzJwINRR8Ch/BrT6AO3Hr3rUv4qTNwlYPDPPx/+dwZn4v5kyCaX5phaXlldW14nppY3Nre0ff3WvLKBGEtkjEI9H1sKSchbQFDDjtxoLiwOO0441uMr9zT4VkUdiEcUydAA9C5jOCQUmufmA3hxTwVcWG7Hat0xxqJ65eNqvmtIy/YOVQRnk1XP3b7kckCWgIhGMpe5YZg5NiAYxwOinZiaQxJiM8oD2FIQ6odNLpHybGsVL6hh8JdUIwpurviRQHUo4DT3UGGIZy0cvE/7xeAv6lk7IwToCGZLbIT7gBkZEFYvSZoAT4WAEmgqm3GmSIBSagYpvbAmz0MFGpWIsZ/IV2rWqdV827s3L9Os+niA7REaogC12gOrpFDdRCBD2iZ/SCXrUn7U171z5mrQUtn9lHc6V9/gA3fZ5Z</latexit>

⇥ = (✓1, ✓2)

<latexit sha1_base64="1BTEuK91yocho0JNRSh8fH0DO+o=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkdnaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTvzmI9dGxOoBRwn3I9pXIhSMopVaHRxwpF2vWyq7FXcKsky8nJQhR61b+un0YpZGXCGT1Ji25yboZ1SjYJKPi53U8ISyIe3ztqWKRtz42fTeMTm1So+EsbalkEzVvxMZjYwZRYHtjCgOzKI3Ef/z2imG134mVJIiV2y2KEwlwZhMnic9oTlDObKEMi3srYQNqKYMbURzW1AMn8Y2FW8xg2XSOK94lxX3/qJcvcnzKcAxnMAZeHAFVbiDGtSBgYQXeIU359l5dz6cz1nripPPHMEcnK9fITWXZQ==</latexit>

✓1
<latexit sha1_base64="CxzcwppekvDHmo5t030d6EoSnXI=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx4xkUcCGzI7zMKE2dnNTK8JEi5+glf9AG/Gq3/i2R9xgD0IWEknlarudHcFiRQGXffbya2tb2xu5bcLO7t7+wfFw6OGiVPNeJ3FMtatgBouheJ1FCh5K9GcRoHkzWB4O/Wbj1wbEasHHCXcj2hfiVAwilZqdXDAkXYr3WLJLbszkFXiZaQEGWrd4k+nF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP57dOyFnVumRMNa2FJKZ+ndiTCNjRlFgOyOKA7PsTcX/vHaK4bU/FipJkSs2XxSmkmBMps+TntCcoRxZQpkW9lbCBlRThjaihS0ohk8Tm4q3nMEqaVTK3mXZvb8oVW+yfPJwAqdwDh5cQRXuoAZ1YCDhBV7hzXl23p0P53PemnOymWNYgPP1CyLKl2Y=</latexit>

✓2

<latexit sha1_base64="phg8lI/lIRVEjnywxHMRcIfscv0=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSrUTUlqRTdC0Y3LCvYBbQmT6aQdOpmEmRuhhv6AX+EnuNUPcCdude2POG0j2NYDBw7n3MudOV7EmQLb/jIyS8srq2vZ9dzG5tb2jrm7V1dhLAmtkZCHsulhRTkTtAYMOG1GkuLA47ThDa7HeeOeSsVCcQfDiHYC3BPMZwSDtlzzyC+0oU8Bn1z6brngu6eaJU3n19dwzbxdtCewFoWTijxKUXXN73Y3JHFABRCOlWo5dgSdBEtghNNRrh0rGmEywD3a0lLggKpOMvnNyDrWTtfyQ6kpwJq4fzcSHCg1DDw9GWDoq/lsbP6XtWLwLzoJE1EMVJDpIT/mFoTWuBqryyQlwIdaYCKZfqtF+lhiArrAmSvABg8j3Yoz38GiqJeKzlnRvi3nK1dpP1l0gA5RATnoHFXQDaqiGiLoET2jF/RqPBlvxrvxMR3NGOnOPpqB8fkDB3ygpg==</latexit>

f(✓) = f4(f3(f2(f1(✓))))

<latexit sha1_base64="1FtRVqJZdUaqGMu3rOkfbYEErx4=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVroPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X78g4pUn</latexit>

f1
<latexit sha1_base64="+YgYcrZ6soPFidk02KXplCP3rzs=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0E/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFIneVKA==</latexit>

f2

<latexit sha1_base64="wJHFs4lNgmylTHw+0kvD2si7nU4=">AAAB+3icbVC7TsNAEFyHVwivACWNRYREFdk8BGUEDWUQ5CElVnS+nJNTzmfrbo0ULH8CLXwAHaLlY6j5ES6JC5Iw0kqjmV3t7vix4Bod59sqrKyurW8UN0tb2zu7e+X9g6aOEkVZg0YiUm2faCa4ZA3kKFg7VoyEvmAtf3Q78VtPTGkeyUccx8wLyUDygFOCRnoIeue9csWpOlPYy8TNSQVy1Hvln24/oknIJFJBtO64ToxeShRyKlhW6iaaxYSOyIB1DJUkZNpLp6dm9olR+nYQKVMS7an6dyIlodbj0DedIcGhXvQm4n9eJ8Hg2ku5jBNkks4WBYmwMbInf9t9rhhFMTaEUMXNrTYdEkUomnTmtiAfPWcmFXcxg2XSPKu6l1Xn/qJSu8nzKcIRHMMpuHAFNbiDOjSAwgBe4BXerMx6tz6sz1lrwcpnDmEO1tcvJAyVKQ==</latexit>

f3

<latexit sha1_base64="66ftdhCVY2EUhbOhoO6TvQ5BnY4=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0E/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0LqruZdW5r1XqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFJaGVKg==</latexit>

f4

<latexit sha1_base64="t/gX2eO1V2Bwd0F1aCey7LXChVw=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmY2dllpleIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1cQS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibKNGM11gkI90MqOFSKF5DgZI3Y81pGEjeCIY3E7/xyLURkbrHUcz9kPaV6AlG0Ur1Ng440k6x5JbdKcgy8TJSggzVTvGn3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTa8fkxCpd0ou0LYVkqv6dSGlozCgMbGdIcWAWvYn4n9dKsHflp0LFCXLFZot6iSQYkcnrpCs0ZyhHllCmhb2VsAHVlKENaG4LiuHT2KbiLWawTOpnZe+i7N6dlyrXWT55OIJjOAUPLqECt1CFGjB4gBd4hTfn2Xl3PpzPWWvOyWYOYQ7O1y/uBJbB</latexit>

✓
<latexit sha1_base64="KnhkhLv0MWMax04hyCxsv2wlT4c=">AAACC3icbVDLSsNAFL2pr1pfqS7dDBbBhZREFF0W3bisYB/QhjCZTtqhk0mYmSi19BP8BLf6Ae7ErR/h2h9x0mZhWw8MnDnnvjhBwpnSjvNtFVZW19Y3ipulre2d3T27vN9UcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8yfzWA5WKxeJejxLqRbgvWMgI1kby7XLos1PUTbDUDHNkfr5dcarOFGiZuDmpQI66b/90ezFJIyo04Vipjusk2htnEwmnk1I3VTTBZIj7tGOowBFV3nh6+gQdG6WHwliaJzSaqn87xjhSahQFpjLCeqAWvUz8z+ukOrzyxkwkqaaCzBaFKUc6RlkOqMckJZqPDMFEMnMrIgMsMdEmrbktmg2fJiYVdzGDZdI8q7oXVefuvFK7zvMpwiEcwQm4cAk1uIU6NIDAI7zAK7xZz9a79WF9zkoLVt5zAHOwvn4B49Sa/w==</latexit>

fi, @fi computed in
<latexit sha1_base64="402+GB3p33qracHXf7j57Hgf3Fk=">AAACCXicbVDLSsNAFL2pr1ofjbp0M1iEuimJKLpr0Y07K1hbaEOZTCft0MmDmYlQQ77AT3CrH+BO3PoVrv0RJ20WtvXAhcM593IPx404k8qyvo3Cyura+kZxs7S1vbNbNvf2H2QYC0JbJOSh6LhYUs4C2lJMcdqJBMW+y2nbHV9nfvuRCsnC4F5NIur4eBgwjxGstNQ3yz0fqxHBPLlNq/X6Sd+sWDVrCrRM7JxUIEezb/70BiGJfRoowrGUXduKlJNgoRjhNC31YkkjTMZ4SLuaBtin0kmmwVN0rJUB8kKhJ1Boqv69SLAv5cR39WYWUy56mfif142Vd+kkLIhiRQMye+TFHKkQZS2gAROUKD7RBBPBdFZERlhgonRXc18UGz+luhV7sYNl8nBas89r1t1ZpXGV91OEQziCKthwAQ24gSa0gEAML/AKb8az8W58GJ+z1YKR3xzAHIyvX1t2miY=</latexit>

O(??)

1 x

+

2

2

How to compute fast gradients?



Computing a gradient?
• No a priori on the operations involved: finite 

scheme difference 

• For a gradient  
Yet: can be unstable and requires multiple calls to f 

• Back-propagation algorithm for a tree:
Ref.: Gabriel Peyré’s slides at the Mathematical 

Morning coffee 
Mathieu’s Blondel teaching about AD
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<latexit sha1_base64="PO/aHOnqmtDPJz/cOt/X5ZIpdeE="></latexit>

f 0(✓) =
f(✓ + �✓)� f(✓)

�✓
+ o(1)

How to compute this quantity efficiently?

<latexit sha1_base64="8UxNNpZqpq+NJ/EGFOf3sNSXVn0=">AAACFXicbVC7TsNAEDyHVwgvA2WaExFS0kQ2AkEZQUMZEHlIcRSdL+fklPPZulsjgpWCr+ATaOED6BAtNTU/gp24IAkjrTSa2dXujhsKrsGyvo3cyura+kZ+s7C1vbO7Z+4fNHUQKcoaNBCBartEM8ElawAHwdqhYsR3BWu5o6vUb90zpXkg72Acsq5PBpJ7nBJIpJ5ZLHsO5YriQaX8UHG4xI5PYOi68e2kZ5asqjUFXiZ2RkooQ71n/jj9gEY+k0AF0bpjWyF0Y6KAU8EmBSfSLCR0RAask1BJfKa78fSJCT5OlD72ApWUBDxV/07ExNd67LtJZ3qhXvRS8T+vE4F30Y25DCNgks4WeZHAEOA0EdznilEQ44QQqnhyK6ZDogiFJLe5LcBHj2kq9mIGy6R5UrXPqtbNaal2meWTR0V0hMrIRueohq5RHTUQRU/oBb2iN+PZeDc+jM9Za87IZg7RHIyvX+nenr0=</latexit>

(f � g)(x) 2 R
<latexit sha1_base64="U1eECxT3cJULBO/z4wNox+hbCOM="></latexit>

r(f � g)(x) = [@g](x)Trf(g(x))leads to

<latexit sha1_base64="tdF7BtSBN0HMmILAHV/QKYmSfRU=">AAACI3icbZC7TsMwFIadcivlFmBksaiQ2qVKCgjGChbGguhFaqrIcZ3WquNEtoMoUZ+Bp+ARWOEB2BALAxMvgtMGibb8kqVP/zlH5/j3IkalsqxPI7e0vLK6ll8vbGxube+Yu3tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDy7TeuiNC0pDfqlFEugHqc+pTjJS2XLNc8l3bwVRg6LtV+EvH5dJ92aEcOgFSA89LbsauWbQq1kRwEewMiiBT3TW/nV6I44BwhRmSsmNbkeomSCiKGRkXnFiSCOEh6pOORo4CIrvJ5EtjeKSdHvRDoR9XcOL+nUhQIOUo8HRneqGcr6Xmf7VOrPzzbkJ5FCvC8XSRHzOoQpjmA3tUEKzYSAPCgupbIR4ggbDSKc5sUXT4kKZiz2ewCM1qxT6tWNcnxdpFlk8eHIBDUAI2OAM1cAXqoAEweATP4AW8Gk/Gm/FufExbc0Y2sw9mZHz9AGMJo54=</latexit>

(f1 � f2 � f3)(x) 2 R
<latexit sha1_base64="4nRC70SARgs5aHi514W/1op/oiY="></latexit>

r(f1 � f2 � f3)(x) = [@f3](x)
>[@f2](f1(x))

>rf1(f1 � f2(x))

leads to



Fast-computations
• Assuming that: 

• Computing each Jacobian is about 

• Multiplying a matrix          with a        costs 

• It also induces a substantial memory saving…
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<latexit sha1_base64="AjZmYXGLDrM9JJYwi/3OjGvYfcI=">AAACLnicbVDLSsNAFJ3UV62vqEs3g0UQhJJIRXFVdOOyin1AW8NkOmmHTiZh5kapIT/iV/gJbvUDBBfiwo2fYdJ2YVsPXDiccy/33uOGgmuwrA8jt7C4tLySXy2srW9sbpnbO3UdRIqyGg1EoJou0UxwyWrAQbBmqBjxXcEa7uAy8xv3TGkeyFsYhqzjk57kHqcEUskxy57Dz9s+gb7rxjfJXSwdnrQV7/WBKBU84Gkv5kd2kjhm0SpZI+B5Yk9IEU1Qdczvdjegkc8kUEG0btlWCJ2YKOBUsKTQjjQLCR2QHmulVBKf6U48+i7BB6nSxV6g0pKAR+rfiZj4Wg99N+3MbtWzXib+57Ui8M46MZdhBEzS8SIvEhgCnEWFu1wxCmKYEkIVT2/FtE8UoZAGOrUF+OAxS8WezWCe1I9L9knJui4XKxeTfPJoD+2jQ2SjU1RBV6iKaoiiJ/SCXtGb8Wy8G5/G17g1Z0xmdtEUjJ9fHxWrDQ==</latexit>

fi : Rni ! Rni+1

<latexit sha1_base64="wsUE6JJONg0uHg2ADurlVwXGKsc=">AAACEXicbVDLSsNAFL2pr1pfURcu3ASLUBFKIooui27cWcE+oA1hMp20QyeTMDMRashX+Alu9QPciVu/wLU/4rTNwrYeuHA4517uvcePGZXKtr+NwtLyyupacb20sbm1vWPu7jVllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q9vxn7rkQhJI/6gRjFxQ9TnNKAYKS155kE3RGqAEUvvsgr3KPdSeupkJ55Ztqv2BNYicXJShhx1z/zp9iKchIQrzJCUHceOlZsioShmJCt1E0lihIeoTzqachQS6aaTBzLrWCs9K4iELq6sifp3IkWhlKPQ153jc+W8Nxb/8zqJCq7clPI4UYTj6aIgYZaKrHEaVo8KghUbaYKwoPpWCw+QQFjpzGa2KDp8ynQqznwGi6R5VnUuqvb9ebl2nedThEM4ggo4cAk1uIU6NABDBi/wCm/Gs/FufBif09aCkc/swwyMr1/m7524</latexit>

O(nini+1)

<latexit sha1_base64="kNxcaVbMkynQvb/bjIVTztgSnuE=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMRpdENy4xkYcBQjqlQEPbmbR3TJCw8hPc6ge4M279Etf+iAVmIeBJmpycc2/O7QljKSz6/reXWVldW9/Ibua2tnd29/L7B1UbJYbxCotkZOohtVwKzSsoUPJ6bDhVoeS1cHAz8WuP3FgR6XscxrylaE+LrmAUnfSgmigUt0S38wW/6E9BlkmQkgKkKLfzP81OxBLFNTJJrW0EfoytETUomOTjXDOxPKZsQHu84aimLqY1mh48JidO6ZBuZNzTSKbq340RVdYOVegmFcW+XfQm4n9eI8HuVWskdJwg12wW1E0kwYhMfk86wnCGcugIZUa4WwnrU0MZuo7mUlAMnsaulWCxg2VSPSsGF0X/7rxQuk77ycIRHMMpBHAJJbiFMlSAgYIXeIU379l79z68z9loxkt3DmEO3tcvBc+X5g==</latexit>m⇥ n
<latexit sha1_base64="EQ+1eMh5TQBi54UMFSryGbK7b4s=">AAACAXicbVC7SgNBFL0bXzG+opY2g0GwCruiaBm0sYxgHpIsYXYymwyZnV1m7goxpPITbPUD7MTWL7H2R5wkW5jEAwOHc+7l3DlBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bu4lQzXmOxjHUzoIZLoXgNBUreTDSnUSB5IxjcTPzGI9dGxOoehwn3I9pTIhSMopUeVBtFxA1JOsWSW3anIMvEy0gJMlQ7xZ92N2ZpxBUySY1peW6C/ohqFEzycaGdGp5QNqA93rJUURvjj6YHj8mJVbokjLV9CslU/bsxopExwyiwkxHFvln0JuJ/XivF8MofCZWkyBWbBYWpJBiTye9JV2jOUA4toUwLeythfaopQ9vRXAqKwdPYtuItdrBM6mdl76Ls3p2XKtdZP3k4gmM4BQ8uoQK3UIUaMIjgBV7hzXl23p0P53M2mnOynUOYg/P1CwqWl+k=</latexit>n⇥ p

<latexit sha1_base64="cx2aAVUlDrlMNUEGT1j7Sb3jZAY=">AAACCnicbVDLSsNAFL2pr1pfUZduBotQNyURRZdFN+6sYGuhDWUynbRDJ5MwMynUkD/wE9zqB7gTt/6Ea3/EaZuFbT1w4XDOvdzD8WPOlHacb6uwsrq2vlHcLG1t7+zu2fsHTRUlktAGiXgkWz5WlDNBG5ppTluxpDj0OX30hzcT/3FEpWKReNDjmHoh7gsWMIK1kbq23QmxHhDM07usEor4tGuXnaozBVombk7KkKPetX86vYgkIRWacKxU23Vi7aVYakY4zUqdRNEYkyHu07ahAodUeek0eYZOjNJDQSTNCI2m6t+LFIdKjUPfbE5yqkVvIv7ntRMdXHkpE3GiqSCzR0HCkY7QpAbUY5ISzceGYCKZyYrIAEtMtClr7otmw6fMtOIudrBMmmdV96Lq3J+Xa9d5P0U4gmOogAuXUINbqEMDCIzgBV7hzXq23q0P63O2WrDym0OYg/X1C8uBmv0=</latexit>

O(mnp)

forward

backward
?

<latexit sha1_base64="Zem2Qotcw05SoHew7YSUjF92jeI=">AAACCXicbVDLSsNAFJ3UV62PRl26GSxC3ZREFF0W3bisYB/QhjCZTtqhk0mYuRFi6Rf4CW71A9yJW7/CtT/itM3Cth64cDjnXs7lBIngGhzn2yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsY3U799iNTmsfyAbKEeREZSB5ySsBIvl3uSRIIgkPfrWa+e+bbFafmzIBXiZuTCsrR8O2fXj+macQkUEG07rpOAt6YKOBUsEmpl2qWEDoiA9Y1VJKIaW88e3yCT43Sx2GszEjAM/XvxZhEWmdRYDYjAkO97E3F/7xuCuG1N+YySYFJOg8KU4EhxtMWcJ8rRkFkhhCquPkV0yFRhILpaiEF+OhpYlpxlztYJa3zmntZc+4vKvWbvJ8iOkYnqIpcdIXq6A41UBNRlKIX9IrerGfr3fqwPuerBSu/OUILsL5+AYl7maQ=</latexit>

rf1(y1)

<latexit sha1_base64="nfxLTwY63Fxc49xw5KlGPIQ3YeY=">AAACDXicbVDLSsNAFJ3UV62vaJduBotQNyUpii6LblxW6ENoY5hMJ+3QyYOZGyGWfoOf4FY/wJ249Rtc+yNO2ixs64ELh3Pui+PFgiuwrG+jsLa+sblV3C7t7O7tH5iHRx0VJZKyNo1EJO89opjgIWsDB8HuY8lI4AnW9cY3md99ZFLxKGxBGjMnIMOQ+5wS0JJrlvsxkcCJwL5bf2hVU7d+5poVq2bNgFeJnZMKytF0zZ/+IKJJwEKggijVs60YnEm2mAo2LfUTxWJCx2TIepqGJGDKmcyen+JTrQywH0ldIeCZ+ndiQgKl0sDTnQGBkVr2MvE/r5eAf+VMeBgnwEI6P+QnAkOEsyTwgEtGQaSaECq5/hXTEZGEgs5r4Qrw8dNUp2IvZ7BKOvWafVGz7s4rjes8nyI6Rieoimx0iRroFjVRG1GUohf0it6MZ+Pd+DA+560FI58powUYX7/P4Ztv</latexit>

@fT
2 (y2)

<latexit sha1_base64="9GXDwqJf2FYtFOGSUtOsgv1CNHo=">AAACDXicbVDLSsNAFJ3UV62vaJduBotQNyWxii6LblxW6AvaGCbTSTt0MgkzEyGGfoOf4FY/wJ249Rtc+yNO2ixs64ELh3Pui+NFjEplWd9GYW19Y3OruF3a2d3bPzAPjzoyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9Sa3md99JELSkLdUEhEnQCNOfYqR0pJrlgcREooiBn23/tCqJm79zDUrVs2aAa4SOycVkKPpmj+DYYjjgHCFGZKyb1uRctJsMWZkWhrEkkQIT9CI9DXlKCDSSWfPT+GpVobQD4UuruBM/TuRokDKJPB0Z4DUWC57mfif14+Vf+2klEexIhzPD/kxgyqEWRJwSAXBiiWaICyo/hXiMRIIK53XwhVFJ09TnYq9nMEq6ZzX7MuadX9Radzk+RTBMTgBVWCDK9AAd6AJ2gCDBLyAV/BmPBvvxofxOW8tGPlMGSzA+PoF0xObcQ==</latexit>

@fT
3 (y3)

<latexit sha1_base64="uNN7omwIYYter5wma1Dq/8hlL1A=">AAACDXicbVDLSsNAFJ34rPUV7dLNYBHqpiRS0WXRjcsKfUEbw2Q6aYdOHszcCDH0G/wEt/oB7sSt3+DaH3HaZmFbD1w4nHNfHC8WXIFlfRtr6xubW9uFneLu3v7BoXl03FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG99O/c4jk4pHYRPSmDkBGYbc55SAllyz1I+JBE4E9t3aQ7OSurVz1yxbVWsGvErsnJRRjoZr/vQHEU0CFgIVRKmebcXgZNPFVLBJsZ8oFhM6JkPW0zQkAVNONnt+gs+0MsB+JHWFgGfq34mMBEqlgac7AwIjtexNxf+8XgL+tZPxME6AhXR+yE8EhghPk8ADLhkFkWpCqOT6V0xHRBIKOq+FK8DHTxOdir2cwSppX1Tty6p1XyvXb/J8CugEnaIKstEVqqM71EAtRFGKXtArejOejXfjw/ict64Z+UwJLcD4+gXWRZtz</latexit>

@fT
4 (y4)

1

<latexit sha1_base64="Rss0LzCWgZkpUxgLh++2d9A86tM="></latexit>n2

<latexit sha1_base64="Rss0LzCWgZkpUxgLh++2d9A86tM="></latexit>n2

<latexit sha1_base64="5fx3cuPIhaDrOJm0whfSrmzIjdM="></latexit>n3

<latexit sha1_base64="5fx3cuPIhaDrOJm0whfSrmzIjdM="></latexit>n3

<latexit sha1_base64="4ZUmth7WA4mPnDhNOQc3YSlSiww="></latexit>n4

<latexit sha1_base64="4ZUmth7WA4mPnDhNOQc3YSlSiww="></latexit>n4

<latexit sha1_base64="rtp53NFRSIVONEcG3uVo9ntC5p4="></latexit>n5
<latexit sha1_base64="QrKlWHJLn17CzOKkUWQOELdokyg=">AAAB/nicdVDJSgNBEO2JW4xb1KOXxiB4GnriJPEY9OIxglkgGUJPp5O06VnorhHiEPATvOoHeBOv/opnf8TOIhjRBwWP96p4VeXHUmgg5MPKrKyurW9kN3Nb2zu7e/n9g4aOEsV4nUUyUi2fai5FyOsgQPJWrDgNfMmb/uhy6jfvuNIiCm9gHHMvoINQ9AWjYKRGB0TAdTdfILbjlp3yGSa2WyEl1zHEKZYq5Aw7NpmhgBaodfOfnV7EkoCHwCTVuu2QGLyUKhBM8kmuk2geUzaiA942NKQmxEtn207wiVF6uB8pUyHgmfpzIqWB1uPAN50BhaH+7U3Fv7x2Av1zLxVhnAAP2Tyon0gMEZ6ejntCcQZybAhlSphdMRtSRRmYBy2lgBjdT8xXvk/H/5NG0XZKNrl2C9WLxX+y6Agdo1PkoAqqoitUQ3XE0C16RE/o2XqwXqxX623emrEWM4doCdb7F1wBlwk=</latexit>⇥ <latexit sha1_base64="QrKlWHJLn17CzOKkUWQOELdokyg=">AAAB/nicdVDJSgNBEO2JW4xb1KOXxiB4GnriJPEY9OIxglkgGUJPp5O06VnorhHiEPATvOoHeBOv/opnf8TOIhjRBwWP96p4VeXHUmgg5MPKrKyurW9kN3Nb2zu7e/n9g4aOEsV4nUUyUi2fai5FyOsgQPJWrDgNfMmb/uhy6jfvuNIiCm9gHHMvoINQ9AWjYKRGB0TAdTdfILbjlp3yGSa2WyEl1zHEKZYq5Aw7NpmhgBaodfOfnV7EkoCHwCTVuu2QGLyUKhBM8kmuk2geUzaiA942NKQmxEtn207wiVF6uB8pUyHgmfpzIqWB1uPAN50BhaH+7U3Fv7x2Av1zLxVhnAAP2Tyon0gMEZ6ejntCcQZybAhlSphdMRtSRRmYBy2lgBjdT8xXvk/H/5NG0XZKNrl2C9WLxX+y6Agdo1PkoAqqoitUQ3XE0C16RE/o2XqwXqxX623emrEWM4doCdb7F1wBlwk=</latexit>⇥ <latexit sha1_base64="QrKlWHJLn17CzOKkUWQOELdokyg=">AAAB/nicdVDJSgNBEO2JW4xb1KOXxiB4GnriJPEY9OIxglkgGUJPp5O06VnorhHiEPATvOoHeBOv/opnf8TOIhjRBwWP96p4VeXHUmgg5MPKrKyurW9kN3Nb2zu7e/n9g4aOEsV4nUUyUi2fai5FyOsgQPJWrDgNfMmb/uhy6jfvuNIiCm9gHHMvoINQ9AWjYKRGB0TAdTdfILbjlp3yGSa2WyEl1zHEKZYq5Aw7NpmhgBaodfOfnV7EkoCHwCTVuu2QGLyUKhBM8kmuk2geUzaiA942NKQmxEtn207wiVF6uB8pUyHgmfpzIqWB1uPAN50BhaH+7U3Fv7x2Av1zLxVhnAAP2Tyon0gMEZ6ejntCcQZybAhlSphdMRtSRRmYBy2lgBjdT8xXvk/H/5NG0XZKNrl2C9WLxX+y6Agdo1PkoAqqoitUQ3XE0C16RE/o2XqwXqxX623emrEWM4doCdb7F1wBlwk=</latexit>⇥



Back-propagation computations

• Automatic-differentiation fits well Deep Learning! 

• Note the lock that can make distributed optimization 
difficult 

• How is it implemented?
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> loss(x, y)

<latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit>

�✓1
<latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit>

�✓2
<latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit>

�✓J
<latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit>

rxj (E) =
@(⇢Wj)

@xj

T

rxj+1(E)
<latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit>

r✓j (E) =
@(⇢Wj)

@✓j

T

rxj+1(E)
<latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit>

= E
<latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit>

Ref.:Decoupled Neural Interfaces using 
Synthetic Gradients, Jaderberg et al, 2017
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@loss

@wj
=

@loss

@xj

@xj

@wj

@loss

@xj
=

@xj+1

@xj

@loss

@xj+1

xj xj+1

wj
@loss

@xj+1

@loss

@wj
Gradient w.r.t. parameters

@loss

@xj

Forward:

Backward:



CUDA, GPU

• Deep learning algorithms rely a lot on linear operations. 
(ex: convolutions) 

• CUDA routines permit to implement efficiently linear 
algebra routines:   min. speed up of 100. 

• GPUs are now super mainstream… 

• It’s not unusual to have a 1TB GPU memory.

38

(GPUs were for video-games 
which require fast graphic 

 rendering!)



Training Pipeline
• Once the model           and the loss    is fixed the model is 

trained via mini-batch:

39

<latexit sha1_base64="v60A6uuBALePdTUp/5NqbqvKlsw=">AAACBnicdVDLTgJBEJz1ifhCPXqZSEzwQnbXFTBeiF48YiKPhEUyOwwwYfaRmV4jEu5+glf9AG/Gq7/h2R9xFjARo5V0UqnqTneXFwmuwDQ/jIXFpeWV1dRaen1jc2s7s7NbU2EsKavSUISy4RHFBA9YFTgI1ogkI74nWN0bXCR+/ZZJxcPgGoYRa/mkF/AupwS0dONW+jx3d+ZCnwE5ameyZv60VLCdAjbzplm0bCshdtE5drCllQRZNEOlnfl0OyGNfRYAFUSppmVG0BoRCZwKNk67sWIRoQPSY01NA+Iz1RpNrh7jQ610cDeUugLAE/XnxIj4Sg19T3f6BPrqt5eIf3nNGLql1ogHUQwsoNNF3VhgCHESAe5wySiIoSaESq5vxbRPJKGgg5rbAnxwP9apfL+O/yc1O2+d5M0rJ1s+n+WTQvvoAOWQhYqojC5RBVURRRI9oif0bDwYL8ar8TZtXTBmM3toDsb7F4tJmdQ=</latexit>

�(x; ✓)
<latexit sha1_base64="zUs+okT1xNcL2z1c7k+s69tE71Q=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlBfuAdiiZNNOGZjJDkhHqUD/BrX6AO3Hrv7j2R8y0FazogQuHc+7l3nv8mDOlEfqwciura+sb+c3C1vbO7l5x/6ClokQS2iQRj2THx4pyJmhTM81pJ5YUhz6nbX98lfntOyoVi8StnsTUC/FQsIARrDOpRznvF0vIvqhVym4FIhuhqlN2MlKuumcudIySoQQWaPSLn71BRJKQCk04VqrroFh7KZaaEU6nhV6iaIzJGA9p11CBQ6q8dHbrFJ4YZQCDSJoSGs7UnxMpDpWahL7pDLEeqd9eJv7ldRMd1LyUiTjRVJD5oiDhUEcwexwOmKRE84khmEhmboVkhCUm2sSztEWz8f3UpPL9OvyftMq2c26jG7dUv1zkkwdH4BicAgdUQR1cgwZoAgJG4BE8gWfrwXqxXq23eWvOWswcgiVY71+tWZYW</latexit>

`

Splitting dataset 
into batches of size 

256

training 
error

Typical training time on imagenet: 100 epochs 
about 1 hour per epoch

256

CPU GPU

x1 x2

Error 
 backpropagated

Signal 
propagated

<latexit sha1_base64="1BTEuK91yocho0JNRSh8fH0DO+o=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkdnaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTvzmI9dGxOoBRwn3I9pXIhSMopVaHRxwpF2vWyq7FXcKsky8nJQhR61b+un0YpZGXCGT1Ji25yboZ1SjYJKPi53U8ISyIe3ztqWKRtz42fTeMTm1So+EsbalkEzVvxMZjYwZRYHtjCgOzKI3Ef/z2imG134mVJIiV2y2KEwlwZhMnic9oTlDObKEMi3srYQNqKYMbURzW1AMn8Y2FW8xg2XSOK94lxX3/qJcvcnzKcAxnMAZeHAFVbiDGtSBgYQXeIU359l5dz6cz1nripPPHMEcnK9fITWXZQ==</latexit>

✓1
<latexit sha1_base64="CxzcwppekvDHmo5t030d6EoSnXI=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx4xkUcCGzI7zMKE2dnNTK8JEi5+glf9AG/Gq3/i2R9xgD0IWEknlarudHcFiRQGXffbya2tb2xu5bcLO7t7+wfFw6OGiVPNeJ3FMtatgBouheJ1FCh5K9GcRoHkzWB4O/Wbj1wbEasHHCXcj2hfiVAwilZqdXDAkXYr3WLJLbszkFXiZaQEGWrd4k+nF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP57dOyFnVumRMNa2FJKZ+ndiTCNjRlFgOyOKA7PsTcX/vHaK4bU/FipJkSs2XxSmkmBMps+TntCcoRxZQpkW9lbCBlRThjaihS0ohk8Tm4q3nMEqaVTK3mXZvb8oVW+yfPJwAqdwDh5cQRXuoAZ1YCDhBV7hzXl23p0P53PemnOymWNYgPP1CyLKl2Y=</latexit>

✓2

<latexit sha1_base64="3MszQuTRCKQQBgNLmTUUmCUANI8="></latexit>

�✓2
<latexit sha1_base64="H1Ht929zfRt0bVZ+CQ0xsVfw2Xo="></latexit>

�✓1

<latexit sha1_base64="WDfy4o/1VX1FLlyXE6nMZpP8hVs="></latexit>

✓t+1 = ✓t � ↵tg(✓
t, data)



The best framework 40

Modularity
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Hard Simple

Simple

TensorFlow-1(Google)

PyTorch (Facebook)

(This is subjective)

Keras (Google)
TF-2 (Google)

Chainer (Amazon)



Cooking recipe
• Batch-normalization 

• Data augmentation 

• Dropout 

• Learning rate 

• Let it overfit!!

41



The strength of DL

• Data? Computer power? Not only: 

• Flexibility&modularity: quickly benchmarking non-
linearity, layer dimension, losses, batch size, learning rate 
schedule… 

• Is it overfitting? Clearly, yet the representations learned 
are empirically excellent and used in many cryptic 
applications.

42



Introduction to 
high-dimensional tasks

Engineering Deep Neural Networks

Understanding Convolutional 
Neural Networks

Under the Hood of Neural 
Networks

Cf =

Z

RD

k!k1 |f̂(!)| d!
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Convolutional layers in CNNs



Why convolutions?

• Lemma:  

• Fourier analysis!!

45

<latexit sha1_base64="rpyfdclbZenemr1jX/ELxRrD2n4="></latexit>

WL1 = L2W () Wx[u, j] =
X

i

�
ki,j ?

u x
�
[u, i]

<latexit sha1_base64="cF+78WfLdkj37BI1gnnCiKS0tVc="></latexit>

W : `2({1, ..., n}k)d1 ! `2({1, ..., n}k)d2Let a linear operator:

size of an image

number of channels

<latexit sha1_base64="itH2YRyL05dAdZ2v/5ZBrjlkSew=">AAACMXicbVDLSgNBEJz1/Tbq0ctgEPQSdkXRiyB68ahgopANoXfSSYbMPpjpVdcln+JX+Ale9QO8iR79CScPQRMLBqqqu+meChIlDbnumzMxOTU9Mzs3v7C4tLyyWlhbr5g41QLLIlaxvgnAoJIRlkmSwptEI4SBwuugc9arX9+iNjKOrihLsBZCK5JNKYCsVS8c+neygW2g/N43BJpn3R0/DrEFu8e+tfn9j+yr7EfVC0W35PbBx4k3JEU2xEW98Ok3YpGGGJFQYEzVcxOq5aBJCoXdBT81mIDoQAurlkYQoqnl/Q92+bZ1GrwZa/si4n3390QOoTFZGNjOEKhtRms9879aNaXmUS2XUZISRmKwqJkqTjHvpcUbUqMglVkCQkt7Kxdt0CDIZvpnC8nOQ9em4o1mME4qeyXvoORe7hdPTof5zLFNtsV2mMcO2Qk7ZxeszAR7ZM/shb06T86b8+58DFonnOHMBvsD5+sbuHmqjQ==</latexit>

[x ? y(!) = x̂(!)ŷ(!)

<latexit sha1_base64="P0pP15cnaZqbt4A6gVFsaBmkFMY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYeSwzs0JcAn6CV/0Ab+LVX/HsjzhJ9mASCxqKqm66u6KYM2N9/9vLrayurW/kNwtb2zu7e8X9g7pRiSa0RhRXuhlhQzmTtGaZ5bQZa4pFxGkjGt5M/MYj1YYpeW9HMQ0F7kvWYwRbJ9XbStA+7hRLftmfAi2TICMlyFDtFH/aXUUSQaUlHBvTCvzYhinWlhFOx4V2YmiMyRD3actRiQU1YTq9doxOnNJFPaVdSYum6t+JFAtjRiJynQLbgVn0JuJ/XiuxvaswZTJOLJVktqiXcGQVmryOukxTYvnIEUw0c7ciMsAaE+sCmtti2fBp7FIJFjNYJvWzcnBR9u/OS5XrLJ88HMExnEIAl1CBW6hCDQg8wAu8wpv37L17H97nrDXnZTOHMAfv6xfZYZa0</latexit>!

<latexit sha1_base64="zR3OAZaOk2wWGpPzsIZwmIJIwHM=">AAACA3icbVC7TgJBFJ3FF+ILtbSZSEywIbtGoyXRxhITeSTLhswOszBhHpuZWSMulH6CrX6AnbH1Q6z9EQfYQsCT3OTknHtz7z1hzKg2rvvt5FZW19Y38puFre2d3b3i/kFDy0RhUseSSdUKkSaMClI31DDSihVBPGSkGQ5uJn7zgShNpbg3w5gEHPUEjShGxkr+6LHclpz00OmoUyy5FXcKuEy8jJRAhlqn+NPuSpxwIgxmSGvfc2MTpEgZihkZF9qJJjHCA9QjvqUCcaKDdHryGJ5YpQsjqWwJA6fq34kUca2HPLSdHJm+XvQm4n+en5joKkipiBNDBJ4tihIGjYST/2GXKoING1qCsKL2Voj7SCFsbEpzWwwdPI1tKt5iBsukcVbxLiru3Xmpep3lkwdH4BiUgQcuQRXcghqoAwwkeAGv4M15dt6dD+dz1ppzsplDMAfn6xdoRJin</latexit>

|x(!)|

Regularity corresponds to a fast decay

<latexit sha1_base64="3PCXVU6YX4qRtSW5xb4FHDkxWuc="></latexit>

L1 : `2({1, ..., n}k)d1 ! `2({1, ..., n}k)d1
<latexit sha1_base64="Fb5ktd+tPlvVpNuNAeXPopMLl80="></latexit>

L2 : `2({1, ..., n}k)d2 ! `2({1, ..., n}k)d2

<latexit sha1_base64="0+nJ67s2AWEgETJYuh86rKzBXwo=">AAACDHicbZDLSsNAFIZP6q3WW6xLN4NFEJSSiKIboejGhYsK9gJpCJPppB07uTAzkdbSV/AR3OoDuBO3voNrX8Rpm4WtHhjm4//P4Rx+P+FMKsv6MnILi0vLK/nVwtr6xuaWuV2syzgVhNZIzGPR9LGknEW0ppjitJkIikOf04bfuxr7jQcqJIujOzVIqBviTsQCRrDSkmcWbzzWd9Kje/dCf4e2Bs8sWWVrUugv2BmUIKuqZ3632jFJQxopwrGUjm0lyh1ioRjhdFRopZImmPRwhzoaIxxS6Q4nt4/QvlbaKIiFfpFCE/X3xBCHUg5CX3eGWHXlvDcW//OcVAXn7pBFSapoRKaLgpQjFaNxEKjNBCWKDzRgIpi+FZEuFpgoHdfMFsV6jyOdij2fwV+oH5ft07J1e1KqXGb55GEX9uAAbDiDClxDFWpAoA/P8AKvxpPxZrwbH9PWnJHN7MBMGZ8/LM6bGw==</latexit>

Lix[u, j] = x[u+ 1, j]where

translation operator

<latexit sha1_base64="UGkHb9xVTakWhCNqcAFxESD4wzk=">AAACG3icbVDJSgNBEO2J+x716KU1CBPQMCOKXgTRi0cFs0AmhJpOT9KkZ6G7JhBDzn6Fn+BVP8CbePXg2R+xsxxM4oOCx3tVVNXzEyk0Os63lZmbX1hcWl5ZXVvf2NzKbu+UdJwqxosslrGq+KC5FBEvokDJK4niEPqSl/32zcAvd7jSIo4esJvwWgjNSASCARqpnt23wdMIivp5O81feiJCCnZ63Mn7difvHTU69WzOKThD0FnijkmOjHFXz/54jZilIY+QSdC66joJ1nqgUDDJ+6teqnkCrA1NXjU0gpDrWm/4Sp8eGqVBg1iZMqcM1b8TPQi17oa+6QwBW3raG4j/edUUg4taT0RJijxio0VBKinGdJALbQjFGcquIcCUMLdS1gIFDE16E1tQtB/7JhV3OoNZUjopuGcF5/40d3U9zmeZ7JEDYhOXnJMrckvuSJEw8kReyCt5s56td+vD+hy1ZqzxzC6ZgPX1C5Bpn/c=</latexit>

(a ? b)(u) =

Z
a(u� v)b(v) dv



A short analysis of an AlexNet

46



Model for the first layer

• Consider Gabor filters and fit the model.

47

 C,D,⇠(u) = Ce�uTDueiu
T ⇠

<latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit>

Ref.: I Waldspurger’s phd

This principle is core 
in many models  

(V1, Scattering,…)



Wavelets

•      is a wavelet iff 

• Typically localised in space and frequency. 

• Rotation, dilation of a wavelets: 

• Design wavelets selective to rotation variabilities.

 
<latexit sha1_base64="vZM3p0oDK8G//ZjqteTWKP152iI=">AAAB6nicbZDLSgMxFIbPtF5qvY2XnZtgEVyVGRcqrgpuXFZwbKEdSibNtKFJZkgyQhkKPoEbFypufQ4fwp1vY6btQlt/CHz8/znknBOlnGnjed9OqbyyurZe2ahubm3v7Lp7+/c6yRShAUl4otoR1pQzSQPDDKftVFEsIk5b0ei6yFsPVGmWyDszTmko8ECymBFsCqubatZza17dmwotgz+HWuPws/wIAM2e+9XtJyQTVBrCsdYd30tNmGNlGOF0Uu1mmqaYjPCAdixKLKgO8+msE3RinT6KE2WfNGjq/u7IsdB6LCJbKbAZ6sWsMP/LOpmJL8OcyTQzVJLZR3HGkUlQsTjqM0WJ4WMLmChmZ0VkiBUmxp6nao/gL668DMFZ/bzu3fq1xhXMVIEjOIZT8OECGnADTQiAwBCe4AVeHeE8O2/O+6y05Mx7DuCPnI8frjmPpA==</latexit><latexit sha1_base64="MKReSqAJM21mHrPcc9EWVyc1loM=">AAAB6nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6FiFbCxjOAaIVnC7GQ2GTIzO8zMCiHkFWwsVGx9DmsbGzvfxtkkhSb+MPDx/+cw55xYcWas7397heLS8spqaa28vrG5tV3Z2b01aaYJDUnKU30XY0M5kzS0zHJ6pzTFIua0GQ8u87x5T7VhqbyxQ0UjgXuSJYxgm1ttZVinUvVr/kRoEYIZVOv770X1+ZE1OpWvdjclmaDSEo6NaQW+stEIa8sIp+NyOzNUYTLAPdpyKLGgJhpNZh2jI+d0UZJq96RFE/d3xwgLY4YidpUC276Zz3Lzv6yV2eQ8GjGpMkslmX6UZBzZFOWLoy7TlFg+dICJZm5WRPpYY2LdecruCMH8yosQntROa/51UK1fwFQlOIBDOIYAzqAOV9CAEAj04QGe4NkT3qP34r1OSwverGcP/sh7+wFQoJGe</latexit>

 
<latexit sha1_base64="mduu63BoHMqGld23Vba2fG/RufU=">AAAB6nicbZC9TsMwFIVvyl8pfwFGGCwqJKYqYQDGChbGViK0UhtVjuu0Vm0nsh2kKuorsDAAYuUheA42Nh4Fp+0ALUey9Omce+V7b5Rypo3nfTmlldW19Y3yZmVre2d3z90/uNdJpggNSMIT1Y6wppxJGhhmOG2nimIRcdqKRjdF3nqgSrNE3plxSkOBB5LFjGBTWN1Us55b9WreVGgZ/DlU68cfzW8AaPTcz24/IZmg0hCOte74XmrCHCvDCKeTSjfTNMVkhAe0Y1FiQXWYT2edoFPr9FGcKPukQVP3d0eOhdZjEdlKgc1QL2aF+V/WyUx8FeZMppmhksw+ijOOTIKKxVGfKUoMH1vARDE7KyJDrDAx9jwVewR/ceVlCM5rFzWv6Vfr1zBTGY7gBM7Ah0uowy00IAACQ3iEZ3hxhPPkvDpvs9KSM+85hD9y3n8AnNqQXA==</latexit><latexit sha1_base64="KoiyL79C8JDW2tvOqjdwVaE3Hps=">AAAB6nicbZDNSgMxFIXv+FvrX9WlIsEiuCozLtRl0Y3LFhxbaIeSSTNtaJIZkoxQhi7dunGh4taH6HO48xl8CTNtF9p6IPBxzr3k3hsmnGnjul/O0vLK6tp6YaO4ubW9s1va27/XcaoI9UnMY9UMsaacSeobZjhtJopiEXLaCAc3ed54oEqzWN6ZYUIDgXuSRYxgk1vtRLNOqexW3InQIngzKFePxvXvx+NxrVP6bHdjkgoqDeFY65bnJibIsDKMcDoqtlNNE0wGuEdbFiUWVAfZZNYROrVOF0Wxsk8aNHF/d2RYaD0Uoa0U2PT1fJab/2Wt1ERXQcZkkhoqyfSjKOXIxChfHHWZosTwoQVMFLOzItLHChNjz1O0R/DmV14E/7xyUXHrXrl6DVMV4BBO4Aw8uIQq3EINfCDQhyd4gVdHOM/Om/M+LV1yZj0H8EfOxw95uZHC</latexit>

 j,✓ =
1

22j
 (

r✓(u)

2j
)

<latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit><latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit>

 j,✓
<latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit><latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit>

Isotropic
| ̂|

Non-Isotropic| ̂|
VS

�

Z
 (u)du = 0 and

Z
| |2(u)du < 1
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Group action!



The Gabor wavelet
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�(u) =
1

2⇡�
e�

kuk2
2� (u) =

1

2⇡�
e�

kuk2
2� (ei⇠.u � )

(for sake of simplicity, formula  
are given in the isotropic case)



Wavelet Transform

• Wavelet transform:  

• Isometric and linear operator of   , with 

• Covariant with translation     : 

• Nearly commutes with diffeomorphisms 

• A good baseline to describe a signal (here, an image)!

Ex.: 

50

Wx = {x ?  j,✓, x ? �J}✓,jJ

kWxk2 =
X

✓,jJ

Z
|x ?  j,✓|2 +

Z
x ? �2J !1

!2

Ref.: Group Invariant Scattering, Mallat S 

L2

WLa = LaW
La

k[W,L⌧ ]k  Ckr⌧k



Zoom on the parametrisation
• Very often, the filters of a CNN have a small support (3x3) 

and are interlaced with downsampling. 

• Similar to a Wavelet Transform. 
 
 
 
 

• Except the sum isn’t separable.

Ref.: Signal Processing Tour, Mallat 1999
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<latexit sha1_base64="6wrMAskruFpm8zUxIg9FoHAYVNg="></latexit>

y[n,�i+1] =
X

i

x[.,�i] ? k�i+1,�i [2n]

<latexit sha1_base64="vOco1IrcjwXGBuJa+W7cdM5kxkg=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVrpPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X784u5U2</latexit>u1
<latexit sha1_base64="Ra9LRN1UZsc/H2K20rD+eLOaM08=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0k/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFOlCVNw==</latexit>u2

<latexit sha1_base64="Jig8RCvNdqA19bu4y5J4sp7tNMc=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+5B2KJlMpg1NMkNyR6hDV36CW/0Ad+LWL3Htj5i2s7CtBwKHc87l3pwgEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0caopa9BYxLodEMMEV6wBHARrJ5oRGQjWCoY3E7/1yLThsbqHUcJ8SfqKR5wSsNJDV9hoSHq8V664VXcKvEy8nFRQjnqv/NMNY5pKpoAKYkzHcxPwM6KBU8HGpW5qWELokPRZx1JFJDN+Nj14jE+sEuIo1vYpwFP170RGpDEjGdikJDAwi95E/M/rpBBd+RlXSQpM0dmiKBUYYjz5PQ65ZhTEyBJCNbe3YjogmlCwHc1tAT58GttWvMUOlknzrOpdVN2780rtOu+niI7QMTpFHrpENXSL6qiBKJLoBb2iN+fZeXc+nM9ZtODkM4doDs7XLxhBl/I=</latexit>
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From wavelet to Scattering
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h � 0 Scattering coefficients 
are only at the output

Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat 

Recursive Interferometric Representations, S Mallat 
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Scattering as a CNN

52

Has many 
invariance properties



A successful representation 
in image classification

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• The design of the scattering transform is guided by the invariance to 
Euclidean groups and deformations 

• To which extent can we compete with other architectures on more 
complex problems (e.g. variabilities are more complex)? (still open!)

53

Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known
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Invariant Representations 
and Deep Learning



High dimensionality issues

55

x y kx� yk2 = 2

Averaging is the key 
 to get invariants

x y

Translation

Rotation

Deformations
L⌧x(u) = x(u� ⌧(u))

?



Group invariance
56

• The notion of convolution can be easily extended on a 
compact group or a Lie group G via a Haar measure. 

• It is the only measure invariant by (left) translations, 
i.e.,               which allows to introduce: 

• And thus the convolution operation: 

• and some Fourier analysis (on Lie groups):

<latexit sha1_base64="K0bl9YU0Dpz7mvBuQU7N7mRSvtI=">AAACAnicdVDLSsNAFJ3UV62vqks3g0UQFyGpsa0LoejGhYsK9oFtKJPppB06mYSZiVBDd36CW/0Ad+LWH3HtjzhpK1jRAxcO59zLvfd4EaNSWdaHkVlYXFpeya7m1tY3Nrfy2zsNGcYCkzoOWShaHpKEUU7qiipGWpEgKPAYaXrDi9Rv3hEhachv1CgiboD6nPoUI6Wl26vuUSeIz3R18wXLPK2Uik4JWqZlle2inZJi2Tl2oK2VFAUwQ62b/+z0QhwHhCvMkJRt24qUmyChKGZknOvEkkQID1GftDXlKCDSTSYXj+GBVnrQD4UuruBE/TmRoEDKUeDpzgCpgfztpeJfXjtWfsVNKI9iRTieLvJjBlUI0/dhjwqCFRtpgrCg+laIB0ggrHRIc1sUHd6PdSrfr8P/SaNo2iemde0UquezfLJgD+yDQ2CDMqiCS1ADdYABB4/gCTwbD8aL8Wq8TVszxmxmF8zBeP8CsKeYRw==</latexit>

L⇤µ = µ
<latexit sha1_base64="qidwRuovlumD1LalYipvqoeSpHY="></latexit>

L2(G,µ) = {f,
Z

G
|f |2dµ < 1}

<latexit sha1_base64="seYdzwNWBfztF+FCrvqXbCx0NHg="></latexit>

a ? b(g) =

Z

G
a(g̃)b(g̃�1g)dµ(g)

<latexit sha1_base64="ddujGVjvKKjj3m07RSPa/vpTm/o="></latexit>

g ! Lg

<latexit sha1_base64="AXw7kMg+GDk5olwSCEzgVjlIVJA="></latexit>

⇢ : G ! L2(G) = �!E! invariant subspace 
of the representation



Covariance via convolution

• We say that L is covariant with W if 

• We say that A is invariant to L if 

• If W (e.g., convolution),   (e.g., point-wise non-
linearity) are covariant and if A is invariant to L then  
 
is invariant. Indeed: 

• It is also possible to have only an approximate 
covariance and one measure it via the norm of:

57

WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

<latexit sha1_base64="AoTf6uoWWPDJCXgSQQ1Wdqb5LK4=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCG4eZouhGqLqRrirYC3TKkEnTNjSTGZKMtA7zFj6Fj+BWH8CddKsvYtoOaFt/CHz5zzmc5PcjRqWy7ZGxtLyyurae28hvbm3v7Jp7+zUZxgKTKg5ZKBo+koRRTqqKKkYakSAo8Bmp+/3bcb3+SISkIX9Qw4i0AtTltEMxUtryTMut9CgcXMHruld2RS+EdS8pnzop/L0UU2hZlmZn4JkF27IngovgZFAAmSqe+e22QxwHhCvMkJRNx45UK0FCUcxImndjSSKE+6hLmho5CohsJZN/pfBYO23YCYU+XMGJ+3ciQYGUw8DXnQFSPTlfG5v/1Zqx6ly2EsqjWBGOp4s6MYMqhOOQYJsKghUbakBYUP1WiHtIIKx0lDNbFO0/pToVZz6DRagVLefcsu/PCqWbLJ8cOARH4AQ44AKUwB2ogCrA4Bm8gjfwbrwYH8anMZq2LhnZzAGYkfH1AxgvpEM=</latexit>

�x = AWJ⇢WJ�1⇢WJ�2...W1x

<latexit sha1_base64="CeaExgUwhpEvHN6kWpa5KPPT5Cs=">AAACHHicbVDLSsNAFJ3UV62vqEs3Q4vgKiSi6KZQdSPSRQXbFNoSJtNJM3TyYGYiraF7v8JPcKsf4E7cCq79EadpFrZ64MLhnHu59x43ZlRI0/zSCkvLK6trxfXSxubW9o6+u9cSUcIxaeKIRbztIkEYDUlTUslIO+YEBS4jtju8mvr2PeGCRuGdHMekF6BBSD2KkVSSo5e7DZ/C+qgKL+q2c9PlfgQNw4C2Y42qmTdy9IppmBngX2LlpAJyNBz9u9uPcBKQUGKGhOhYZix7KeKSYkYmpW4iSIzwEA1IR9EQBUT00uyXCTxUSh96EVcVSpipvydSFAgxDlzVGSDpi0VvKv7ndRLpnfdSGsaJJCGeLfISBmUEp8HAPuUESzZWBGFO1a0Q+4gjLFV8c1skHT5MVCrWYgZ/SevYsE4N8/akUrvM8ymCA1AGR8ACZ6AGrkEDNAEGj+AZvIBX7Ul70961j1lrQctn9sEctM8fvJ6gAw==</latexit>

�Lx = ALWJ⇢...W1x = �x

<latexit sha1_base64="7dFiAQC4kBiHYzEt2Z9NnoSgi6A=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwoSURRTdC0Y2LLirYppCGMplO2qGTSZi5EWro0k9wqx/gTtz6Ia79EaePhW09cOFwzr3ce0+QCK7Btr+t3NLyyupafr2wsbm1vVPc3WvoOFWU1WksYtUMiGaCS1YHDoI1E8VIFAjmBv3bke8+MqV5LB9gkDA/Il3JQ04JGMnz3JOqf+1WT6tuu1iyy/YYeJE4U1JCU9TaxZ9WJ6ZpxCRQQbT2HDsBPyMKOBVsWGilmiWE9kmXeYZKEjHtZ+OTh/jIKB0cxsqUBDxW/05kJNJ6EAWmMyLQ0/PeSPzP81IIr/yMyyQFJulkUZgKDDEe/Y87XDEKYmAIoYqbWzHtEUUomJRmtgDvPw1NKs58BoukcVZ2Lsr2/XmpcjPNJ48O0CE6Rg66RBV0h2qojiiK0Qt6RW/Ws/VufVifk9acNZ3ZRzOwvn4B6R6XuA==</latexit>

[W,L] = WL� LW

example: deformation

example: convolutions!



58

• To each classification problem corresponds a 
canonic and unique symmetry group   :  

• We hypothesise there exists Lie groups and CNNs 
such that:  

• Examples are given by the euclidean group:

8gj 2 Gj ,�j(gj .x) = �j(x) where xj = �j(x)

8x, 8g 2 G,�x = �g.x

G

G0 ⇢ G1 ⇢ ... ⇢ GJ ⇢ G

High dimensional

G0 = R2, G1 = G0 n SL2(R)

Ref.: Understanding deep  
convolutional networks 

S Mallat 

Symmetry group hypothesis



An example: the roto-
translation

• If the convolution is defined on G, G’, one can 
extend it to                      . 

• Roto-translation (or rigid motions) is a non 
commutative group: 

• …and this leads to the following convolution:
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<latexit sha1_base64="jnEfS+PU7yo1AbnkYA0bznjYs9o="></latexit>

(u, ✓).(ũ, ✓̃) = (u+ r✓ũ, ✓ + ✓̃)

<latexit sha1_base64="fYudwFxVS23LYVLJRNh+61STRGg=">AAAClXicbVHbjtMwEHXCbSm3Ag888GJRQRJpWyUVq+VlpRUgxBsF0b2ozkaO46ZWEyeyx0glypfwZTzzIzhtVmJ3Gcny0TkzHs+ZtC6EhjD87bi3bt+5e2/v/uDBw0ePnwyfPjvRlVGMz1lVVOospZoXQvI5CCj4Wa04LdOCn6brD51++oMrLSr5HTY1j0uaS7EUjIKlkuEv/5wwoVjBM6qBzLQI/Dx4c0SEhKTJvRaf+7kXdI K9L5px1OZBlhMyuMwhJYVVmjbf2otpu6MW4f6U1CLuio23T2DFgfaPqKQZ90Trm7Hxgl6/ZIPMZDuYDEfhJNwGvgmiHoxQH7Nk+IdkFTMll8AKqvUiCmuIG6pA2AHbATGa15Stac4XFkpach03WxNb/NoyGV5Wyh4JeMv+W9HQUutNmdrMbmJ9XevI/2kLA8t3cSNkbYBLtmu0NAWGCncbwZlQnEGxsYAyJexfMVtRRRnYvV3pAmL9s7WuRNc9uAlOppPoYBJ+fTs6ft/7s4deolfIRxE6RMfoM5qhOWKO43hO6ETuC/fI/eh+2qW6Tl/zHF0J98tfqJrGyA==</latexit>

(Y ~ )(g) =
Z

g0
Y (g0) (g0�1g)dg

=

Z

R2

Z

[0,2⇡]
Y (u0, ✓0) (r�✓0(u� u0), ✓ � ✓0)dud✓

Ref.: PhD of L. Sifre

?



Progressive Invariances

• Interestingly, CNNs often incorporate some poolings   , 
which satisfy for                 :            . 

• It allows to progressively induce more invariance. (and 
it’s very similar to a Wavelet Transform) 

• Similarly, the non-linearity is point-wise. Interestingly, 
point-wise non-linearity are the only non-linearity    
that commutes with deformations, ie 

Ref.: Phd of Joan Bruna
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<latexit sha1_base64="flwGUH0jTDflOopzRqZKMlI6VH8=">AAACGHicbVDLSsNAFJ3UV62vqEtBBovgxpKIosuiGwUXFewDmlAm02k7dPJg5kaoITu/wk9wqx/gTty6c+2POGmzsK0HLhzOuZd77/EiwRVY1rdRWFhcWl4prpbW1jc2t8ztnYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vAq85sPTCoeBvcwipjrk37Ae5wS0FLH3HcaTAK+OXZ8AgNKRHKbTiRHCGx3zLJVscbA88TOSRnlqHXMH6cb0thnAVBBlGrbVgRuQiRwKlhacmLFIkKHpM/amgbEZ8pNxn+k+FArXdwLpa4A8Fj9O5EQX6mR7+nO7Fo162Xif147ht6Fm/AgioEFdLKoFwsMIc5CwV0uGQUx0oRQyfWtmA6IJBR0dFNbgA8fU52KPZvBPGmcVOyzinV3Wq5e5vkU0R46QEfIRueoiq5RDdURRU/oBb2iN+PZeDc+jM9Ja8HIZ3bRFIyvX4UmoB8=</latexit>

kI � Lk ⌧ 1

<latexit sha1_base64="sHlEmk7GsISkju9s/NpkyaJE9hs=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbCtMh5JJM21oJhmSjFCHLv0Et/oB7sStH+LaHzHTzsK2HggczrmXe3LChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohxJpyJmjLMMPpQ6IojkNOO+HoJvc7j1RpJsW9GSc0iPFAsIgRbKzkd2NshgTzrDnpVWtu3Z0CLROvIDUo0OxVf7p9SdKYCkM41tr33MQEGVaGEU4nlW6qaYLJCA+ob6nAMdVBNo08QSdW6aNIKvuEQVP170aGY63HcWgn84h60cvF/zw/NdFVkDGRpIYKMjsUpRwZifL/oz5TlBg+tgQTxWxWRIZYYWJsS3NXDBs95a14ix0sk/ZZ3buou3fntcZ10U8ZjuAYTsGDS2jALTShBQQkvMArvDnPzrvz4XzORktOsXMIc3C+fgH0R5j/</latexit>P
<latexit sha1_base64="HPnfuz5gdd+TnmDvyHkdQ/Tcda0=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyyCbsqMKLosunHhooK9QGcomTTThmYmIcmIdegz+BQ+glt9AHfixoUrX8RMO0gvHgh8/P85nJM/EIwq7Thf1sLi0vLKamGtuL6xubVt7+zWFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+VeY37olUlMd3eiCIH6FuTEOKkTZS2z72IqR7GLG0OvzDm6GHhJD8AU64bbvklJ1RwXlwcyiBvKpt+8frcJxEJNaYIaVariO0nyKpKWZkWPQSRQTCfdQlLYMxiojy09GXhvDQKB0YcmlerOFInZxIUaTUIApMZ3aimvUy8T+vlejwwk9pLBJNYjxeFCYMag6zfGCHSoI1GxhAWFJzK8Q9JBHWJsWpLZr2H7NU3NkM5qF+UnbPys7taalymedTAPvgABwBF5yDCrgGVVADGDyBF/AK3qxn6936sD7HrQtWPrMHpsr6/gUUk6Zq</latexit>

PL ⇡ P

iff
<latexit sha1_base64="NxJFy9dLSkMWVfHNTQ6+CSiYMrg="></latexit>

8x = (x1, ..., xd), ⇢(x) = (⇢(x1), ..., ⇢(xd))

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢

<latexit sha1_base64="Xcb79SrDaNp3zqtWVTAe74CiI6Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiSi6EYounHRRQX7gCaUyXTSDp1kwsxEqKFbP8GtfoA7cet/uPZHnLRZ2NYDl3s4517u5fgxZ0rb9rdVWFldW98obpa2tnd298r7By0lEklokwguZMfHinIW0aZmmtNOLCkOfU7b/ug289uPVComogc9jqkX4kHEAkawNpLryqFA9et61nvlil21p0DLxMlJBXI0euUfty9IEtJIE46V6jp2rL0US80Ip5OSmygaYzLCA9o1NMIhVV46/XmCTozSR4GQpiKNpurfjRSHSo1D30yGWA/VopeJ/3ndRAdXXsqiONE0IrNDQcKRFigLAPWZpETzsSGYSGZ+RWSIJSbaxDR3RbPR08Sk4ixmsExaZ1Xnomrfn1dqN3k+RTiCYzgFBy6hBnfQgCYQiOEFXuHNerberQ/rczZasPKdQ5iD9fULtoiYyg==</latexit>

⇢L = L⇢



How to address deformations?

• Weak differentiability property: 

• A linear projection (to kill   ) build an invariant
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sup
L

k�Lx� �xk
kLx� xk < 1 ) 9 ”weak” @x�

) �Lx ⇡ �x+ @x�L+ o(kLk)
A linear operatorDisplacement

�
+ projection

L

L



Invariances via wavelets

• Analytic wavelets permit to build stable invariants 
to: 
- small translations by a: 
 
 
 
 
 
 
 
 
- small deformations:
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Ref.: Group Invariant Scattering, Mallat S 

\Lax ?  (!) = ei!
T ax̂(!) ̂(!)

=
X

n

(i!Ta)n

n!
x̂(!) ̂(!)

⇡
X

n

(i!T
0 a)

n

n!
x̂(!) ̂(!)

= ei!
T
0 a[x ?  (!)

!

!0

| ̂(!)|

!0
!Ta ̂(!) ⇡ !T

0 a ̂(!)

k(L⌧x) ?  � L⌧ (x ?  )k  Crk⌧k1

Deformations
L⌧x(u) = x(u� ⌧(u))

The variability corresponds to a phase multiplication!



Introduction to 
high-dimensional tasks

Engineering Deep Neural Networks

Understanding Convolutional 
Neural Networks

Under the Hood of Neural 
Networks

Cf =

Z

RD

k!k1 |f̂(!)| d!
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Classification mechanism



Fighting the curse of dimensionality

• Objective: building a representation      of x such that a 
simple (say euclidean) classifier    can estimate the label 
y:  
 
 

• Designing   : must be regular with respect to the class: 

• Necessary dimensionality reduction and separation to 
break the curse of dimensionality: 
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�x

�
k�x� �x0k n 1 ) ŷ(x) = ŷ(x0)

ŷ

�

w<latexit sha1_base64="eqfykHkxP29JLdLA
Go
kH
SA
1p
BN
I=
">
AA
AB
53
ic
bZ
DL
Sg
Mx
FI
bP
1F
ut
t6
pL
N8
Ei
uC
oz
Cu
pK
C2
5c
tu
DY
Qj
uU
TH
qm
jc
1k
hi
Sj
lN
In
cO
NC
xa
3P
4h
u4
82
1M
Lw
tt
/S
Hw
8f
/n
kH
NO
mA
qu
je
t+
O7
ml
5Z
XV
tf
x6
YW
Nz
a3
un
uL
t3
p5
NM
Mf
RZ
Ih
LV
CK
lG
wS
X6
hh
uB
jV
Qh
jU
OB
9b
B/
Pc
7r
D6
g0
T+
St
Ga
QY
xL
Qr
ec
QZ
Nd
aq
Pb
aL
Jb
fs
Tk
QW
wZ
tB
6e
rz
9L
QC
AN
V2
8a
vV
SV
gW
oz
RM
UK
2b
np
ua
YE
iV
4U
zg
qN
DK
NK
aU
9W
kX
mx
Yl
jV
EH
w8
mg
I3
Jk
nQ
6J
Em
Wf
NG
Ti
/u
4Y
0l
jr
QR
za
yp
ia
np
7P
xu
Z/
WT
Mz
0U
Uw
5D
LN
DE
o2
/S
jK
BD
EJ
GW
9N
Ol
wh
M2
Jg
gT
LF
7a
yE
9a
ii
zN
jb
FO
wR
vP
mV
F8
E/
KZ
+V
3Z
pX
ql
zC
VH
k4
gE
M4
Bg
/O
oQ
I3
UA
Uf
GC
A8
wQ
u8
Ov
fO
s/
Pm
vE
9L
c8
6s
Zx
/+
yP
n4
AY
u+
jm
w=
</
la
te
xi
t>

<l
at
ex
it
 s
ha
1_
ba
se
64
="
O0
lQ
J2
xo
QX
j8
AC
W3
Db
gT
bP
BI
gF
0=
">
AA
AB
53
ic
bZ
DL
Sg
NB
EE
Vr
4i
vG
V9
Sl
m8
Yg
uA
oz
Cu
pK
A2
5c
Ju
CY
QD
KE
nk
5N
0q
bn
QX
eP
Eo
Z8
gR
sX
Km
79
Fv
/A
nX
9j
Z5
KF
Jl
5o
ON
xb
RV
eV
nw
iu
tG
1/
W4
Wl
5Z
XV
te
J6
aW
Nz
a3
un
vL
t3
p+
JU
Mn
RZ
LG
LZ
8q
lC
wS
N0
Nd
cC
W4
lE
Gv
oC
m/
7w
ep
I3
H1
Aq
Hk
e3
ep
Sg
F9
J+
xA
PO
qD
ZW
47
Fb
rt
hV
Ox
dZ
BG
cG
la
vP
01
z1
bv
mr
04
tZ
Gm
Kk
ma
BK
tR
07
0V
5G
pe
ZM
4L
jU
SR
Um
lA
1p
H9
sG
Ix
qi
8r
J8
0D
E5
Mk
6P
BL
E0
L9
Ik
d3
93
ZD
RU
ah
T6
pj
Kk
eq
Dm
s4
n5
X9
ZO
dX
Dh
ZT
xK
Uo
0R
m3
4U
pI
Lo
mE
y2
Jj
0u
kW
kx
Mk
CZ
5G
ZW
wg
ZU
Uq
bN
bU
rm
CM
78
yo
vg
nl
TP
qn
bD
qd
Qu
Ya
oi
HM
Ah
HI
MD
51
CD
G6
iD
Cw
wQ
nu
AF
Xq
17
69
l6
s9
6n
pQ
Vr
1r
MP
f2
R9
/A
BG
L4
74
</
la
te
xi
t>

RD
Rd

D � d

� ✏



Model on the data: low 
dimensional manifold hypothesis?

• Low dimensional manifold: dimension up to 6. Not higher: 
 
 

• Can be true for MNIST… 
 
 

• Yet high dimensional deformations are an issue in the 
general case!

66

Small "limited" deformations 
+Translation

All variabilities 
 are known

Property: if f : RD
! [0, 1] is 1-Lipschitz, then let

N✏ = arg infN supiN

�
|f(x)� f(xi)| < ✏

�
.

Then N✏ = O(✏�D)

✏



Flattening the space: 
progressive manifold?

• Parametrize variability on synthetic data: 
   and observe it after PCA 

• Data tends to live on flattened space. Tangent 
space?

67

L✓, ✓ 2 Rd

Difficult to find evidences of such phenomenon

Ref.:  Understanding deep features with computer-generated imagery, M Aubry, B Russel

Suggest 



Mechanism proposal: 
Flattening the level sets

68

class 1

class 2

…

9Cx, sup
T

k�x� �T xk
kT k < Cx

<latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit>

)
<latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit> 9@�x : �T x ⇡ �x+ @�x.T

<latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit><latexit sha1_base64="wk6+5qMBBiS1kwEOjGTcncxGUHE="></latexit>

Ref.: Understanding Deep Convolutional 
Networks, Mallat, 2016

⇢W1
<latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit>

⇢W2
<latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit>

• How to linearize? Ex.: Gâteaux differentiability 

• However, exhibiting     can be difficult. (curse of 
dimensionality)

Linear invariant can be computed!

T
<latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit>

Amenable for any supervised task!

Ex.: linear translations Ta
�
x
�
(u) , x(u+ a)

<latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit>

, yet non linear case?



Empirical observation:  
Progressive separability

69

• Typical CNN exhibits a progressive contraction & 
separation, w.r.t. the depth: 
 
 
 
 
 
 
 
 
 
 
 
 
 

• How can we explain it?

RD
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In the following, representations are spatially averaged.

Ref.:  Building a Regular Decision Boundary with Deep Networks, EO
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A mysterious black-box



Concept of neuron?

• Consider:             , 

• Claim 1:                              has a semantic 
meaning 

• Claim 2: any unit norm v has a semantic meaning.
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xv = argmax
x2D

h�x, vi
<latexit sha1_base64="rM5hYG3A9+FxwzOoVh0NKYIZAEQ="></latexit><latexit sha1_base64="rM5hYG3A9+FxwzOoVh0NKYIZAEQ="></latexit><latexit sha1_base64="rM5hYG3A9+FxwzOoVh0NKYIZAEQ="></latexit><latexit sha1_base64="rM5hYG3A9+FxwzOoVh0NKYIZAEQ="></latexit>

v 2 R1000
<latexit sha1_base64="Flzu6Vb8GKN3Tq2BYKGzs1UMrQM=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCqzIRQZdFNy6r2Ac0sUymk3boZBJmJoUa8xN+glv9AHfi1j9w7Y84abOwrQcuHM65l3s4fsyZ0gh9W0vLK6tr66WN8ubW9s6uvbffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM791ohKxSJxr8cx9ULcFyxgBGsjde3DkcsEdEOsB76f3mUPqYMQyrp2BVXRBHCROAWpgAL1rv3j9iKShFRowrFSHQfF2kux1IxwmpXdRNEYkyHu046hAodUeekkfwZPjNKDQSTNCA0n6t+LFIdKjUPfbOZB1byXi/95nUQHl17KRJxoKsj0UZBwqCOYlwF7TFKi+dgQTCQzWSEZYImJNpXNfNFs+Ji34sx3sEiaZ1XH8NvzSu2q6KcEjsAxOAUOuAA1cAPqoAEIeAIv4BW8Wc/Wu/VhfU5Xl6zi5gDMwPr6BcEOnRA=</latexit><latexit sha1_base64="Flzu6Vb8GKN3Tq2BYKGzs1UMrQM=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCqzIRQZdFNy6r2Ac0sUymk3boZBJmJoUa8xN+glv9AHfi1j9w7Y84abOwrQcuHM65l3s4fsyZ0gh9W0vLK6tr66WN8ubW9s6uvbffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM791ohKxSJxr8cx9ULcFyxgBGsjde3DkcsEdEOsB76f3mUPqYMQyrp2BVXRBHCROAWpgAL1rv3j9iKShFRowrFSHQfF2kux1IxwmpXdRNEYkyHu046hAodUeekkfwZPjNKDQSTNCA0n6t+LFIdKjUPfbOZB1byXi/95nUQHl17KRJxoKsj0UZBwqCOYlwF7TFKi+dgQTCQzWSEZYImJNpXNfNFs+Ji34sx3sEiaZ1XH8NvzSu2q6KcEjsAxOAUOuAA1cAPqoAEIeAIv4BW8Wc/Wu/VhfU5Xl6zi5gDMwPr6BcEOnRA=</latexit><latexit sha1_base64="Flzu6Vb8GKN3Tq2BYKGzs1UMrQM=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCqzIRQZdFNy6r2Ac0sUymk3boZBJmJoUa8xN+glv9AHfi1j9w7Y84abOwrQcuHM65l3s4fsyZ0gh9W0vLK6tr66WN8ubW9s6uvbffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM791ohKxSJxr8cx9ULcFyxgBGsjde3DkcsEdEOsB76f3mUPqYMQyrp2BVXRBHCROAWpgAL1rv3j9iKShFRowrFSHQfF2kux1IxwmpXdRNEYkyHu046hAodUeekkfwZPjNKDQSTNCA0n6t+LFIdKjUPfbOZB1byXi/95nUQHl17KRJxoKsj0UZBwqCOYlwF7TFKi+dgQTCQzWSEZYImJNpXNfNFs+Ji34sx3sEiaZ1XH8NvzSu2q6KcEjsAxOAUOuAA1cAPqoAEIeAIv4BW8Wc/Wu/VhfU5Xl6zi5gDMwPr6BcEOnRA=</latexit><latexit sha1_base64="Flzu6Vb8GKN3Tq2BYKGzs1UMrQM=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCqzIRQZdFNy6r2Ac0sUymk3boZBJmJoUa8xN+glv9AHfi1j9w7Y84abOwrQcuHM65l3s4fsyZ0gh9W0vLK6tr66WN8ubW9s6uvbffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vM791ohKxSJxr8cx9ULcFyxgBGsjde3DkcsEdEOsB76f3mUPqYMQyrp2BVXRBHCROAWpgAL1rv3j9iKShFRowrFSHQfF2kux1IxwmpXdRNEYkyHu046hAodUeekkfwZPjNKDQSTNCA0n6t+LFIdKjUPfbOZB1byXi/95nUQHl17KRJxoKsj0UZBwqCOYlwF7TFKi+dgQTCQzWSEZYImJNpXNfNFs+Ji34sx3sEiaZ1XH8NvzSu2q6KcEjsAxOAUOuAA1cAPqoAEIeAIv4BW8Wc/Wu/VhfU5Xl6zi5gDMwPr6BcEOnRA=</latexit>

Ref.: Intriguing properties of Deep Neural 
Networks, Szegedy et al.

dataset

v = (0, ..., 0, 1, 0, ..., 0)
<latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit>



Adversarial examples

• NNs are super sensitive to input noise 

• Indeed, the NN is at most                   -Lipschitz

72

inf
�(x) 6=�(x+✏)

k✏k
<latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit>

Or even for every class, there are 
 algorithms with parameters         s.t.:

Ref.: Universal adversarial perturbations, 
Moosavi et al.

k�k  ✏
<latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit>

P
✓
�(X + �) 6= �(X)

◆
� 1� 

<latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit>{
<latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit>

(✏,)
<latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit>

Ref.: Lipschitz Regularity of deep neural 
networks, Scaman and Virmaux

<latexit sha1_base64="m32vCH+kqLvmns2BCixEG4U5owk="></latexit>

kW1k...kWJk
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

�(x)
<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

X0
<latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

X('j)
<latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit>

Ref.: Inverting Visual Representations with 
Convolutional Networks, Dodovistky et al.

W̃1
<latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit>

W̃j
<latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit>

W̃j�1
<latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit>

'j
<latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit>

Learn the operators!



Reducing mutual information 
(Information bottleneck)

74

I(X;Y ) � I(�1X;Y ) � ... � I(�JX;Y )

I(X;�1X) � I(X;�2X) � ... � I(X;�JX)

• Reducing the information sounds relevant: 
 
 
 

• But one can easily build invertible CNNs…

I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X

…but "reveal" Y

They propose to introduce:

�j,� = arg inf
�

I(�j�1X,�jX)� �I(�jX,Y )

Ref.: i-RevNet: Deep Invertible Networks, J Jacobsen et al.

Ref.:  Opening the Black Box of Deep Neural Networks via 
Information, R Shwartz-Ziv and N Tishby



Invertible architectures 75

Ref.: i-Revnet, depp invertible 
networks Jacobsen, Smeulder and 

EO



One study case: 
1-hidden layer NNs

76



• 1-hidden layer neural networks are one of the simplest instance 
of Neural Networks. A real valued 1-NN writes: 

• If    is homogeneous, i.e.                                         , we get: 

• Then let                        and let: 

• We thus have a function parametrised by a measure of the 
sphere and defined over the sphere        !

1-NN on the sphere 77

<latexit sha1_base64="eHhgSnBMtGMOnFaWBdXpaVUvXJs="></latexit>

8� > 0, 8x 2 R, ⇢(�x) = �⇢(x)
<latexit sha1_base64="P5giXZrhsYZyd20kwZj/a1ac6n8="></latexit>

�(x) =
X

in

↵ik✓ik⇢(hx,
✓i

k✓ik
i)

=

Z

Sd�1

⇢(hx, ✓i) dµn(✓)
<latexit sha1_base64="OGxolEz9HMPfEfdgdxVVlOxkXuY="></latexit>

µn =
X

in

↵ik✓ik � ✓i
k✓ik

<latexit sha1_base64="NIc1nbExdgwCYAIEw7+zjcZEcSM="></latexit>

�̃((x, t)) , |t|�(x
t
) = �(x) if t > 0

<latexit sha1_base64="0QSGk7VVfViPCeJ5epCSkCzNo/Y=">AAACFXicbVC7TsNAEDzzDOFloExzIkKiIbIjEDRIETSUQSIPKQ7R+XJOTjk/uFsjgpOCr+ATaOED6BAtNTU/gu24IAkjrXY0s6u9GzsQXIFhfGsLi0vLK6u5tfz6xubWtr6zW1d+KCmrUV/4smkTxQT3WA04CNYMJCOuLVjDHlwmfuOeScV97waGAWu7pOdxh1MCsdTRCyMYnVvqTkJkHll1JgE/pO22PO7oRaNkpMDzxMxIEWWodvQfq+vT0GUeUEGUaplGAO2ISOBUsHHeChULCB2QHmvF1CMuU+0o/cQYH8RKFzu+jMsDnKp/NyLiKjV07XjSJdBXs14i/ue1QnDO2hH3ghCYRyeHnFBg8HGSCO5yySiIYUwIlTx+K6Z9IgmFOLepK8AHj0kq5mwG86ReLpknJeP6uFi5yPLJoQLaR4fIRKeogq5QFdUQRU/oBb2iN+1Ze9c+tM/J6IKW7eyhKWhfv1tin5k=</latexit>

|t| =
p
1� kxk2

<latexit sha1_base64="Fr5+J3wGC/KDNu7BKxNjEuYb8rk="></latexit>

�(x) =
X

in

↵i⇢(hx, ✓ii)

with

<latexit sha1_base64="xFunw+sJyO146DLAkMO/6INcWec=">AAACC3icbVDLSsNAFL2pr1pfqS7dDBbBjSURRZdFNy4r2ge0sUwmk3bo5MHMRKkhn+AnuNUPcCdu/QjX/oiTtgvbeuDC4Zx7uYfjxpxJZVnfRmFpeWV1rbhe2tjc2t4xy7tNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHV7nfeqBCsii8U6OYOgHuh8xnBCst9cxyN8BqQDBPb7P71Du2s55ZsarWGGiR2FNSgSnqPfOn60UkCWioCMdSdmwrVk6KhWKE06zUTSSNMRniPu1oGuKASicdR8/QoVY85EdCT6jQWP17keJAylHg6s08qJz3cvE/r5Mo/8JJWRgnioZk8shPOFIRyntAHhOUKD7SBBPBdFZEBlhgonRbM18UGz7lrdjzHSyS5knVPqtaN6eV2uW0nyLswwEcgQ3nUINrqEMDCDzCC7zCm/FsvBsfxudktWBMb/ZgBsbXL8Ihm4c=</latexit>

Sd�1

<latexit sha1_base64="fMW9bI0iq7Zupyi1HYQUpJKHvH8="></latexit>

x 2 B(0, 1), (↵i, ✓i) 2 R⇥ Rdwhere

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢

ReLU!

Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach



Convolutions on 
• Instead to consider finite measures                   , consider as 

a reference measure the uniform measure    and: 
 

• And we study approximation of f regular enough of the type:

78

<latexit sha1_base64="LOfsYWAnmSUHzNV6tt3vY10a/TE=">AAACH3icbZDLSsNAFIYn9VbrrerSzWAp1IUlEUWXRTduhIr2Ak0sk8mkHTqZhJmJUEOewKfwEdzqA7gTt137Ik7aIrb1h4GP/5zDOfO7EaNSmebIyC0tr6yu5dcLG5tb2zvF3b2mDGOBSQOHLBRtF0nCKCcNRRUj7UgQFLiMtNzBVVZvPRIhacjv1TAiToB6nPoUI6WtbrFsB7FNObQDpPoYseQmrfzyXfqQeMdWetQtlsyqORZcBGsKJTBVvVv8tr0QxwHhCjMkZccyI+UkSCiKGUkLdixJhPAA9UhHI0cBkU4y/k4Ky9rxoB8K/biCY/fvRIICKYeBqzuzS+V8LTP/q3Vi5V84CeVRrAjHk0V+zKAKYZYN9KggWLGhBoQF1bdC3EcCYaUTnNmi6OAp1alY8xksQvOkap1VzdvTUu1ymk8eHIBDUAEWOAc1cA3qoAEweAav4A28Gy/Gh/FpfE1ac8Z0Zh/MyBj9ABzCo6w=</latexit>

µ 2 M(Sd�1)

<latexit sha1_base64="LCusKteTyleU0Fnq9DnCOgdC1cA=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFcSElE0Y1QdOOygn1AE8pkMmmHziRh5kappZ/gJ7jVD3Anbv0I1/6I0zYL23rgwuGcezmXE6SCa3Ccb2tpeWV1bb2wUdzc2t7ZtUt7DZ1kirI6TUSiWgHRTPCY1YGDYK1UMSIDwZpB/2bsNx+Y0jyJ72GQMl+SbswjTgkYqWOXQk9m+Aqn3knoad6VpGOXnYozAV4kbk7KKEetY/94YUIzyWKggmjddp0U/CFRwKlgo6KXaZYS2idd1jY0JpJpfzh5fYSPjBLiKFFmYsAT9e/FkEitBzIwm5JAT897Y/E/r51BdOkPeZxmwGI6DYoygSHB4x5wyBWjIAaGEKq4+RXTHlGEgmlrJgV4/2lkWnHnO1gkjdOKe15x7s7K1eu8nwI6QIfoGLnoAlXRLaqhOqLoEb2gV/RmPVvv1of1OV1dsvKbfTQD6+sXoNGa1g==</latexit>

dµ = p d�

<latexit sha1_base64="K9B3rB7ikMkSIC7MxzbkqK4/1U8="></latexit>

L2(Sd�1) = {
Z

Sd�1

|p|2 d� < 1}

which is of the type:

<latexit sha1_base64="vXt3tb73A2rC++v5sirYsmhahf8=">AAACGnicbVC7TsMwFHV4lvIKMLJYVEgMUCUIBGMFC2MR9CE1oXIcp7XqOJHtIEqUla/gE1jhA9gQKwszP4LTZqAtR7J0dM69usfHixmVyrK+jbn5hcWl5dJKeXVtfWPT3NpuyigRmDRwxCLR9pAkjHLSUFQx0o4FQaHHSMsbXOZ+654ISSN+q4YxcUPU4zSgGCktdU3oBJFAjMEH6FAOnRCpPkYsvcnuUv/Izg67ZsWqWiPAWW IXpAIK1Lvmj+NHOAkJV5ghKTu2FSs3RUJRzEhWdhJJYoQHqEc6mnIUEummo59kcF8rPtSR9OMKjtS/GykKpRyGnp7Mk8ppLxf/8zqJCs7dlPI4UYTj8aEgYVBFMK8F+lQQrNhQE4QF1Vkh7iOBsNLlTVxRdPCY6Vbs6Q5mSfO4ap9WreuTSu2i6KcEdsEeOAA2OAM1cAXqoAEweAIv4BW8Gc/Gu/FhfI5H54xiZwdMwPj6BXngoTA=</latexit>

8x 2 Sd�1,

regularity to define well defined because 
is bounded

<latexit sha1_base64="3aoO6+JmmbaT4kSOOlCyP5lqiU8=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthXaUDbbTbN0sxt2J0IN9Sd41R/gTbz6Xzz7R9y0OdjWBwOP92aYmRckghtw3W+ntLK6tr5R3qxsbe/s7lX3D9pGpZqyFlVC6YeAGCa4ZC3gINhDohmJA8E6wegm9zuPTBuu5D2ME+bHZCh5yCmBXOrpSPWrNbfuToGXiVeQGirQ7Fd/egNF05hJoIIY0/XcBPyMaOBUsEmllxqWEDoiQ9a1VJKYGT+b3jrBJ1YZ4FBpWxLwVP07kZHYmHEc2M6YQGQWvVz8z+umEF75GZdJCkzS2aIwFRgUzh/HA64ZBTG2hFDN7a2YRkQTCjaeuS3AR08Tm4q3mMEyaZ/VvYu6e3dea1wX+ZTRETpGp8hDl6iBblETtRBFEXpBr+jNeXbenQ/nc9ZacoqZQzQH5+sXW/qV4A==</latexit>⇢

<latexit sha1_base64="64ZtcWskvtTFcaatbW7K/LL1+7Q="></latexit>

f(x) ⇡
Z

Sd�1

⇢(hx, ✓i)p(✓) d� = ⇢~ p(x)

<latexit sha1_base64="ScsyLTaNa4jeCcdZBm35fYq1gd4=">AAACEHicbVDLSsNAFJ3UV62vqODGzWAR6sKSFEWXRTcuXFS0D2jTMplM2qGTSZiZCDXmJ/wEt/oB7sStf+DaH3HSdmGrBy4czrmXezhuxKhUlvVl5BYWl5ZX8quFtfWNzS1ze6chw1hgUschC0XLRZIwykldUcVIKxIEBS4jTXd4mfnNeyIkDfmdGkXECVCfU59ipLTUM/euu5VSJ0BqgBFLbtNu4h3b6VHPLFplawz4l9hTUgRT1Hrmd8cLcRwQrjBDUrZtK1JOgoSimJG00IkliRAeoj5pa8pRQKSTjPOn8FArHvRDoYcrOFZ/XyQokHIUuHozSyrnvUz8z2vHyj93EsqjWBGOJ4/8mEEVwqwM6FFBsGIjTRAWVGeFeIAEwkpXNvNF0eFDqlux5zv4SxqVsn1atm5OitWLaT95sA8OQAnY4AxUwRWogTrA4BE8gxfwajwZb8a78TFZzRnTm10wA+PzB3NKnOY=</latexit>

L2(Sd�1)

convolutions!

<latexit sha1_base64="gPc736nhPWmzOqBIXMxcxhjafWs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYmd1lpleIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1cQS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP6ibKNGM11gkI90MqOFShLyGAiVvxppTFUjeCIY3E7/xyLURUXiPo5j7ivZD0ROMopXqbSP6inaKJbfsTkGWiZeREmSodoo/7W7EEsVDZJIa0/LcGP2UahRM8nGhnRgeUzakfd6yNKSKGz+dXjsmJ1bpkl6kbYVIpurfiZQqY0YqsJ2K4sAsehPxP6+VYO/KT0UYJ8hDNlvUSyTBiExeJ12hOUM5soQyLeythA2opgxtQHNbUAyfxjYVbzGDZVI/K3sXZffuvFS5zvLJwxEcwyl4cAkVuIUq1IDBA7zAK7w5z8678+F8zlpzTjZzCHNwvn4B5heWvA==</latexit>�

(no dirac!)



1-NN Approximation 79

Fourier analysis-like 
can be done on 

via spherical harmonics 

<latexit sha1_base64="2p61w09H61uB77M9RQ9PaoSLgyE=">AAACC3icdVDLTgIxFO34RHyBLt00EhM3TloYwCXRjUuM8kgASacUaOg80nY0OOET/AS3+gHujFs/wrU/YgcwEaMnaXJyzr25p8cNBVcaoQ9raXlldW09tZHe3Nre2c1k9+oqiCRlNRqIQDZdopjgPqtprgVrhpIRzxWs4Y7OE79xy6TigX+txyHreGTg8z6nRBupm8m2PaKHlIj4anIT907wpJvJIRs7JVwqQGQ7ZVR0sCE4XyyjAsQ2miIH5qh2M5/tXkAjj/maCqJUC6NQd2IiNaeCTdLtSLGQ0BEZsJahPvGY6sTT6BN4ZJQe7AfSPF/DqfpzIyaeUmPPNZNJUPXbS8S/vFak+6edmPthpJlPZ4f6kYA6gEkPsMclo1qMDSFUcpMV0iGRhGrT1sIVzUf3SSvfX4f/k3rexkUbXTq5ytm8nxQ4AIfgGGBQBhVwAaqgBii4A4/gCTxbD9aL9Wq9zUaXrPnOPliA9f4FHR6bww==</latexit>

Sd�1

<latexit sha1_base64="q6pC8nAKZ6Dh526EhUpuRQnyMb4=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GpI6bV0W3bisYB/QDiWTpm1sMjMkGaEOBT/BrX6AO3Hrr7j2R0wfghU9cOFwzr3ce08QC64NQh9OZmV1bX0ju5nb2t7Z3cvvHzR0lCjK6jQSkWoFRDPBQ1Y33AjWihUjMhCsGYwup37zjinNo/DGjGPmSzIIeZ9TYqzU6ESSDUg3X0Au9sq4fAaR61VQycOW4GKpgs4gdtEMBbBArZv/7PQimkgWGiqI1m2MYuOnRBlOBZvkOolmMaEjMmBtS0MimfbT2bUTeGKVHuxHylZo4Ez9OZESqfVYBrZTEjPUv72p+JfXTkz/3E95GCeGhXS+qJ8IaCI4fR32uGLUiLElhCpub4V0SBShxga0tMXw0f3EpvL9OvyfNIouLrno2itULxb5ZMEROAanAIMKqIIrUAN1QMEteARP4Nl5cF6cV+dt3ppxFjOHYAnO+xc0Xpbw</latexit>!

<latexit sha1_base64="Kwf4i+gvof8i3p9uITIXn+BXMqg=">AAACCnicbVDLTsJAFJ3iC/FVdelmIjHBDWmNRpdENy4xETCBhkyHKUyYaZuZWyIW/sBPcKsf4M649Sdc+yMO0IWAJ7nJyTn35twcPxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j+o6yhRlNVoJCL14BPNBA9ZDTgI9hArRqQvWMPv30z8xoApzaPwHoYx8yTphjzglICR2rY9avUI4MdSK5KsS05HbbvolJ0p8DJxM1JEGapt+6fViWgiWQhUEK2brhODlxIFnAo2LrQSzWJC+6TLmoaGRDLtpdPPx/jEKB0cRMpMCHiq/r1IidR6KH2zKQn09KI3Ef/zmgkEV17KwzgBFtJZUJAIDBGe1IA7XDEKYmgIoYqbXzHtEUUomLLmUoD3n8amFXexg2VSPyu7F2Xn7rxYuc76yaMjdIxKyEWXqIJuURXVEEUD9IJe0Zv1bL1bH9bnbDVnZTeHaA7W1y9s1ZrD</latexit>

|x̂(!)|

threshold
Allows to derive 

approximation bounds 
of Lipschitz 

functions with
<latexit sha1_base64="9MtmWryfBRnU5IQE0w12McuSdKI=">AAACDHicbVDLSsNAFJ34rPUV69LNYBFclUQUXRbduKxgH9CEMplM2qGTSZi5EWvoL/gJbvUD3Ilb/8G1P+K0zcK2HrhwOOe+OEEquAbH+bZWVtfWNzZLW+Xtnd29ffug0tJJpihr0kQkqhMQzQSXrAkcBOukipE4EKwdDG8mfvuBKc0TeQ+jlPkx6UsecUrASD274qlBgj3KFRUsJBpw2rOrTs2ZAi8TtyBVVKDRs3+8MKFZzCRQQbTuuk4Kfk4UcLN0XPYyzVJCh6TPuoZKEjPt59Pfx/jEKCGOEmVKAp6qfydyEms9igPTGRMY6EVvIv7ndTOIrvycyzQDJunsUJQJDAmeBIFDrhgFMTKEUMXNr5gOiCIUTFxzV4APn8YmFXcxg2XSOqu5FzXn7rxavy7yKaEjdIxOkYsuUR3dogZqIooe0Qt6RW/Ws/VufVifs9YVq5g5RHOwvn4BQDibxw==</latexit>

⇢~ p

Rates: for functions p of                 and         , we can find a finitely 
supported     such that for               : 

<latexit sha1_base64="ScsyLTaNa4jeCcdZBm35fYq1gd4=">AAACEHicbVDLSsNAFJ3UV62vqODGzWAR6sKSFEWXRTcuXFS0D2jTMplM2qGTSZiZCDXmJ/wEt/oB7sStf+DaH3HSdmGrBy4czrmXezhuxKhUlvVl5BYWl5ZX8quFtfWNzS1ze6chw1hgUschC0XLRZIwykldUcVIKxIEBS4jTXd4mfnNeyIkDfmdGkXECVCfU59ipLTUM/euu5VSJ0BqgBFLbtNu4h3b6VHPLFplawz4l9hTUgRT1Hrmd8cLcRwQrjBDUrZtK1JOgoSimJG00IkliRAeoj5pa8pRQKSTjPOn8FArHvRDoYcrOFZ/XyQokHIUuHozSyrnvUz8z2vHyj93EsqjWBGOJ4/8mEEVwqwM6FFBsGIjTRAWVGeFeIAEwkpXNvNF0eFDqlux5zv4SxqVsn1atm5OitWLaT95sA8OQAnY4AxUwRWogTrA4BE8gxfwajwZb8a78TFZzRnTm10wA+PzB3NKnOY=</latexit>

L2(Sd�1)

and
<latexit sha1_base64="nNOAG7m63zudyL7JyTj/oTeIE6k="></latexit>

#(Support(µ))  C(d)✏�
2d

d+3

<latexit sha1_base64="fS9N6vO2AMMHHhCCBSpWWSiOf2Y=">AAAB+3icbVBNT8JAEJ3iF+IX6tFLIzHxRFqj0SPRi0eMgiTQkO2yhQ2722Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeWEiuEHP+3YKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdSskhgmuWAM5CtZKNCMyFOwxHN5M/Mcnpg2P1QOOEhZI0lc84pSgle47Mu2WK17Vm8JdJn5OKpCj3i3/dHoxTSVTSAUxpu17CQZjopFTwbJSJzUsIXRI+qxtqSKSmWA8PTVzT6zSc6NY21LoTtW/E2MijRnJ0HZKggOz6E3E/7x2itFVMOYqSZEpOlsUpcLF2J387fa4ZhTFyBJCNbe3unRANKFo05nbgnz4nNlU/MUMlknzrOpfVL2780rtOs+nCEdwDKfgwyXU4Bbq0AAKfXiBV3hzMufd+XA+Z60FJ585hDk4X7+SxJVv</latexit>µ
<latexit sha1_base64="9jxm+AjRH9yrjoqhdmvvIGDuWu0="></latexit>

|(⇢~ p)(x)�
Z

Sd�1

⇢(hx, ✓i) dµ(✓)|  ✏kpk

<latexit sha1_base64="H+vIO6+NbVvVcfLC4n0cHQR2HaA=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJevEYwTwwWcLspJMMmZ1dZmaFuOTmJ3jVD/AmXv0Rz/6Ik2QPJlrQUFR1090VxIJr47pfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8nviNB1SaR/LOjGL0Q9qXvMcZNVa6b2OsuYjkpdspltyyOwX5S7yMlCBDtVP8bncjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46vXhMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoRW8i/ue1EtO78FMu48SgZLNFvUQQE5HJ+6TLFTIjRpZQpri9lbABVZQZG9LcFsOHj2ObireYwV9SPyl7Z2X39rRUucryycMBHMIxeHAOFbiBKtSAgYRneIFX58l5c96dj1lrzslm9mEOzucPpSuYOw==</latexit>

✏ > 0
<latexit sha1_base64="CeOkzJgYXeYgncNQUWsa9XZ+QgA=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCG0siii6LblxWtA9oYplMJu3QySTMTMQa8xN+glv9AHfi1j9w7Y84abOwrQcuHM65l3s4XsyoVJb1bczNLywuLZdWyqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4DL3W/dESBrxWzWMiRuiHqcBxUhpqWvuPjiUQydEqo8RS2+yu9Q/srOuWbGq1ghwltgFqYAC9a754/gRTkLCFWZIyo5txcpNkVAUM5KVnUSSGOEB6pGOphyFRLrpKH8GD7TiwyASeriCI/XvRYpCKYehpzfzoHLay8X/vE6ignM3pTxOFOF4/ChIGFQRzMuAPhUEKzbUBGFBdVaI+0ggrHRlE18UHTzmrdjTHcyS5nHVPq1a1yeV2kXRTwnsgX1wCGxwBmrgCtRBA2DwBF7AK3gzno1348P4HK/OGcXNDpiA8fULdUudhA==</latexit>

x 2 Sd�1 Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach



1-NN Optimization
• Lazy training: the idea that neural networks behaves like 

their linearised counter part due to rescaling effects in the 
asymptotic regime. 
 
 
 

• Optimization of 1-NNs via optimal transport: many 
asymptotic results (global optimum!) if the non-linearity is 
homogeneous.
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<latexit sha1_base64="3Wz7DKDHz9a/uFCf1ICq76OJQ54=">AAACSHicbVDLSgMxFM3U97vq0s1gERSxzIiiy6IbV1LBqtCp5U6a2tBMEpI7Yh36V36Ff6Bb/QB34s60DmLVA4HDOedyb06sBbcYBE9eYWx8YnJqemZ2bn5hcam4vHJhVWooq1EllLmKwTLBJashR8GutGGQxIJdxt3jgX95y4zlSp5jT7NGAjeStzkFdFKzeBpVO3wzOu8whK0ItDbq7ofUDLa2c7rzrVxnESrdjyTEAkbDzWIpKAdD+H9JmJMSyVFtFl+ilqJpwiRSAdbWw0BjIwODnArWn41SyzTQLtywuqMSEmYb2fDffX/DKS2/rYx7Ev2h+nMig8TaXhK7ZALYsb+9gfifV0+xfdjIuNQpMkm/FrVT4aPyByX6LW4YRdFzBKjh7lafdsAARVf1yBbk3fu+ayX83cFfcrFbDvfLwdleqXKU9zNN1sg62SQhOSAVckKqpEYoeSDP5IW8eo/em/fufXxFC14+s0pGUCh8AgDrsgA=</latexit>

�(⇥) ⇡ �(⇥0) + (⇥�⇥0)
>r�(⇥0)linearisation: 

<latexit sha1_base64="0CsAkybd2FbRfgiH2cFa0nS2XnM=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVRY9BLx4jmgcka5idzCZDZh/M9Apx2U/wqh/gTbz6MZ79ESfJHkxiQUNR1U13lxdLodG2v62l5ZXVtfXCRnFza3tnt7S339BRohivs0hGquVRzaUIeR0FSt6KFaeBJ3nTG96M/eYTV1pE4QOOYu4GtB8KXzCKRrr3H0+7pbJdsScgi8TJSRly1Lqln04vYknAQ2SSat127BjdlCoUTPKs2Ek0jykb0j5vGxrSgGs3nZyakWOj9IgfKVMhkon6dyKlgdajwDOdAcWBnvfG4n9eO0H/yk1FGCfIQzZd5CeSYETGf5OeUJyhHBlCmRLmVsIGVFGGJp2ZLSiGz5lJxZnPYJE0zirORcW+Oy9Xr/N8CnAIR3ACDlxCFW6hBnVg0IcXeIU3K7PerQ/rc9q6ZOUzBzAD6+sXFDmVHw==</latexit>

f⇤ has 5 neurons
Ref.: On the global convergence of gradient descent  

for over-parameterized models using optimal  
transport, Chizat and Bach

<latexit sha1_base64="ZkO/k2v+uQQAli29eeQ6+96EIx4="></latexit>

�(x) = �(n)
X

in

↵i⇢(hx, ✓ii) then laziness

<latexit sha1_base64="rIvDupinn+Rylmlzx2shwIChxvc="></latexit>

�(n) = o(
1p
n
) )

Ref.: On Lazy Training in  
Differentiable Programming, Chizat et al.



Limit: the Power of depth

• Under non-restrictive assumptions (e.g., satisfied by ReLU) 
on   , there exists constant c,C > 0, such that for any 
dimension d, there exists a measure    and                
such that 

• g is bounded, with support in                and can be 
approximate by a 3 layers NN with a polynomial width. 

• BUT any 2 layers NN g such that  
has an exponential width.                       

Ref.: The Power of Depth for Feedforward 
Neural Networks, R Eldan and O Shamir
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<latexit sha1_base64="M7UoRIH6uyBFnSwbfCfVIlKxYaI=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZwT6gDWUynTRDJ5MwMxFqqJ/gVj/Anbj1X1z7I07aClb0wIXDOfdy7z1+wqhUlvVhFFZW19Y3ipulre2d3b3y/kFbxqnApIVjFouujyRhlJOWooqRbiIIinxGOv74Kvc7d0RIGvNbNUmIF6ERpwHFSOVSX4TxoFyxzIt61XGr0DItq2Y7dk6cmnvmQlsrOSpggeag/NkfxjiNCFeYISl7tpUoL0NCUczItNRPJUkQHqMR6WnKUUSkl81uncITrQxhEAtdXMGZ+nMiQ5GUk8jXnRFSofzt5eJfXi9VQd3LKE9SRTieLwpSBlUM88fhkAqCFZtogrCg+laIQyQQVjqepS2Kju+nOpXv1+H/pO2Y9rlp3biVxuUinyI4AsfgFNigBhrgGjRBC2AQgkfwBJ6NB+PFeDXe5q0FYzFzCJZgvH8BwGuWIg==</latexit>⇢
<latexit sha1_base64="Czno6xXy1ZdlQYqO0hAbzUmIuGk=">AAAB+3icdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZ0T6gDWUynbRDZ5IwMxFqyCe41Q9wJ279GNf+iJO2ghU9cOFwzr3ce48fMyqVZX0YhZXVtfWN4mZpa3tnd6+8f9CWUSIwaeGIRaLrI0kYDUlLUcVINxYEcZ+Rjj+5yv3OPRGSRuGdmsbE42gU0oBipLR02+fJoFyxzIt61XGr0DItq2Y7dk6cmnvmQlsrOSpggeag/NkfRjjhJFSYISl7thUrL0VCUcxIVuonksQIT9CI9DQNESfSS2enZvBEK0MYREJXqOBM/TmRIi7llPu6kyM1lr+9XPzL6yUqqHspDeNEkRDPFwUJgyqC+d9wSAXBik01QVhQfSvEYyQQVjqdpS2KTh4yncr36/B/0nZM+9y0btxK43KRTxEcgWNwCmxQAw1wDZqgBTAYgUfwBJ6NzHgxXo23eWvBWMwcgiUY71/3NZWx</latexit>µ

<latexit sha1_base64="UBltT1PXANFzezQQQiPe8w4WYNQ="></latexit>

g : Rd ! R



More about my research

• Asynchronous Distributed Optimization (might have some funded 

positions soon) 

• Interpretability in Deep Learning 

• Interferometric Graph Transform (   Scattering for Graphs) 

• Tabular data
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Conclusion

• Deep learning is a super excited topic because of it solves 
many tasks… 

• …yet much has to be done to understand it much 
better. 

• Resources:  
https://edouardoyallon.github.io, papers, codes 
https://edouardoyallon.github.io/MAP670R-2020/
notes.pdf, more about 1-NNs and Deep Learning theory!
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Thanks for your attention! 

https://edouardoyallon.github.io
https://edouardoyallon.github.io/MAP670R-2020/notes.pdf
https://edouardoyallon.github.io/MAP670R-2020/notes.pdf

